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Abstract

In this work, the multi-scale homogenization method, as well as various non ho-
mogenization methods, will be presented to study the dynamic behaviour of periodic
structures. The multi-scale method starts with the scale-separation, which indicates
a micro-scale to describe the local behaviour and a macro-scale to describe the global
behaviour. According to the homogenization theory, the long-wave assumption is used,
and the unit cell length should be much smaller than the characteristic length of the
structure. Thus, the valid frequency range of homogenization is limited to the first prop-
agating zone. The traditional homogenization model makes use of material properties’
mean values, but the practical validity range is far less than the first Bragg band gap.
This deficiency motivated the development of new enriched homogenized models. Com-
pared to traditional homogenization model, higher order homogenized wave equations

are proposed to provide more accuracy homogenized models.

Two multi-scale methods are introduced: the asymptotic expansion method, and
the homogenization of periodic discrete media method (HPDM). These methods will
be applied sequentially in longitudinal wave cases in bi-periodic rods and flexural wave
cases in bi-periodic beams. Same higher order models are obtained by the two methods
in both cases. Then, the proposed models are validated by investigating the dispersion
relation and the frequency response function. Analytical solutions and wave finite ele-
ment method (WFEM) are used as references. Parametric studies are carried out in the

infinite case while two different boundary conditions are considered in the finite case.

Afterwards, the HPDM and the CWFEM are employed to study the longitudi-
nal and transverse vibrations of framed structures in 1D case and 2D case. The valid
frequency range of the HPDM is re-evaluated using the wave propagation feature iden-
tified by the CWFEM. The relative error of the wavenumber by HPDM compared to
CWFEM is illustrated in the function of frequency and scale ratio. Parametric studies
on the thickness of the structure is carried out through the dispersion relation. The

dynamics of finite structures are also investigated using the HPDM and CWFEM.

keyword: multi-scale homogenization, periodic structure, framed structure,

longitudinal vibration, transverse vibration.



Résumé

Dans ce travail, la méthode homogénéisation de multi-échelle, ainsi que diverses
méthodes non homogénéisation, seront présentés pour étudier le comportement dy-
namique des structures périodiques. La méthode de multi-échelle commence par la
séparation d’échelles. Dans ce cas, une échelle microscopique pour décrire le comporte-
ment local et une échelle macroscopique pour décrire le comportement global sont intro-
duites. D’apres la théorie de I’homogénéisation, la longueur d’onde est supposée grande,
et la longueur de la cellule doit étre beaucoup plus petite que la longueur caractéristique
de la structure. Ainsi, le domaine d’homogénéisation est limité & la premiere zone de
propagation. Le modele d’homogénéisation traditionnel utilise des valeurs moyennes
des éléments, mais le domaine de validité pratique est beaucoup plus petit que la
premiere bande interdite. Alors, le développement de nouveaux modeles homogénéisés
est beaucoup motivé par cet inconvénient. Par rapport au modele d’homogénéisation
traditionnel, équations d’ordre supérieur sont proposées pour fournir des modeles ho-

mogénéisation plus précises.

Deux méthodes multi-échelles sont introduites: la méthode de développement asymp-
totique, et la méthode de I'’homogénéisation des milieux périodiques discretes (HMPD).
Ces méthodes seront appliquées de fagon séquentielle dans le cas d’onde longitudinale
et le cas d’onde transversale. Les mémes modeles d’ordre supérieur sont obtenus par
les deux méthodes dans les deux cas. Ensuite, les modeles proposés sont validés en
examinant la relation de dispersion et de la fonction de réponse fréquentielle. Des so-
lutions analytiques et la méthode des ondes éléments finis( WFEM) sont utilisés pour
donner les références. Des études paramétriques sont effectuées dans le cas infini, et

deux différentes conditions aux limites sont prises en compte dans le cas fini.

Ensuite, le HMPD et CWFEM sont utilisés pour étudier les vibrations longitudi-
nales et transversales des structures réticulées dans le cas 1D et 2D. Le domaine de
validité du HPDM est réévalué a 'aide de la fonction de propagation identifiée par le
CWFEM. L’erreur relative au nombre d’onde obtenue par HPDM est illustré sur la fonc-
tion de la fréquence et le rapport d’échelle. Des études paramétriques sur 1’épaisseur de
la structure sont réalisées par la relation de dispersion. La dynamique des structures

finies sont également étudiés en utilisant la HPDM et CWFEM.

keyword: multi-échelle homogénéisation, structure périodique, structure réticulées,

vibration longitudinales, vibration transversale.
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Introduction

The periodic structure, which consists of a number of identical elements repeat-
edly joined together in one dimension or two dimensions, possess very rich dynamic
behaviour. It may consist of rods, beams, flat plates with different support bound-
ary conditions. The simplest structures transmit vibrational energy by only one type
wave, while in other wave-guides, the energy may be carried by combined waves. When
encountering a discontinuity in the periodic structure, the various propagating waves
reflect and interact between each other. The changeable wave propagation process leads
to abundant dynamic behaviour. Because of the rich dynamic behaviour, the periodic
structure are widely employed in the industry domains, such as aeronautics, civil engi-
neering, material science and biomechanics. In recent years, the periodic structure has
experienced a recovery with the introduction of phononic crystals [1-4], and the study of
acoustic metamaterials [5]. Besides, the technique developed for the treatment of damp-
ing in structural dynamics provides a rich resource for application of wave propagation

in periodic structures.

The most known characteristic of periodic structures is the non propagating fre-
quency range caused by wave reflection at the periodic interface. The periodicity makes
the material impedance mismatches. Thus, the analysis of periodic structures are rel-
atively more difficult and onerous due to anisotropy and heterogeneity when compared
with isotropic and homogeneous structures. Thus, efforts have been made to develop

effective homogeneous models.

The homogenization theory aims at averaging out the global material properties
without much local details. The research about the theory starts with [6, 7]. Based
on these works, a number of different perspectives on the averaging process have been
motivated, such as the multi-scale asymptotic expansion (which will be discussed in this
work), the idea of compensated compactness [8, 9], the variational method, the method
of two-scale convergence [10] and the periodic unfolding technique [11]. In classical
homogenization theory, the physical parameters are expanded into power series of the
scale separation. The leading order, which is called the homogenized solution, is used
to determine the macroscopic behaviour. In this case, the solution flux (stress) depends

on the gradient (strain) only. However, when the contrast of the material properties



of the given periodic structure varies, higher order solutions are needed to describe
correctly the contrast change. In this work, the higher order homogenization models for
longitudinal waves and flexural waves in periodic structures are given by two different
methods. The two different methods prove each other by obtaining the same higher

order models. Then more complicated 1D and 2D framed structures are also discussed.

Outlines of the thesis

In chapter 1, the results of conducted literature review are presented. The survey
concerns the filter characteristic of periodic structures. Existing analytical techniques,
numerical tools to study periodic structures are then introduced. Afterwards, some
traditional homogenization ideas are presented, and the existing homogenized models
at low frequency and high frequency are discussed. At last, the technique of HPDM is

presented in the uniform structure case.

In chapter 2, longitudinal waves in bi-periodic rod is discussed. Both HPDM and
multi-scale asymptotic expansion method are applied in this case to deduce higher order
homogenization models. The two methods lead to the same homogenized models. Af-
terwards, these models are validated through comparing the dispersion relation, where
the references are analytical solution or numerical WFEM solution. At last, some imple-
mentations of these models in finite case are discussed and a more accurate homogenized

model for the longitudinal case is given.

In chapter 3, flexural waves in bi-periodic beam is discussed. The same higher
order homogenized models are deduced by HPDM and multi-scale asymptotic expansion
method. With the higher order models, the associated dispersion relations are used to
valid the enriched models. By comparing with the WFEM results, validity ranges of
these models are given during the parametric study. Then, these models are applied
in finite cases. The variational approach formulates appropriate weak forms for these
models. Different boundary conditions are considered in different beam cases. At last, a
more accurate homogenized model is recommended to simulate the transversal vibration

in periodic beams.

In chapter 4, the analytical method HPDM to study the longitudinal and transverse

vibrations of a 1D reticulated beam is explained. The homogenized vibration equations



and associated boundary conditions for longitudinal and transverse movement are given.
Then, an overview of the numerical CWFEM is discussed and a specified structure is
studied by both HPDM and CWFEM. Three different kinds of waves, longitudinal wave,
transverse wave, and gyration mode wave, are obtained in the infinite case. The validity

range of HPDM are re-evaluated in the finite case.

In chapter 5, the analytical method HPDM implemented on 2D framed structures
is presented. Two different characterise frequency ranges are discussed. Pure shear
waves at the first frequency range propagate only in the element orientation directions.
At the next specific frequency range, pure compressive waves exist only in the orienta-
tion direction, while the diagonal waves are shear-compressive waves. Subsequently, an
overview of the numerical CWFEM on 2D case is given, and a specified square unit cell
formed infinite structure is studied by both CWFEM. The efficiency of HPDM theory

is discussed through wave shapes and dispersion relations.

At last, conclusions and perspectives are discussed in chapter 6.



Chapter 1

Literature Review

1.1 Introduction

A periodic structure is a material or structural system which consists of a number
of identical elements in space. These periodic elements possess the same internal ge-
ometry, the same constituent and they are coupled together in the same way to form
the whole system. Some typical examples of periodic structures are composite sandwich
panels, airplane fuselage, and phonic crystals. It is Newton’s work [12] about the sound
propagation in the air and Rayleigh’s early study [13] of continuous periodic structures
which begin the nearly 300 years’ history for the study of periodic materials. From
then on, a great quantity of work has been achieved on the theory, the conception and
the analysis techniques for the study of periodic structures. During the 1900s, the two
most motivating applications of periodic structures are composite materials [14, 15] and
aircraft structures [16]. Other areas related to mechanical and civil engineering include
multiblade turbines [17-19], impact resistant foam cellular materials [20-23], periodic

foundations for buildings [24], and multistory buildings and multispan bridges [25].

The purpose of this chapter is to present the fundamental filter characteristic of
periodic structures, which is the band diagram. Then, some brief introduction of the
existing methods is represented, such as plane-wave expansion method, transfer matrix

method, wave finite element method, and some homogenization methods.
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1.2 Filter characteristic of periodic structure

The filter characteristic of periodic structures, which is also called the band diagram,
is the most important wave propagation characteristics in periodic structures. The
associated dispersion diagram represents the change in frequency with the wavenumber.
It is also called dispersion relation describing the nature of free wave propagation in an
elastic medium. Here is a classical example, the one-dimensional periodic lattice with

two different types of particles.

AN SAMNNCANN AN

Iz

FIGURE 1.1: the 1D “bi-atomic” periodic structure

This typical structure consists of two types of masses, M; and My, the stiffness
of the string is p , and D is the period. In this elementary cell,u,, and v, denote the
displacement of M7 and Ms respectively. The equation of motion for the two particles

are as follows:
9%u,,

152 p(vp + vp—1 — 2uy) =0 (1.1)
0%v
287271 - u(un + Up—1 — QUn) =0 (1.2)

The Bloch-Floquet theory is largely employed in this kind of periodic structure

problem. According to the theory, the solution of the equation satisfies the condition:

Ugqn = usemK
(1.3)
Von = Q}SemK

And the solution is referred to as the Bloch-Floquet wave. K is said to be the Bloch

parameter, s and n denote the integer. Supposing the solution is time harmonic, then:

Uy = Uei(nKD—wt)
(1.4)

Uy = Vei(nKwat)
n =
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Substituting Eq. (1.4) into Eq. (1.1) and (1.2), we have:

(WPp 1My —2)U 4+ (1+ e Py =0 5
1.5
(14 5V + (W2p My —2)V =0
This is a linear algebraic equation system with respect to U and V, and it can be

conveniently expressed in the following matrix form:

MX =0 (1.6)
where
wp My —2 14 e KD U
A X = (1.7)
1+ &P W2t My — 2 |4

This equation system has a non-trivial solution if and only if the Det(M) = 0, which

yields:
142 4 ( 1 2) 2

112

+2(1 — cos(KD)) =0 (1.8)

This is the dispersion equation providing the relation between w and K. The explicit

solution is:

e uMl + My £ /(M + M)2 — 2M; M(1 — cos(K D))
My My

(1.9)

This is the explicit relation between w and K, and the expression suggests that the

corresponding dispersion curve has two branches, as shown in Fig 1.2

FIGURE 1.2: Dispersion curve for the “bi-atomic” structure,
with M; =1, My =2, up=1
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From the figure 1.2, we note that there is a separation between the two branches of
the dispersion curve, which is called stop band. The Bloch-Floquet wave doesn’t exist
in the stop band, i.e. the wave possessing the frequency in the interval of stop band
cannot propagate in the bi-atomic structure. When the period of the structure is D,
the period for the dispersion curve becomes 27/D. The interval (—n/D, /D) is known
as the Irreducible Brillouin Zone (IBZ). The width of the stop band can be computed
by evaluating the frequency at the boundary of the Brillouin zone, where K = +x/D.
Assuming that M; < My, one can deduce that the width of the band gap is \/W -
m. For the bi-atomic periodic system, the Bloch-Floquet waves exist only within
the pass band intervals (0, \/2p/Ms) and (\/2u/My, \/2u(M;y + Ms) /(M1 M>)), and the

size of the stop band can be controlled by changing the stiffness of springs and the

masses of particles.

The method presented here is a typical analytical approach to study the periodic
structure. In fact, during the development history of the methods to study periodic
structures, there exist also many other methods. Some of them are analytical, for
instance the plane-wave expansion method (PWE), the transfer matrix method (TMM),
while some others are numerical, such as the wave finite element method (WFEM).
They are the mostly employed method to obtain the dispersion relation of the periodic

structure.

1.3 Analytical method to study the periodic structure

1.3.1 Plane-wave expansion method

The plane wave method (PWM) is often used for photonic crystal modelling since
it can yield accurate and reliable results [26]. For a one-dimensional periodic structure,

the solution is a Bloch wave, which possesses the following form:
w(z, k,t) = U(z)e k= (1.10)

U(x) is the unit-cell Bloch displacement function, and it is periodic over the unit cell.

Supposing D the period of the structure, U(x) is a function of period D. Then, it is
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expanded into a Fourier series representing the superposition of plane waves of wavenum-
ber 271/ D, where [ is an integer. These plane waves are defined in the reciprocal lattice
space of the periodic structure. The main idea of the plane-wave expansion method
for continuous systems is to expand the solution field and the material properties into
a Fourier series. Then according to the orthogonality of the basis function of Fourier
series, an eigenvalue problem is deduced to produce the dispersion relation between the
frequency and the wavenumber. The principal idea of the method can be clearly il-
lustrated for an one-dimensional continuous system. In the one-dimensional case, the

governing wave equation is as follows:

u 9, _0u

Por = a:Far) (1.11)

where u(z,t) denotes the displacement field, p(x) denotes the density, and F(z) denotes
the Young’s Modulus. The material properties p(z) and F(z) are assumed to vary
periodically with periodicity D. Then one can deduce the expansion of u(z,t), p(z) and

E(x):

u(x, t) = e'tkz=wt) Z we D (1.12)
!
pz) =" pme’ BT (1.13)
m

E(x)=) En D" (1.14)

Where the [, m,n denote the integer, i denotes the complex number. Substituting these

expansion series into Eq. (1.11) leads to:

=) (Some ). ()
- En: Zl: B (251 * ’“) : (2”“;”) - k> (Bue 7). (meB7)

Eq.(1.15) can be simplified by employing the orthogonality of the basis function of

Fourier series. For both sides of the equation, forming the product with e~#274%/D

where ¢ € I, and integrating over one spatial period, one can deduce:

27l 27
Zl: (—prq_l + (k + 6)(1€ + Dq)Eq—l> u; = 0 (116)
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The expression above is obtained due to the fact that the only nonzero terms in the
product are those satisfying m 4+ = ¢ and n + [ = ¢. This is a well-posed eigenvalue
problem results. Because the resulting equation system is homogeneous, and the evalu-
ation of non-trivial roots requires the solution of an eigenvalue problem. It can also be

expressed in a matrix form as:

Mu; =0 (1.17)
where:
2ml 2T
My = —w?pym1 + (k+ ) (k+ ) By (1.18)

the py—; and E,_; are the Fourier coefficients. Given a value of k in the first Brillouin
zone , the solution of the above eigenvalue problem gives the value of w, which defines

the dispersion relations of the considered structure.

1.3.2 Transfer matrix method

Transfer matrix methods are an excellent tool for accurately analysing the wave
transmission in periodic media [27]. It has been applied extensively in periodic and
quasi-periodic multi-layer media. The method can be well illustrated through a simple
one-dimensional periodic structure, as shown in figure (1.3). The periodic structure is
form by an infinite repetition of a unit cell with length d. The density of the unit cell is

p, and the Young’s modulus is E.

FIGURE 1.3: one-dimensional periodic structure

For each unite cell, the governing equation of such a periodic structure is as follows:

0%u 0%u
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with the time-harmonic motion of frequency w, we have u(x,t) = U(x)e~**. Then the

equation can be expressed as follows:

PU  p o,

The solution of this equation can be written in the following form:
U(z) = Aexp(ikz) + Bexp(—ikw) (1.21)
with

k=we, ¢c=+/p/E (1.22)

Then for each unit cell, we want to find a matrix between the state vectors of the two
endpoints. The state vector include the displacement and traction. So, our aim is to
find the matrix M in the following expression.

U(z1) U (o)

o M| (1.23)
E%(xl) E%(xg)

With z1 = 29 + d. According to the solution form of the equation, we have:

cos(kd) Si%(’,zd)

—Fksin(kd) cos(kd)

<
[

(1.24)

According to the Bloch theory, for 1D periodic structures, the state vectors at the
endpoints of a unit cell satisfy the following condition:

U(x Ux

8[(] R 8[(] ) (1.25)
Substituting the Bloch wave condition (1.25) into Eq.(1.23) leads to the following eigen-

value problem:

(M — I Ulw) ) _ (1.26)

EY (20)

The eigenvalue is linked to the wavenumber A\ = exp(—ikd), and the associated eigen-
vector is the corresponding wave shape. The caluclation presented here corresponds to

the definition of the Bloch wave solution: when a free wave travels along the periodic
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structure, the state vector of the two boundaries are related by a propagation constant
kd, where k is the Block parameter and d is the period of the structure. Then, with
a given interested frequency range, the wave number or the Block parameter k can be
deduced by solving the eigenvalue problem of the transfer matrix. The method has been
applied to analyse the wave characteristics of periodic Timoshenko beam [28], nonsym-
metrical axially loaded thin-walled Euler-Bernoulli beams [29] and periodic structures

with local resonators [30, 31].

1.4 Numerical method to study the periodic structure

1.4.1 Wave finite element method( WFEM)

Wave finite element method (WFEM) is a combination of conventional finite element
method (FEM) and the Floquet-Bloch theorem which converts the study of a periodic
structure into a single unit cell. The method has been applied in various examples,
such as thin-wall structures [32, 33|, fluid-filled pipes [34] and curved members [35]. A
segment of the structure, or the unit cell, can be easily modelled using conventional FE
methods, with a commercial FE package. In FEM analysis for wave propagation, the
element in the model has to be small enough to make sure that no artificial reflection
may occur due to the change in mesh size. Compared to the standard FEM, where the
whole structure is meshed, the computational cost of the WFEM is much lower, because
only a small segment of the structure, the unit cell, has to be meshed. WFEM takes the

advantage of the periodicity condition in the model for structural vibration analysis.

The unit cell of a periodic structure can be various. The criterion for the choice
of unit cell is to minimize the number of coupling coordinates, in which case the com-
putational size will be decreased [36, 37]. We consider an one-dimensional structure
represented by a finite or infinite number of cells and assume that a single cell is cut
from the structure and meshed with an equal number of nodes on the left and right sides.
For free wave propagation, there is no external forces being acted on the structure. With
the existing FEM procedures, one can obtain explicitly the stiffness matrix, K, the mass

matrix, M, and damping matrix, C, of the unit cell. Assuming time-harmonic behaviour
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and neglecting damping, the motion equation of the unit cell becomes as follows:
(K —w?*M)q=f (1.27)

Where q is the displacement vector, and f is the loading vector. Introducing the dynamic
stiffness matrix D = K —w?M, and decomposing the matrix into boundary and interior

degree of freedom, the motion equation results in the following matrix form:

Dypa  Dpar dbd | [ fba (1.28)

Dma Di dar 0

dbd, qr are the displacement of the boundary points and interior points. fpq is the force
on boundary from adjacent unit cells. The interior displacement can be condensed using

the second row of the expression above:

ar = —D; 'Dibadba (1.29)

Then the first row of Eq.(1.28) becomes:

(Dbd — DbaiDy 'Dibd)dba = foa (1.30)
For simplicity, Eq.(1.30) can be rewrite in an equivalent form:

Dy Dy a | [ h (1.31)
Drl D.» qr f,

The induce r,l means right boundary and left boundary. According to the Bloch theo-

rem, for free wave propagation, we have:
ar = Aq; fr = -\ (1.32)

with
A = exp(—ikd) (1.33)

k is the wavenumber or the Bloch parameter, d is the period of the periodic structure.

With equation (1.31) and (1.32), one can deduce a relation between the left state vector
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and the right state vector [38]:

S q1 _ qr — q1 (1‘34)
fi —f: fi
where
-D;.'Dy D!

S = (1.35)

_Drl + Derl_rlDll _Derl_rl

Thus, the wavenumber and the frequency are associated to the eigenvalue problem of S.
The eigenvalues of S are related to wavenumbers by the equation (1.33). By choosing the
interested frequency range, we can obtain the corresponding wavenumber value. Then
the dispersion relation in the first Brillouin zone is obtained. The process presented in
this section is called the directed form of WEFM in 1D case. The direct form can be used
to study the damped structure and the forced response of the structure [39]. THe details
of the method for free wave propagation in smiple waveguides with simply-supported
edges are preseted in [40]. For complex cross-section, the eigenvalue problem may be

poor conditioned. In this case, other alternative formulations are proposed in [41, 42].

1.4.2 Condensed wave finite element method(CWFEM)

When the DOF's are enormous, numerical errors appears and the calculation effi-
ciency is slowed down. To overcome this deficiency, reduced models for the unit cells can
be used. The reduced model can be built form modes of the unit cells [43, 44] or waves
of other frequencies [39, 45-47], or both [48]. The condensed wave finite element method
is actually a combination of the typical wave finite element method [49] and the model
order reduction techniques [50, 51]. The model order reduction techniques have been
widely used to predict wave propagation characteristics in periodic structure. Especially,
when the structure is large-scale, the involved eigenvalue problem becomes much more
complex, and the computational effort are badly increased. Thus, several techniques
have been developed to speed up band structure calculation, such as the fixed interface
component mode synthesis method [51], the free boundary component mode synthesis
method [52] and the branch mode method [53] etc. Here the fixed interface component
mode synthesis method is chosen to be combined with the wave finite element method.

One the one hand, the mode order reduction speeds up the calculation of unite cell
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eigenvalue problem. On the other hand, the wave element finite method makes full use
of the periodicity of the structure which makes the behaviour of the whole structure can
be obtained by transfer relations. By combining these advantages, the condensed wave

finite element method makes the associated computation more efficient.

The fixed interface component mode synthesis, which is also known as the Craig-
Bampton method, projects internal physical DOFs onto a fixed boundary mode basis.
Then the reduced model dynamic stiffness is used in WFEM to study the wave propaga-
tion characteristic. With the conventional FEM, the equation of motion can be written

in the following manner:

M, Mpgr Mpr qr Krr, Krr Kip qr Fr,
Mpr, Mgr Mpgr jr |t | Krr Krr Kgr qr | = | Fr | (1.36)
My, Mr My qr K, Krir Kir qr 0

where M and K are mass and stiffness matrices. gy, ¢r, qr denote the physical DOF's of
the left boundary, right boundary and internal nodes. The physical DOFs ¢; are then
reformulated to a reduced modal basis of modal DOFs, with generalized coordinate P..
Then a matrix B is used to form the relation between the physical coordinates and the

Craig-Bampton hybrid coordinates:

qr qL
ar | =B | ar (1.37)
qr P
with
I, 0 0
B = 0o I, 0 (1.38)
U, Up U,

U, Wk are the boundary mode with
U, = —KﬁlK[L, Up = —KﬂlK]R (1.39)
Fixed boundary modes ¥ are calculated with q;, = qr = 0.

[Krr — wiMp]¥r =0 (1.40)
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Matrix W, is a reduced basis in ¥; with n; rows and n. columns. Then the equation of

motion can be reduced in the following form:

M7, Mpp My, qr Ki, Kip K qr Fr,
My, Mg My, dr |*| Krr Krr Kgr qr | = | Fg | (1.41)
My, Mg My, P Ki, Kip K P 0

The new mass matrix as well as the stiffness matrix can be written in the following

manner:
My, Mpp M, Mp, Mpr Mgy
My, My Mjy | =B" | Mpy Mgpr Mg | B (1.42)
My, Mpp My M, Mir My

The generalized force remains the same:

F} Fr Fr
Fp | =B"| Fr | =] Fr (1.43)
0 0 0

Assuming harmonic response, the new reduced equation can be solved with the same

method which is mentioned in the last section.

1.5 Homogenization method to study the periodic struc-

ture

Homogenization is finding the macroscopic properties of a material that has inho-
mogeneity on the microscopic scale or more generally, homogenization of a heteroge-
neous material is a process leading to its macroscopic description with fewer parameters
than those needed for a full description of the object. There exists a large number of
homogenization methods to study the heterogeneous materials: the equivalent strain
energy method [54-56], the mode-based method [57-62], the wave-based method [63],
the asymptotic homogenization method, the homogenization of periodic discrete me-
dia (HPDM). The main idea of these methods is to find a homogeneous structure with

equivalent material properties.
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1.5.1 Traditional homogenization method

The equivalent strain energy method aims to replace the periodic structure by an
equivalent homogenized model with the same volume. Besides, the stress and the strain
tensors of the homogeneous medium are equivalent to the average stress and strain of
the unit cell. The average stress and strain of the homogenized model follow the Hooke’s

law.

o= De (1.44)

where D is the effective elastic tensor of the material, o and e are the average stress
and strain of the unit cell. The strain energy stored in the periodic structure and the
homogenized model have to be equal. The strain energy of the periodic structure can be
computed by numerical method, while the strain energy of the homogenized model can
be expressed by o and €. One can chose some specific boundary conditions to identify

the effective elastic tensor. Thus, the effective material properties are determined.

The mode-based method is to determine equivalent model of periodic structures.
Firstly, develop a finite element model for some homogeneous solid structures. Sec-
ondly, perform the modal analysis for the structure with original properties. Thirdly,
compare the frequencies and determine the ratio of frequencies of the structure to those
of homogeneous solid structure. At last, find the multipliers of Young’s modulus of
homogeneous solid structure in order to match the frequencies of the original structure

using the relationship between the frequency and Young’s modulus.

The wave-based methods is designed to find equivalent flexural and shear stiffness
of composite panels. Following classic or modern plate theories, the propagating flexural
and shear wavenumber can be expressed as a function of the mechanical characteristics of
the structure. With the WFEM, one can calculate the values of propagating wavenum-
bers for a wide frequency range and then derived the expressions for the equivalent
dynamic mechanical characteristics. By comparing the numerical dispersion relation
with the equivalent homogeneous expression, one can deduce the equivalent flexural and

shear stiffness of the structure.



Chapter 1. Literature Review 14

1.5.2 Low frequency homogenization of 1D periodic structure

Many structures are constructed from composites with periodic, or doubly periodic
variations in material parameters. Thus, there is considerable interest in modelling wave
propagation in the periodic structure. The wave propagation properties of composite
structures has been used in a great number of applications, for example the photonic
crystals and the metamaterial. Homogenization is an analytical method to study the
periodic structure. The aim is to obtain an equivalent homogeneous material with ef-
fective material parameters. The traditional homogenization techniques of asymptotic
homogenization is limited to low frequency situations. And the traditional homogeniza-
tion theory is only capable of describing the fundamental Bloch wave at low frequencies.
It can’t fully reproduce high frequency dynamic behaviours characteristic of periodic
structures, such as strong dispersion, the presence of band gaps or negative refraction.
Then the high frequency homogenization method is needed. In this section, both the
low frequency homogenization method and the high frequency homogenization method
will be illustrated through a one-dimensional structure. And there will be a compari-
son between the numerical result obtained by WFEM, and the analytical formulation

obtained by homogenization methods.

The asymptotic homogenization method is an analytical method, which is also called
long wave approximation method. Because at low frequency, the wavelength is large,
and the wavenumber tends to zero. The method will be illustrated in a one-dimensional

structure show as in figure 1.4 The periodic beam consists of a repetition of section A of

FIGURE 1.4: the binary periodic beam

A E

FIGURE 1.5: the unit cell of periodic beam

length [ 4 and section B of length I5. So the period of the structure is {4 +I5. The length

of the whole beam is L. Then the longitudinal motion « (X, t) and the transverse motion
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w(X,t) of the beam is described by the following set of partial differential equations:

2
aix (K(X)(;Z(u(x, t)> - m(X)%u(X, £)=0 (1.45)
2 2 2
;XQ (D(X);;(Qw(X,tO + m(X)thw(X, t) =0 (1.46)

The equation (1.45) is the motion equation of longitudinal wave, and the equation (1.46)
is the motion equation of bending wave. K(X), D(X) respectively denote the axial
stiffness and the bending stiffness of the beam, while m(X) is the linear mass. According
to the configuration of figure 1.4, the generic physical property of the beam P(X) can

be expressed as a piecewise function of period p =14 + I, ie:

P(X) = P(X + p) (1.47)

Over a period centred at x = 0, P(X) can be expressed as:

P(X) Py —-la<X<0 (1.48)
Pg 0< X <lp

For the unit cell of figure 1.5, we have:

paSs —la<X <0
m(X) =
pBSB 0< X <lp
E S5y —-luy<X <0
K(X) = (1.49)
EpSp 0< X <lp
EyJyg —la<X <0
D(X) =
EgJp 0< X <lp

where ps and pp are the density of A and B. S4 and Sp are the crosses sectional area
of A and B. E4 and Ep are the Young’s modulus of A and B. J4 and Jp are the inertia

moment of A and B. Then, the state vector z can be defined as:

ow T

z2(X) = (u,w,%,N,M, Q) (1.50)
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where N 9
— k(X) ox
M= Da(]\)i[)g); (151)
©="ox

N is the axial stress, M is the bending moment, and () is the shear force at location X.

Then the equation (1.45) and (1.46) can be combined in the following first order system:

d
A(X) 522(X) = B(X)2(X) (1.52)
where
A(X) = diag([K(X),1,D(X),1,-1,1]) (1.53)
[0 0 010 0
0 0 1000
0 0 0010
B(X) = (1.54)
—w?m(X) 0 0000
0 0 00 0 1
|0 —w?m(X) 0 0 0 0]
Equation (1.52) can also be rewritten as:
O 2(X) = C(X)=(X) (1.5)
aXZ = z .
where
C(X)=AX)'B(X) (1.56)

C(X) is a periodic matrix, because A(X) and B(X) are composed of the periodic physi-
cal properties: K(X), D(X) and m(X). Under the long wavelength approximation, the
deduction of effective properties starts with the introducing of two scales. We introduce
x =X and y = x/e, u(X) = u(x,y) is no longer z-periodic . The second scale y de-
scribes the periodicity of u, with the definition € = p/L, where p is the period of the

structure, L is the length of the structure. Accordingly, equation (1.55) is expressed as:

aly) = Cla,)e(e,) (1.57)

In the long wavelength approximation, however, there exist a large number of unit cell
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in a wavelength. So, the properties of the beam can be considered as homogeneous, i.e.

C(z,y) depends no longer on x.
Clz,y) = C(y) (1.58)
Next, the state vector is expanded according to the two-scale expansion:
2(X) = 20(z,y) + ez1(z,y) + 20(z,y) + . .. (1.59)

and the spatial derivative in equation (1.57) is rewritten as:

0 o 10
= 4 - 1.
X oz oy (1.60)
Substituting equation (1.59) and (1.60) in equation (1.57) gives:
10 0 0 0
2 ot Lt L e = 1.61
68y20+3x20+3y21+68x21+ Cly)(z0+ex1+...) (1.61)
Which leads to the following set of ordered equations:
et ;yzo =0 (1.62)
e %Zo + anzl = C(y)z0 (1.63)
e %21 + aayzQ =C(y)=1 (1.64)
Equation (1.62) implies that:
z20(z,y) = z0(x) (1.65)

Then integrating both side of equation (1.63) with respect to y over a period p. In the

example of figure 1.5, we have p =l4 + lp and y € [—l4,(p], then one can deduce:

lB 8 lB

0
pafzo(fﬁ) + ——2dy = C(y)dyzo(x) (1.66)
i —l4

Because of the fact that the integral of the derivative of a periodic function over its

period equals to zero, the second term in the left side of equation (1.66) vanish, and the
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equation can be rewritten as:

(,%zo(:v) = Ceq20() (1.67)

This is the governing equation for a beam whose equivalent homogeneous properties are

given by:
1 (s
Ceq==— [ Cly)dy (1.68)
pPJ-iy

Considering the piece-wised nature of our structure, Ce, is given by:

l
Cog = o, 4By, (1.69)
p p

After calculating the matrix Ceq4, we obtain the expression of Cey:

0 0 0 K} 0 0
0 0 1 0 0 0
0 0 0 0 DZ' 0
Ceq = (1.70)
—w?Meq 0 0 0 0 0
0 0 0 0 0 -1
| 0 —meeq 0 0 0 0 |

where meq,Keq,Deq are the equivalent linear mass, axial and bending stiffness of the

beam. The expression of these quantities are as follows:

l
Meg = fmA + Em]_:;
P la lp
=2 +-= 1.71
Ko Ka @ Kp (171)
p_la, lp
Deq DA DB

The result is incidentally a classical one, and does not require any particular homog-
enization technique to prove it. It is the same as the relation obtained through the

application of the rule of mixture for composite materials.

Here is a specific example to verify the homogenization method. The binary periodic
structure is composed of Epoxy in section A and Aluminium in section B. The lengths
l4,lp are both 1m, then the period p equals to 2m, as shown in figure 1.6. The properties

of the material can be found in table 1.1.
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p=2m

-

Epoxy Al

-+ P & >
Iil‘q:lm IB,:lm

FIGURE 1.6: the specific unit cell of periodic beam

Materials  Young’s Modulus: E(Gpa) Density: p(kg/m3)
Epoxy 4.35 1183
Aluminium 77.56 2730

TABLE 1.1: material properties

The aim is to compare the dispersion relation obtained by the homogenization
method with the dispersion relation obtained by WFEM. The former is an analytical
result while the latter is a numerical one. For the homogeneous one-dimensional periodic

structure, one can deduce the analysis formula of the dispersion relation.

For the longitudinal wave, we have:

/4::g c= E
c Vm

For the flexural wave, we have:

k2 = w

m
D

The figure (1.7) represents the comparison between the two different results for
longitudinal wave. From the figure (1.7), it can be seen that, for longitudinal wave, the
first band gap appears at about 380Hz. But the homogenized dispersion curve can’t
predict the band gap. What’s more, the difference between the two curves is very small
before 200H z, which proves that before 200H z, or at low frequency, the homogenized

method is valid.

The figure (1.8) shows the comparison between the two different results for flexural
wave. From the figure (1.8), we can see that, for flexural wave, the first band gap
appears at about 10Hz. But the homogenized dispersion curve can’t predict the band

gap. The difference between the two curves is very small before 10Hz, which is the



Chapter 1. Literature Review

20

-A-WFEM
——Homogenization

1.5¢

real part of k

0.5

0 100 200 300 400 500 600
frequence

FIGURE 1.7: comparison between numerical and homogenized
dispersion curve of longitudinal wave
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FIGURE 1.8: comparison between numerical and homogenized dispersion curve
of flexural wave

critical frequency of the first band gap. The result proves that, at low frequency, the

homogenized method is valid.

From the above results, we know that the homogenization method at low frequency
is valid. But, it doesn’t work anymore at high frequency. In other word, the homog-
enized dispersion curve can’t predict the band gap which is the filtering property of
periodic structures. So, another homogenization method to simulate the behaviour of

wave at high frequency is proposed. In the following, the new homogenization method
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in longitudinal case will be discussed. And the comparison between the homogenized

result and the numerical result will be presented to verify the feasibility of the method.

1.5.3 High frequency Homogenization of 1D periodic structure

At high frequency, the behaviour of the periodic structure becomes unpredictable.
The strong dispersion, the presence of band gaps or negative refraction can no longer
be predicted by homogenization models. For periodic structures, the interest lies often
in identifying the Bloch spectra and stop band structure. The Bloch spectra at the
edges of the irreducible Brillouin zone corresponds to standing waves. Here is a method
to develop a high-frequency asymptotic procedure based upon perturbing about these
standing wave solutions occurring at particular frequencies across a periodic structure

64, 65].

The method will be illustrated with the same periodic structure shown in figure
1.4. Specifically, we have 4 = Ip = [, the period is 2/, and € = [/L. For the piece-wise
periodic structure, the governing equation for longitudinal wave is:

0*u(X,t) 0*u(X, 1)

E(X) X2 —p( )T

=0 (1.72)

Where E(X) is the Young’s modulus, p(X) is the density. With the assumption that u
is time-harmonic, the equation can be expressed as:

?u(X)  p(X)w?

ax B w(X) =0 (1.73)

The two independent non-dimensional variables are defined as:

Thus, the solution u(x,y) will be periodic in y, but not necessarily in x. And the
equation (1.73) becomes:
0u 0%u 2& pw?l?

— +2
oy? * eay&c te Ox? + E

uw=0 (1.74)

This equation will be solved subject to either y-periodic conditions: u(x,—1) = u(z,1)

and uy(z, —1) = uy(z, 1) where u, = 0u/0y, or the anti-periodic conditions u(z, —1) =
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—u(z,1) and uy(x, —1) = —uy(x,1). These two cases correspond to standing waves that
are either in-phase or completely out-of-phase at the end of each unit cell. According
to Floquet-Bloch theory, the wavenumber of the two situations situated at the ends of
the Brillouin zone. The wave speed C' = m We introduce the non-dimensional
wave speed ¢, so C'(y) = coc(y), where ¢g is the characteristic wave speed. Then we note

A2 =w?l?/ cg, here the A is a non-dimensional frequency. Then we adopt the expansion:

w(z,y) = uo(z,y) + eur(z,y) + ua(z,y) + . ..
(1.75)

M =22+
Our aim is to obtain the dispersion relation between the frequency and the wavenumber.
Substituting the equation (1.75) into (1.74), and equating to zero the coefficients of
individual powers of €, we obtain a hierarchy of equations for u;(z,y) and \; with
associated boundary conditions from the periodicity in y. The leading order equation is
as follows:

A2
%W+£%:0 (1.76)

This is a typical wave equation, and the solution to be found is in the following form:

uo(z,y) = fo(z)Uo(y) (L.77)
With the periodic boundary conditions:
Un(=1) = Uo(1), Uoy(~1) = U, (1) (L78)
Or anti-periodic boundary conditions:
Uo(=1) = =Uo(1), Uoy(=1) = —Ugy(1) (1.79)

The equation (1.76) gives rise to a discrete spectrum of eigenvalues A3 for which there is
no phase shift cross a period of the structure and standing wave is formed. This leading
order solution is exactly periodic on the cell. Generally, the leading order problem would
need to be solved numerically, as is in the case of classical homogenization. We continue

with the hierarchy to find the corrections A2, A3 and the function fy(x).
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At next order, the equation for uy(z,y) is :

2 2
Ulyy + ?gul = *Q’LL[)Iy — Cf2l’LL[) (180)

Multiplying the (1.80) by Uy, and integrating over the periodic cell in y, one can obtain:

! A3 ! A
/1 <U1yy + C2U1> Updy = —/1 <2u01«y + 02u0> Updy (1.81)

Substituting the equation (1.77) into (1.81), we have:

1 )\2 1 1 U2
[ (ot ) Vo = 2o [ Oty = o0 [ oy 152)

What’s more

1
2 [ Uiy = U3(1) - U (1) (1.83)
1

The first integral on the right-hand side vanishes, because the Uy is y-periodic. Then

the equation (1.82) becomes:

1 )\2 1 U2
/1 (ulyy + cgul) Updy = —fo)\%/ c—guody (1.84)

-1

Next, we multiple the equation (1.76) by u1/ fo, and integrate it over the cell, we get:

1 )\(2)
/1 <ony + 02U0> urdy =0 (1.85)

Subtracting the (1.85) from (1.84) results in:

1

1 2
U,
[ o= Uy dy = ~1odd [y (1.86)

-1

And

1
/ (u1yyUo — Unyyun) dy = [u1,Up — w1 UpylLy = 0 (1.87)
-1

Because of the y- periodicity, the left-hand side integral of (1.86) vanishes too. And we
get:
1 U2
foA%/ —0dy =0 (1.88)
_1 C
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According to (1.88), A\; must be zero. The equation (1.80) becomes:
2

A
Uryy + ?gul = —2f0.Uoy (1.89)

Then we need to find the solution uw; with the same method used for ug, the separation

of variables.

ur(z,y) = f1(z)U1(y) (1.90)

Then the equation (1.89) becomes:
)\2
Uty + C—;’Ul = 2220y, (1.91)
This is a second order differential equation, and the variation of parameters method is

applied to solve the equation.

Here is a brief introduction of the variation of parameters method. The general

second order differential equation is in the following form:
g +m(z)g +n(x)g = I(z) (1.92)

We suppose that g1 and go are two independent solutions of the homogeneous equation,

and the solution g(x) that we need is in the following form:

9(x) = a(z)gi(x) + B(x)g2(x)

/ , (1.93)
g (2) = a(z)gy(z) + B(z)gs(2)

From the equation (1.93), one can deduce a linear equation system of a(x) and S(x):

o' (z)g1(x) + B'(x)g2(w) = 0

o o (1.94)
a (z)g)(z) + B (z)go(z) = I(z)

The first equation of (1.94) is obtained by substituting the expression of g(z) in ¢ (),
and the second equation of (1.94) is obtained by substituting the expression of g(x) and
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!

g (x) in equation (1.92). Then we have the derive of a(x) and [(x):

0 92

A —gol

a = = — 92 ; (1.95)
g1 9o 9199 — 9192
9 9
g1 0

’ 91 ! gll

b = = ; ; (1.96)
g1 g2 9192 — 9192
9 9

According to the variation of parameter method, the solution of equation 1.91 is in the

following form:

Ui = Ai(y)cos(dy) + Bi(y)sin(dy) (1.97)
with \
5= 20
c
Ay = (Sj;sm(éy)on (1.98)
fOx
By = — 5 cos(0y) Uy

With Uy = asin(dy) + bcos(dy), one can deduce the expression of A(y) and B(y):

A1 an: (SZTL( >U() — by + C3> + 01

h d
(1.99)
Bl _ & <_COS(6y) UO . ay+c4)> + CQ
bil d

Where C1, Co, C3, Cy4 are the integrate constants. And the expression of U is obtained:

fo

Uy = Cycos(0y) + Casin(dy) + f—w(Cgcos(dy) + Cysin(dy) — yUy) (1.100)
1

As U is the solution of the non-homogeneous equation (1.91), U; can also be considered
as the combination of the associated homogeneous equation’s general solution and a
specific solution of the non-homogeneous equation. Considering that Uy is the periodic

general solution of the homogeneous equation, the solution of U; can be transformed as
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follows:

Ui =Uy+ &(Awl(y) — yU()) (1.101)

fi
where Uy performs as the general solution of the associated homogeneous equation, and
the rest part serves as a specific solution for equation (1.91). Here, W1 (y) = (Cscos(dy)+

Cy4sin(dy))/A is a non-periodic solution of equation (1.76), and

2Up(1)

A= Wi (1) + Wi(-1)

(1.102)

guarantees the periodicity of U; with the upper sign; and the anti-periodicity with the

lower sign. Then, the solution of equation (1.89) can be expressed in the following form:

ul(x, y) = f(m(AWl — yUg) + f1 (.r)Uo (1.103)
At next order:
N
Ugyy + 22T T 2% T Uozz 2U1zy (1.104)

Multiplying the (1.104) by Uy, and integrating over the periodic cell with respect to y,

one can obtain:
1 )\% 1 )\%
/ (u2yy + §U2)U0dy = —/ (;uO + UQzz + 2u1xy)U0dy (1.105)
-1 -1
According to (1.103), we have:
Ulgy = fOxa:(AWIy — Uy — yUOy) + fleOy (1'106)

Then

1
/ Ulzy Uody
-1

1 1 1
:fOJz:xA/ leUOdy - fOz’x/ (UO + yon)UOdy + flx / UOyUOdy
—1 —1 —1

1 1 U2 1 U2
:fOIxA/ leUOdy - fO:mc / 70613/ - fO:Jc:v / (?0 + yUOyUO)dy
1 1 _

Sz

2
1 1 Ug

~foreA | Waylody ~ fous | Py -
-1 —1

+ 55 (U5 (1) = Ug (1))

f T
02 [?JU(?PA

1

U2
de - fo:ng(l)

1
:fOzxA/ leUOdy - an:x/
_1 1 2
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Then the right-hand side of equation (1.105) becomes:
1 )\2
2
_ / (C—2UO + U0z + 2U11y)U0dy

2 ! Ug ! 2
—— 33 [ oy for [ Ugay

1 1 U2
—2 <f()sz/ leUOdy - fOx:c/ 7Ody - fOxa:U()2(1)>
-1 -1

9 1 U2 1 )
== )‘QfO/ ?gdy - 2mex <A/1 leUody — UO (1))

-1

And the equation (1.105) becomes:

1 )\2
/ (ugyy + C—guz)Uody
! (1.107)

2 ! Ug ! 2
== >‘2f0 . cigdy - 2f0x:p A ) leUody — UO (1)

Next, we multiple the equation (1.76) by wua/ fo, and integrate it over the cell, we get:

1 )\2
/ <U0yy + CSUO> usdy =0 (1108)
-1
Subtracting the (1.108) from (1.107) results in:
1
/ (u2gyUo — Unyyuz) dy
-1
- ) (1.109)
=— /o /_1 c—gdy — 2f0za <A /_1 Wi, Uody — U§(1)>
For the left side of (1.109), we have:
(1.110)

1
/ (u2yyUo — Unyyuz) dy = [ugyUp — U0yU2]1_1 =0
-1

Because of the y- periodicity, the left-hand side integral of (1.109) vanishes. And we

get:
1 Ug 1 )
— X3 fo / X 21~ 2foza (A/l Wi, Uody — Up (1)) =0 (1.111)
The equation (1.111) can be simplified as:
(1.112)

TfOxx + )\%fo =0
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With:
P (A I, Wy Undy — Ug(l))

1 Ugdy

—1 2

T = (1.113)

Now we have A\3. The next is the solution uy. The main idea is always the same:

uz(z,y) = fa(z)Va(y) (1.114)

Then equation (1.104) can be expressed as:

A

)\2
f2(Uzyy + 5 U2) = —(;Sfo + fora)Uo — 2u1ay (1.115)

Subsisting (1.106) into (1.115) gives:

oY 1 A3
U2yy + ?SUQ = E (_<622f0 - fO:va;)UO - 2f0$zAW1y - 2f1$U0y + QfOzsz0y> (1116)

Noting:
2

M = (%fo — fowz)/ f2

N = 2f0xxA/f2

P = 2f1:v/f2
Q = —2foxz/ f2
Then, we have:
A2
Usyy + ~3Us = =MUs — NWi, — PUsy — QyUa, (1.117)

With the same idea of finding the solution u;, we have the expression of Us:
Us = Uy + Ugp1 + Uspa + Uspz + Ugps (1.118)

Where
Uy is the solution of homogeneous equation.
Usap1 is a particular solution of Uy, + ;\—§UQ = —MUj,
Usapo is a particular solution of Uy, + ;\—QaUg = —NWyy,

2
Usaps is a particular solution of Uy, + %Ug = —PUyy,
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2
Usaps is a particular solution of Uy, + %Ug = —QyUoy.

Using the variation of parameters method, we can find these four solutions of dif-

ferent equations.

( Uyy — U

Ugpr = Mz 0;52 "+ DI (y))

W
Usg = N(=75% + DaWi(v)

O (1.119)

Uspz = P(—T + D3Wi(y))

2U, U
Uzps = Q-7 1 - y45(;y + DsWi(y))

Here, we use the periodic condition(for the anti-periodic, the calculate is the same):

Us(—1) = Us(1)

Then, we have

( D —_ 2Upy (1)
T 282 (1) — WA (—1))
Dy — Wi(1) + Wi(-1)
Dy = Uo(1)
Wi(1) — Wi(-1)
D4 — on(]')
202(W1(1) = Wi(-1))
Hence, the solution of Us can be expressed as:
Uy, — U 1%
Uy =Up + M(y()2y7520 + D1 Wi(y)) + N(—% + Do Wi (y))
1.121)
U 2U, U (
+ P(- 52 4 DsW(y) + Q-7 = S+ Dawi(y)

Now we have Ao and wy. The expression of uy is quite complicated, which explains
somehow why we stop at equation of second order. Besides, because of the Floquet-
Bloch conditions, u(x + 2¢,y) = exp(2ike)u(z,y). As ug(z,y) = fo(x)Us(y), these two
relations force fo(X) = exp(ikX). Thus, according to equation (1.112), A3 = Tk?.

We suppose that for the piecewise periodic structure, the wave speed varies as

follows:
—1<y<0

1
cy) =41 (1.122)
— O0<y<1
,
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Then we can find a solution of leading order equation (1.76):

rsin(Xoy) + pcos(Aoy) —1<y<0
Uo(y) = (1.123)
sin(rAoy) + pcos(rAoy) 0<y<l1

With
rsin(Ag) £ sin(Ao)
cos(Ag) F cos(ry)

The upper signs for periodic boundary condition, while the lower signs for the anti-
periodic condition. Besides, we also need W to finish our calculation. Here is a possible

solution of Wh:

rsin(Aoy) -1<y<0
Wily) = (1.124)
sin(roy) 0<y<l1

With these solutions, we can obtain the formula of 7"

sin(Ag)sin(rig)
(rsin(Xo) F sin(rAo))(cos(Ao) F cos(rAo))

T =4)\ (1.125)

The upper signs for periodic boundary condition, while the lower signs for the anti-

periodic condition.

At last, we deduce the dispersion relation:

M =Mt eA? N+

2
=\ + M2+ 62)\% +
=0 2t (o (1.126)

€2)\2 2
= (A 2
< o+t 2)\[)) +

So, in the periodic case, we have:

€2\3 T(ek)?
A+ 24 =) 1.127
0t o T 0t o (1.127)
And in the anti-periodic case, we have:
T(ek — m)?
M dg 4 Ltk Z )7 (1.128)
2

Then with the same material as show in figure 1.6, we will compare the dispersion
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FIGURE 1.9: the comparison between the numerical result and the homogenized
method.

relation obtain by the numerical method, WFEM, with the homogenized result. The
comparison is depicted in figure 1.9. In the figure 1.9, the solid line is obtained by
WFEM, while the dash line is the homogenized dispersion relation. We can see that,
the approximation is better at the endpoint of band gap. But, when it is far from the
endpoint, the difference between the two curves grows great. So the correlation of A is
not good enough if we stop at the second order equation. With further correlation, the

dispersion curve maybe better.

The main idea of the high-frequency homogenization method is to develop an ap-
proximation procedure based upon perturbing about these standing waves solution which
occur at particular frequencies across a periodic structure. All the equations are con-
structed on the macro-scale which is valid for frequencies in the vicinity of the standing
wave. In low frequency homogenization, according to the equation (1.62), the leading
order of z, zg is independent of y. But in high frequency homogenization, the conclusion
in not valid. The leading order ug depends on the macroscopic scale x, the following

order of u, is the correlation of the ug. with these correlation terms, the dispersion, or
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the band gaps appears. From the example, we can see that by perturbing away from
the standing wave solutions, the Bloch spectra is identified through a simple differential
eigenvalue problem, whose coefficient involves the integrations over the periodic cell.
The main difference is that the integrated quantities are longer simply averaged wave

speed or simple averaged quantities.

1.5.4 Homogenization of periodic discrete media (HPDM)

HPDM, which stands for homogenization of periodic discrete media, is a method
to study the reticulated structures. Based on continuum mechanics, the method leads
to an analytical continuous description of the framed structure, which is a repetition of
the same material in one direction (1D case) shown in figure (1.10(a)) or two directions
(2D case) shown in figure (1.10(b)). In the method, a scale ratio which involves the
length of unit cell and the characterized length of the structure leads to an asymptotic
expansion of differential operator and solutions. By solving equations of dominant order

and higher orders, a continuous structure model is derived from the discrete description.

(a) 1D periodic discrete structure (b) 2D periodic discrete structure

FIGURE 1.10: Periodic discrete structures

The method is composed of two parts: discretization and homogenization. As the
studied structure is composed of interconnected beam or plate, the dynamic balance
of the whole structure can be expressed in a discrete form by the element balance and
nodal balance. The discretization starts with the local balance of each element. The
longitudinal force, transversal force and bending moment at extremities can be expressed
explicitly by the displacement and rotation of these points. At last, the discrete balance

equation is rigorously derived from nodal force balance equations. After discretization,
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the homogenization process needs the scale ratio. According to the homogenization the-
ory, the scale ratio should be small enough to ensure little dynamic behavior distinction
between adjoining unit cell. In this case, the discrete dynamic variables at each node can
be considered as specific values of a continuous function, and these dynamic variables of
neighboring nodes can be connected by Taylor’s Series. With all these dynamic variables
developed in Taylor’s Series with respect to the scale ratio, a sequence of balance equa-
tion at various order can be derived by nodal balance equation. At last, the variation of

element properties contrast leads to different kinds of homogenized models

Here are two examples of this method applied on homogeneous structures. As
mentioned before, the first step is discretization. And the dynamic balance of the Euler-
Bernoulli beam elements are expressed by considering the displacements and rotations
at their endpoints as boundary conditions shown in figure (1.11). The up,up denote
the longitudinal displacements, vg,vg, 0p, 0 denote the transversal displacements and
rotations. NB, N¥ TB TE MB MP represent the axial force, shear force and moment.

The superscripts B, E mean begin and end.

L
[ / UE MB TE
u n l

E NE
lTB

u

FIGURE 1.11: Element notation

In the longitudinal case, the wave equation is

0%u(x,t) 0%u(x,t)
E _ —
o2 " or

where F, p are respectively the Young’s Modulus and the density of the uniform struc-
ture. By considering the harmonic wave solution, the equation becomes: u”(x) +

k2u(z) = 0, where k;, = \/pw?/E. The associated solution is u(z) = cisin(kpz) +

E

cacos(krx). Knowing the boundary conditions: u(0) = u? and u(l) = ¥, we have the

equation system to deduce the solution of the wave equation:

Cy = UB
(1.129)

crsin(krl) 4+ cocos(krl) = u?
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Then the solution writes:

E_ B
u(z) = “ 8;(;Oj§kLl) sin(kpx) 4+ uPcos(kpx) (1.130)
L

The axial forces at the endpoints can be deduced:

uBcos(kpl) — uf
sin(krl)
uPcos(kpl) — u
sin(krl)

NB = —ESu'(0) = ESky,

5 (1.131)

NE = —ESu/(l) = —~ESkr,

where S is the section area. In the homogeneous case, the unit cell length can be chosen

as infinitesimal (I — 0). Note that

uicos(krl) — ug

N(ul,ug) = ES]{?L

sin(krl)
then NB = N(uB,u”), N¥ = —N(u”,uP), and the series expansion with respect to I
is:
ES 2 8 7
N(ur, uz) = = (w1 —uz - %kiﬂ - %%14 +0(1%) (1.132)

At present, the element dynamic balance is verified. And, the next step is the nodal
balance of the whole structure. The nodal balance equation at the endpoint of two unit

cells shown in figure (1.12) writes:

Nf - NnB—H
n n+1
L (O ~J
n-1 n n+1
———p
Niyi  Np

FIGURE 1.12: Longitudinal vibration nodal balance
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According to equation (1.132),

ES Uy + Up—1 8uy + Tup_1

N = =N (uns un1) = == (un =ty = =kl = e
E 2y, " . .
Nfﬂ = N(up, uns1) = Ts(un — Upy1 — %k%ﬂ _ %k%l‘l)

Then, the nodal balance equation becomes:

kK212 TEAA
n— n 14 L L
(un—1+ tUn+1)(1 + & T 360

K22 kb

) = 2un(1 - == = =) =0 (1.133)

According to the homogenization theory, scale ratio between the unit cell length [ and
characteristic length L of the whole structure should be small enough, e = /L < 1. By

introducing the scale separation, € is used for the expansion of the displacement.
Un () = Uno(2) + un1 () + Euna(z) + Euns(z) + ... (1.134)

where u,; is the ith order displacement of u,. Since the unit cell length [ is a small
increment for the variable x, the discrete displacement varies slowly from one node to
the next and it can be considered as specific values of a continuous function: w,(x) =
u(x = nl). The displacements of node n-1 and node n+1 can also be related to the node
n by using Taylor’s series:

u// mnm nn
Ups1 = Uy +ull + 7”12 + P4ty

6 24
" n nn
272U 373U 474U
:un—l—eLu;L—i—eL?”—i—eLF”—i—eLi—l—...

Then inserting equation (1.134) into the above equation and rewriting it according to

the order of €, the u,1 becomes:

L2
Unt1 =Uno + €(up1 + Lubg) + € (un2 + Lty + jugo)

12 . (1.135)
463 (tn3 + Ly + 7u;;1 + Eu;fo) + ...
Similarly for u,_1, we have
2 L?
Up—1 =Upo + €(Up] — Lu;LO) + € (up2 — Luly + ?u’éo)
12 73 (1.136)
463 (ung — Ly + —ully — —ullt) + ...

2 6
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which induces that
Un—1 + Unt1 = 2Uno + €(2un1) + € (2un2 + L2ully) + € (2ung + LPuly) + ... (1.137)

Inserting equation (1.134) and (1.137) into equation (1.133), and using the relation

[ = €L, a series of equation for u,; are obtained by identifying the terms with the equal

power of e:

Order O(€%): 2upg — 2upo =0

Order O(e'): 2up1 — 2up; =0

Order O(€?):
(Lkr)?

2un0T

2

+ (2up2 + LQUZO) — Uno( 3

(LEkL)?) — 2un2 = 0 = ully + k3 tno = 0

Order O(e?):

(Lkp)?
6

2
2Up1 + (2ups + L2ugl) — unl(—f(Lk:L)2) —2Up3 =0 = ugl + k:%unl =0

3

Order O(e*):

7(Lkp)* Lkp)? A
2un07( 36(];) + (2upa + L2U,7/L0) ( 6L) + (2upg + LQU/T/LQ + Eu%)
2 2
—uno(—g(LkL)‘l) — ung(—g(LkL)Z) — Uy =0

= ully + kFtuny =0

At the first two orders, the results are trivial equations. But, from the second order
on, the result equations are the classical longitudinal wave equations for u,_s, which

corresponds to the beginning wave equation.

In the transversal case, the wave equation is

4 2
Ela v(x,t) +psa v(zx,t)

Ozt oz 0

where F, p, I, S are respectively the Young’s Modulus, the density, the inertia moment
and the section area of the uniform structure. The wave solution is always harmonic,
and the wave equation becomes: v"(z) — kfw(z) = 0, where ky = /pSw?/EI. The
affiliated solution is v(z) = disin(krz) + docos(kpzx) + dssinh(krx) + dscosh(krx).

As the displacement and rotation at the endpoints are known boundary conditions:
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v(0) = vB,v(l) = v¥ and v/(0) = 6(0) = 0p,v'(I) = (1) = Og, the equation system to

solve writes:

)
dy + dy = vP

dysin(krl) 4 dacos(kpl) + dzsinh(kpl) + dycosh(krl) = v¥

9B (1.138)
di+d3=——
kr

E
dycos(kpl) — dasub(kpl) + dscosh(krl) + dysinh(krl) = %
T

With the solution of v(z) being obtained, the moment and the shear force at the end-

points deduce by the following expression:

2 3
0“v T:Elav

M=-F]——: —_—
0z?’ 0x3

If we note

_g(vlsin(kﬂ)sh(kﬂ) + va(cos(kpl) — ch(krl))
12 cos(kpl)ch(kpl) — 1

01 (ch(kpl)sin(kpl) — sh(kypl)cos(krpl)) — Oa(sin(kpl) — sh(krl))

cos(kpl)ch(kpl) — 1

M (vi,v9,01,62) = (krl)?

+1

(krl))

T(’Ul, V2, 01, 92)
_ g(vl(ch(le)sin(le) + sh(kpl)cos(krl)) — va(sin(krl) + sh(krl))
I3 cos(krl)ch(krl) — 1
01sin(kpl)sh(kpl) — O2(cos(krl) — ch(kpl)) (erl)?)
cos(kpl)ch(krl) — 1 T

(krl)?

+1

then
MEB = MwB,vF, 058, 0F)

ME = M@P, o8, —0F —6P)

(1.139)
T8 = T8, vF 6B, 07)
TF = —T(F w8, -7 —6P)
\
And the related series expansion with respect to [ are:
2F1 22v1 + 13wy + 1(46, — 36
M (v1, 0,01, 02) = =5~ (3(v1—02)+ (201 +62) — ! 2840( 1 = 362) (krl)*+0(1%))
6E1 156v; + bdwvy + 1(226, — 136
T(v1,v2, 01, 02) = —o—(2(v1—v)+1(61+02) ——— 2 + 1226, 2) (krl)*+0(1%))

l 2520

The element dynamic balance for transversal vibration is verified. In the transversal
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case, the nodal balance is composed of two parts: the moment balance and the shear
force balance, shown in figure (1.13). The corresponding equations are in the following
form:

MY =MpZy; Ty =T7,

n n n

where Mf = M(Una Un—1, —On, *9n71)§ MnB+1 = M(Una Unt1, On, 0n+1);

TnE = _T(Una Un—1, _9n7 _Hn—1)§ TnB+1 - T(vna Un+1, Qn, 0n+1)-
n n+1
[ _ (O >
n-1 n n+1
Ty
My
T

F1GURE 1.13: Longitudinal vibration nodal balance

Substituting the series expansion of M, MB, | TP TP | into the balance equation,

the moment balance equation writes:

(Ons1 — Un1) (B o (pl)®) — 104 — o (kpl)®) — UBnys + Ony) (L + o (kpl)*) = 0

840 840 840
(1.140)
the shear force balance equation writes:
(Vg1 4+ vn_1)(12 + g(k: DY +on (=24 + %(k DY) = 1(Ops1 — 0n, ) (6 + E(k: NH=o0
n+1 n—1 70 T n 35 T n+1 ni 420 T -
(1.141)

The equation (1.135) and (1.136) give the expression of v,+1 — v,—1 by changing u to v:

L? L?
Vpt1—Un—1 = 6(2Lv;0)+62(2Lv;1)+63(2Lu;2+?u%)+e4(2Lu;3+?u’:l)—k... (1.142)

As for the other series expansion, such as 6,41 + 6,1, the expression can be obtained
by changing the associated variables. Then inserting these series expansion into the
transversal vibration balance equation, and using the relation [ = €L, a series of equa-
tions for v; are obtained by identifying the terms with the equal power of €. The result

are shown in the following table.
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Moment balance equation M, E— MnBH
Order O(e') ’U’:IO — 0o =0
Order O(e?) Uy — 01 =0
Order O(€?) 6L (v} — On2) — L (0 — vip) = 0
Order O(e?) 6L (V)5 — On3) — L3(0, —v)) =0
Lttt + o0 + L0 (i)t — =)+
Order O(€°) 420 20 "0 " 420" 120
6L(vhy — Ons) — LP(00 — 03) = 0
TABLE 1.2: Moment balance equation at various orders
Shear force balance equation TEF = TT?H
Order O(e?) “Zo —0,=0
Order O(€?) Upy — Oy =
Order O(c*) L (vno(krl)* + v — 260,1) + 12L%(v)fy = 0/5) = 0
Order 0(65) L4(’Un1(k‘Tl)4 (4) 29/// ) + 12L2( "o g ) —0
9 6) T
LS (!, (krl v krl)* — —0
Order O(ef) (Fgvnol i 30 U0~ gyq0no(kr )= 100n0 )+
L (waz(krl)! + 083 = 260,5) + 1202 vy — 0y) = 0

TABLE 1.3: Shear force balance equation at various orders

After some simplification, the two series balance equations together deduce the

homogenized wave equation at various orders, and the homogenized equation are shown

in table (1.4):

E _ B E _ 7B
M Mn-‘rl T Tn+1
7 o /

Uno — 0710 =0 nO n0 — =0
’Unl_enlzo 0’1—0
U;ﬂ — 9n2 =0 ”” k%wvn() =0
UTLS - 9713 = O //,/ kTUnl — O
Uy — Ona =0 ”” — kFvp2 =0

TABLE 1.4: Homogenized wave equation at various orders

From the result, it can be seen that the moment balance equation provides the

definition of rotation and the shear force balance equation provides the wave equations

at various orders which are the same as beginning wave equation.

In a word, although the HPDM is a method to study framed structure, it can deduce

the classical wave equation for both longitudinal vibration and transversal vibration in

the uniform structures.

implemented in periodic structures.

The result proves that the method is efficient and it will be

The implementation details of this method on

longitudinal waves and flexural waves in 1D periodic structures will be discussed in

chapter 2 and chapter 3.
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1.6 Conclusion

The literature review in this chapter is guided on three aspects: the wave prop-
agation characteristic of periodic structures, the numerical method and the analytical
method to study the periodic structure. The dispersion curve of 1D periodic structure,
or the band diagram of 2D periodic structure is the essential properties. To obtain these
properties, the plane-wave expansion method, the transfer matrix method, the wave
finite element method, and the condensed wave finite element method are explained.
These method are all validated by plenty of works. However, the main points of our
work focus on the homogenization, which is also a kind of analytical method. In this
chapter, two homogenization methods are presented, as well as the comparison of the
result before homogenization and after homogenization. The results shows that some

more work are needed to obtain more precise simulation models.

Numerical method can deal with complex structures. However, the computational
cost can be high and parametrization or scaling of the model requires repeated compu-
tations. As for the analytical methods, although often limited to simple structures, it
provides a full insight into the behaviour of modelled periodic structures with obtained
solutions parametrized and fully scalable. The homogenization method for the periodic
structures, which allows to obtain analytical solutions of the model, combines the ad-
vantages of numerical method and analytical method. This method will help us to get

a better understanding about the periodic structure’s behaviour.



Chapter 2

Homogenization of longitudinal
waves in 1 dimensional periodic

structures

2.1 Introduction

Composite structures are widely spread in various industry domains. Especially,
periodic composite structures also attract new motivations in recent years. The main
characteristics of periodic structures are the specific wave dispersion effect which means
different harmonic waves propagate with a different velocity, and the stop bands which
indicate the non propagating frequency range. Many investigations concerning wave
propagation in periodic structures have been conducted [66-68]. According to the theory
of Floquet-Bloch [69-71], the study of a periodic structure can be converted to the study
of its unit cell. Based on this theory, plenty of methods have been developed, such
as receptance method [72], transfer matrix method (TMM) [73] and space-harmonic
method [74]. When the structure becomes complex, the heterogeneity or the anisotropy
makes the affiliated analysis more arduous. In this case, the wave finite element method
(WFEM), which takes full advantage of finite element modelling of the unit cell, has

been applied in various studieds [75-77].

Another alternative option to study periodic structures is to find their homogenized

models with equivalent parameters or equivalent equilibrium equations. The traditional

41
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homogenization method aims for the determination of homogenized equivalent param-
eters. With these effective parameters, the original heterogeneous structure can be
simulated as a homogeneous one. The homogenization models are based on the long-
wave assumption, which indicates that the wavelength in a studied case should be larger
than the unit cell length. Consequently, the frequency valid domain is limited to the
frequency range before the first Bragg band gap. However, the practical validity range
of traditional homogenization models is far less than the first Bragg band gap. When
the frequency approaches the first Bragg band gap, the wave-microstructure interaction
becomes important, and the traditional homogenization model can no longer predict cor-
rectly the structure’s dynamic behaviour. Therefore, new homogenized models which
can provide more accuracy simulations of the structure’s dynamic behaviour at a larger
validity range in the first propagating zone are needed. Similar limitation appears in
the classical continuum mechanics. Thus, the so-called gradient elasticity theory has
been developed [78-82] to derive enriched continuum models. Motivated by the gra-
dient elasticity theory, multi-scale asymptotic homogenization method is developed to
overcome the deficiency. Firstly proposed in [83-85], more recently in [86, 87], multi-
scale homogenization method is an averaging tool to study the physical processes in
composite media. Then, based on the idea of multi-scale asymptotic expansion, several
other discussions about homogenization appeared, such as two-scale convergence [88],
the periodic unfolding technique [89]. An overview of these discussions are presented in

[90].

According to the multi-scale asymptotic homogenization method, a homogenized
wave equation rather than the effective parameters will be established. Some imple-
mentations of this method can be found in [91-93]. In [91, 92], the free vibration of
a periodic structure under the clamped-free boundary condition is investigated. With
an initial disturbance in displacement, the time-varying displacement of the structure
is presented to validate the method. Factors related to the validity range have been
identified. However, only one initial/boundary value problem is studied. And some
explanations about the determination of boundary conditions need to be supplemented.
In [93], the dispersion relation of an infinite periodic structure is derived. But some
more discussions about the dispersion relation, for instance the influence of the material
parameter contrast, are still needed. Besides, studies concerning forced vibration of a

finite periodic structure are not presented in this work.
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In this chapter, the multi-scale expansion method is used to derive higher order
homogenization models for longitudinal waves propagating in one-dimensional periodic
structures. Some details of the homogenization process are presented, and higher order
homogenization models are established. The validation of these models is carried out
in the infinite case. A parametric study of the dispersion relation is also investigated
to exhibit further discussions about the validity range. Some implementations of these
models are achieved in the finite case, where boundary conditions need to be considered.
A variational approach is used to formulate the appropriate boundary conditions, and
the forced vibration under different boundary conditions is investigated to display the
robustness of the higher order homogenization model. The calculations by analytical
formulation and numerical WFEM are also conducted to give reference results. The
outline of this chapter is as follows. The formulations of longitudinal wave theory are
gave in section 2.2. In section 2.3, the application of HPDM on periodic rod is discussed.
Section 2.4 presents the derivation of higher order homogenization models by using the
multi-scale asymptotic homogenization method. Afterwards, section 2.5 discusses the
comparison and validation of these models through the dispersion relation. In section
2.6, some implementations of these models are carried out. At last, some conclusions

are made in section 2.7.

2.2 Problem statement

We consider the longitudinal wave propagating in a periodic composite rod, which is
composed of two different materials A and B (figure 2.1). The governing wave equation

is as follows:

L

A B A | B

- al a-ol

X l Xo+1

FIGURE 2.1: A bi-laminate periodic rod

. Ou(z x. u(x
9 (E()a(,t)>_ GHZuzh _ (2.1)

oz e’ Ox e o
where the u(x,t) denotes the displacement field, p(x/€) the mass density, F(z/e) the

Young’s Modulus. € = [/L, L is the characteristic length, and [ is the period unit cell
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length. The stress at the interface is defined as:

x. 0u

Doz

o =

(2.2)

In order to proceed the multi-scale homogenization, two scales are introduced: the
macroscale X = z and the microscale y = x/e. The scale X represents the global
behaviour of the structure, while the scale y represents the heterogeneity or the pe-
riodicity of the structure. Thus, the object is to establish an effective wave equation
which involves only the macroscale X. Meanwhile, the heterogeneity of the structure is

approximated by some homogenized new term in the effective wave equation.

2.3 HPDM homogenization process

In this section, the implementation of HPDM on the periodic rod will be discussed.
According to the HPDM, the first step is the discretization of the element dynamic
balance. The element of the periodic rod is shown in figure (2.2), and the dynamic
balance will be expressed by considering the displacement at z = —al and 2 = (1 — «)l
as known boundary conditions. Together with the continuity conditions at = = 0, the
axial force at the endpoints will be deduced.

l

| A | B |
al T a-ol

0 X

FIGURE 2.2: Rod element chosen for HPDM

The wave equations for material A and material B are :

9%u d%u d%u 9%u

Eagpz =Paga =0 Figz —rgs =0

where F,, Ey, pq, pp are the Young’s modulus and the density of material A and B. As

the studied displacement is harmonic, the wave equation becomes:

W+ Eu=0; o +kiu=0
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with kg = \/paw?/Eq, ky = \/ppw?/Ep. The solution is in the following form:

c18in(kqz) + cacos(ker) —al <z <0
czsin(kyx) + cacos(kpr) 0 <z < (1—a)l
with the associated conditions:
u(—ad) = u®P

u((1—a)l) = u®

w(07) = u(0T)
Fagt(07) = Byge(0%)

Then, the solution of u can be deduced by solving the equation system, which provides

the axial force at the endpoints.

qu® + (psin(ml)sin(nl) — qcos(ml)cos(nl))uP
pcos(ml)sin(nl) + gsin(ml)cos(nl)

NP = —E,Su(—al) = —Sp
—pu® + (pcos(mi)cos(nl) — gsin(ml)sin(nl))u
pcos(ml)sin(nl) + gsin(ml)cos(nl)

NP = —E,Su'((1 — a)l) = —Sq

with p = Eykq, q = Epkp, m = akq,n = (1 — a)ky, and S is the section area. The nodal
balance equation in this periodic case reminds unchanged as before: NF = NP ;. For
the homogenization of periodic structures, the long-wave approximation is used. This
means that the unit cell length [ is much more small compared to the characteristic size
L. Thus, the scale ratio e = [/L < 1 is introduced, and the displacement at node n, n-1
and n+1 is expanded in power of €, as is shown in equation (1.134), (1.135), (1.136).

2 3
Uy, =Unpg + €EUR1 + € Up2 + € Up3 + ...

L2
Up41 =Uno + €(Upn1 + Lu%o) + 62(un2 + Lul, + ?uxo)
L2 L3
+€3(uns + L,y + 714;1 + Eu%) + ...
L2
Up—1 =Upo + €(Up1 — Lu%o) + 62(un2 — Lul, + ?ugo)
L2 L3
+€3(upg — L,y + ?le — Fu%) + ...

With the relation | = €L, the axial force can also be expanded with respect to €. The
details are present in the appendix (A). Then inserting the expansion of displacement

in the nodal balance equation, and identifying the terms with equal power of €, the
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homogenized equation at various orders are obtained.

Order O(€°):
Dq 2pq
0 - Unp
mq+np mqg+np

2un 0= 0
Order O(el):
Pq 2pq

2un1 —
mq+np mqg+np

Up1 =0
Order O(€?):
mn
umo + (m? +n?+ (p* + q2)E)uno =0
with

mn

aby+(1—-a)E
m® +n®+ (p* + ¢*) 0q bt ) a2 = 202

E.Ey Ey

= (apa + (1 — a)pp)
Then the homogenized wave equation can be simplified as:
Eoupng + pow*ung = 0 (2.3)

where Ey = E,Ep/aE, + (1 — a)Eq, po = apg + (1 — ) pp.
Order O(€?):
mn
oy + (m* 40”4 (07 4 ¢) 7 D = 0

which can be simplified as:

Eoully + pow*un; =0 (2.4)

Order O(e3):

" 2, .2 2, 2ymn (p — @)*(p + @)*m*n® L*upg
Upg + (M” + 1"+ (p° + ¢°)— Jun2 + =0
" pq 12p%q? kg
with
bp—q)"pr+q)mmn- « -« aPa — LipPb 4 _ | pow
( )2( + )2 2,2 _ 2(1 )2(E E )2w b 2
12p2¢2 12E2E2 0 Eo
Then the homogenized wave equation can be simplified as:
2(1 — a)?(Eapa — Eppy)?EoL?
Bvilfy + pouge + C 0 ) Fabo Z o) Bol (25

12/)3((1 — a)Ey, + aFEy)?

Similar results to the homogeneous case in the section introduction can be obtained: the
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first two equations are trivial relation; from the second order on, the obtained equations

are the homogenized equations for u,_o.

2.4 Multi-scale asymptotic homogenization process

To obtain the effective wave equation, we assume that the macro length of the
structure L is much larger than the period [, i.e. € =1/L << 1. With the macroscale
X = x and the microscale y = /¢, one can begin the asymptotic homogenization with

the expansion of displacement u:
U($, t) = U(X, Y, t) = ’U‘U(Xa Y, t) + EUI(X, Y, t) + 62u2(X7 Y, t) + . (26)

where z € [0, L], X € [0, L], y € [0, L/€]. The derivative of x becomes:

o 9 10

=—+ - 2.7

Jdr 0X €0y (2.7)
As the scale X represents the global behaviour of the structure, while the scale y
represents the heterogeneity or the periodicity of the structure, the displacement u and
the stress ¢ are periodic in y with the period L, but not necessarily in X. For one unit

cell, the periodicity of the structure implies the periodic conditions with respect to y:

u(X,0,t) = u(X, L, t)

B(y) e (X,0,6) = B(y) 5" (X, L1

(2.8)

And the wave equation (2.1) becomes:

(B 8 o o) P22 o

In order to make the following calculate more clear, we rewrite the equation (2.9) ac-

cording to the the power of e:

u 2U
+ox (Bwgy ) =sns 210
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Then inserting the expansion of v into equation (2.10), and identifying the terms with the
equal power of €, a series of equations for u; are obtained. For simplicity, the dependence

of time is omitted.

2.4.1 Asymptotic calculation of O(¢~?) order equation

At O(e2), we have:

0 8’&0
— (Ey)— ) =0 2.11
5 (r05e) (2.11)
Integrating the equation in y, one can obtain:
aUQ
Ely)— = X 2.12
(v) Y ao(X) (2.12)

The general solution of ug can be obtained by integrating again equation (2.12) with

respect to y over the unit cell domain:

wo(X, 1) = ao(X) /O ! EzT) dr + bo(X) (2.13)

where ao(X) and bo(X) are integration constants. Because of the periodicity of the
displacement over the unit cell, we have ug(X,0) = uo(X, L) which implies that ag(X) =

0. Then, here is the first important conclusion:
uo(X,y) = bo(X) = Up(X) (2.14)

ug the leading order displacement depends only on the macroscale X.

2.4.2 Asymptotic calculation of O(e™!) order equation

At O(e™ 1), the wave equation becomes:

a(i)X (E(y)%uyo> + gy (E(y)(?;g + 85;)) =0 (2.15)

Thanks to (2.14), the above equation can be simplified as:

663/ (E(y)(g;bg + a@?)) =0 (2.16)
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Integrating the above equation gives:

821,1 aq (X) 6u0

—— = - 2.17
Jy E(y) 0X (2.17)
Integrating again and the general solution of u; is obtained:
v o1 6u0
X,y)=a1(X b X 2.18
w(X9) = () [ = 20+ h) +a(X) (219)
With the periodic condition u1(X,0) = u;(X, L), one can obtain:
L
1 Oug
alX/ ——dy— ==L =0 2.19
For simplicity, an averaging operator < f >= ¢ fo y)dy is defined. Substituting the

expression of a;(X) in equation (2.18), the simplified formula of u; is obtained:

_3’&0 L L ou Uo
u1(X,y)—aXf0LE%y)dy/ B 0T g W) )

N (foy (o 07 _y_b1> Ouo
1
<@y > 0X

dug
0X

= a1 (X)
=Ui1(X)+ H(y) 5=

where
E(y) L)y E(y)
fO (17' dT

E
< 1S
E(y)

—y—bh

up is composed of two parts: one part (global behaviour) depends only on X, and the
other (local behaviour) depends on both X and y. H(y) reminds to be determined. As

shown in figure (2.1), the unit cell is composed of two different materials. Then
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For the material A

.
Ha(y) = 5= — Y —bia
T E
_ Epy Cu—b
(1—-a)Eq+aEy Y7~ Pla
_ (1—a)(E,— Ea)y B
(1 —-a)Eq+ aEy ta
For the material B
L
Hy(y) = "5 —¥—bu
E. " By,
- Eay —y—b
(1—-a)E, + aEy g
a(E, — FE
= (Ea — ) y—buw

(1—-a)E, + aEy

In order to determine the two constant by, b1p,we have

Periodicity condition: u;(X,0) = ui(X, L) = H,(0) = Hy(L)

Continuity condition: uy (X, aL™) = uy(X,al™) = H,(aL™) = Hy(aL™)

The periodicity condition has been used before in (2.19). So we need one normalization

condition to ensure the uniqueness of the two constant, which means:
<u(X,y) >=U1(X) =< H(y) >=0

Here is the calculate:

(1—a)(Ey,— Ey)
(1—-a)E, + aFE,
E, — Ey
L
(1-a)E, + aEba

OL(Ea — Eb)
(1—a)E,+ aF,

Hy(aL™) = Hy(aL™) = al — by, = al — by,

= blb = bla +

al L
<H(y) >=0= % (/O Ha(y) dy + LHb(y)dy) =0

(1—a)(Ey,— E,) (aL)?
(1-—a)E, +aFE, 2
+ i g(f)aE: fb(iEb (1= gg)LQ —byp(1—a)L =0

(% by 4 Ea—Eb
T—a " 2((1 —a)E, + aky)

— blaaL

:>b11,=— ol
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With these two equations, we get b1q, b1p

(1—a)(Ey— E,) aL

bra = -
T (1-a)E, +aB, 2 (2.20)
y __alB—E) (+a)l |
YT (1-a)E,+aE, 2
And the expression of H(y)
1—a)(E, - E, L
((1 Oz))(EbJr E)<_O‘2> 0<y<al
— a (0%
H(y) b (2.21)

a(E, — Ey) ( (L+a)L

L<y<lL
(1-a)E, + aF, 2 ) ab=y

where E,, E, denote respectively the Young’s Modulus of material A and B. The
expression of H(y) being obtained, some useful conclusions about the O(€®) order stress

should be noted:

oU,
ur(X,y) = Ui(X) + H(y) 557 (222)
Oug | Our, OH(y), 0Uy  _ 90Uy
B3 + G = B+ 5 Ph 5L = B (2:23)
where
EO _ EaEb

(1 — Oé)Ea + OtEb
2.4.3 Asymptotic calculation of O(¢) order equation

From O(e”) order on, the homogenized wave equation is generated because of the
appearance of dynamic terms in the wave equation. The main calculation process con-
sists of two parts shown in figure (2.3): the left part aims to obtain the homogenized
wave equation at order O(e"); the right part’s target is the solution of u,1o which is a

necessary element to derive the O(¢"™!) order homogenized equation.

The left part: homogenized wave equation at order O(e).

(v u u U 2'1,L
2 <E<y)<g; T aayl)> T (.fy (E@)(ZX% " aa;)> = ply) S0 (2.24)



Chapter 2. Homogenization of longitudinal waves in 1D periodic structures 52

Wave Equation at 0(e™)
a aun aun+1 a aun+1 aun+2 _ azun
E(E(Y) ( X + 7)) + 5(]5()/) (W + 7)) =p) Jt?

A 4

Averaging Operator <> Inserting u;,, Upaq

v

Periodicity, Continuity,
Normalization

A 4

Inserting Uy, Un41

Homogenized e f
Wave Equation olution of Up 4,

FIGURE 2.3: Calculation process of O(e™) order equation n = 0,1, 2...

Applying the averaging operator to the equation (2.24), and because of the periodic

force condition 01(0) = o1(L), we have the following equation:

E/OL <£{ <E(y)(g§?+ %?))) dy = E/OLP(y) dyf?;;o (2.25)

we note pg =< p(y) >= aps + (1 — a@)pp and substitute the equation (2.22) into the

equation (2.25).

1 [t 0H (y) Pug  O*u
z [ (o 25 s - mis (2.26)

Since we have the exact expression of H(y),

[ (o 25 ) 4y
L[ (s ) [ (0 )
L) e 7 (S es)
N . (1- a)%; +ak,

_aEa (]_ - a)Eb

(1—a)E, + aEy +
E,E,

= FE
(1—a)Eq+aBE, "

Finally, from the equation of order €?, equation (2.24), we get the homogenized equation

for ug:
82u0 82u0

Eogxz =g

(2.27)

where pg =< p(y) >= ap, + (1 — @)pp. pa, pp represent the mass density of material A
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and B. This is the traditional homogenized wave equation where the periodic structure
is considered as a homogeneous one with equivalent parameters Ey, pg. As mentioned
before, equation (2.27) can not predict the dispersive effect of longitudinal waves in
periodic structures. Thus, higher order equations are needed to provide a more precise

wave equation.

The right part: solution of uy, which is indispensable to obtain the O(el) order

homogenized equation. Owing to (2.22), the equation (2.24) becomes:

82u0 GH(y) 0 8U1 62’11,0 8’11,2 82u0
E(y)(1 —(FE H —) ) = 2.2
s (B0 + 5 )+ 2 (B G+ Hw s + 52) = o) G 229
For material A:
OH (y) (1 —o)(Ey — Ea) EoEy
E(y)(1 = FE,(1 =
W+ =57 = El+ = F T aB,) ~ 1 _a)E, 1 oF,
For material B:
OH(y) Oz(Ea — Eb) EaEb
E(y)(1 = Ep(1 = =
W)+ Ay ) (1 + (1-a)E, + aEb) (1—-a)E, + aEp
So, for the whole structure, we always have
8H<y) EaEb
E(y)(1 = =
W)+ dy ) (1—-a)E, + aEy
Then the equation (2.28) becomes:
KA T TCA RN il AR5 Y i o Rca
dy 0X axz " ay’) TP e T Maxe
Besides, according to equation (2.27), we have
62u0 . &827“)
ot? N £0 0X?
Then we have the equation to determine the expression of us:
0 BUQ 8U1 82’&0 8 ug
—(Ey)(—+ ==+ H(y)—) | = F 1 2.2
o (B2 + G+ G = B0 - D58 29)

with 0(y) = p(y)/po-
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By analogy to u1, due to equation (2.29), the solution of uz should be in the following

form:
82UO
0X?2

wa(X,9) = Ua(X) + H(y) 3 + P()

(2.30)

where H(y) is the same as in the last section, and P(y) needs to be determined. In

order to find P(y), substituting equation (2.30) into equation (2.29)

2U
H)) = Ba(0) - DG

2u
o (B G O3 1+ B G (P

we rewrite the equation (2.31)

2U

82UO
0X?

= Eo(0(y) — 1)

(2.31)

(2.32)

As E(y)(1 + H(y),yy) = Eo, where u, means the derivative with respect to y, the first

term in the left side of the equation vanishes. And according to the equation (2.27),

uo,xx 7# 0. The equation (2.32) becomes:

) oOP(y) _
a <E<y)<ay ; H(y))> = Eo(0(y) — 1)

For the material A,

For the material B,

0 (maﬂ(y) . Hb<y>>) — Bo(? )
Pb

c“Ty dy Po
O0Py(y) + Hy(y)) = Eo(Z — 1)(y + ag)

=FE
ol Jy Po

According to the displacement periodicity condition, we have:

OP(y)
Jy

u2(X,0) = u2(X,L) = P(0) = P(L) =< +H(y) >=0

(2.33)
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As for the order O(e!) stress:
6U1 8UQ
— B(y)(— + 22
7= EO)(55 + 52
U,y 0%uy OH(y) 0Uy  OP(y) 0%uo
=FEy(=—+H E .
0H (y), 0l dP(y), 9 ug
= FE(y)(1 — + E(y)(H
W+ =5 G5 + B HE) + =5 ) 5
the continuity condition 014(X, L) = 013(X, L) leads to
0P, (alL) 0Py (aL)
E.(H,(aL)+ ———) = By(Hp(aLl) + ——=
(Ho(aL) + oy ) b(Hp(aL) + oy )
In summary, we have
9P (y)
bl VAN < ¢ —
3y +H(y) >=0
OP,(aL) OPy(al)
E,(H,(aL)+ ———=) = Ey(Hp(aL) + ——=
(Ha(aL) + oy ) b(Hp(aL) + oy )
( [“* Ey pa L Eo, po
E*(*—l)@-f-cma)dy*‘ F(——l)(y—i—azb)dyzo
:> 0 a pO ol b pO
Eo(22 — 1)(aL + ag) = Eo(2t — 1)(aL + az)
Po Po
u Q
2a — T &
2
= o — — 1+ aL
26 = 9
Then 5
0 ,Pa «
—(—-1)(y— =L 0<y<al
ay 1= Eors _pyy— 1ty ap<y<ir
—(—= — — Q@
Eyopo 2 Y
which means
oP(y)
Jy
Ey , pa (1—a)(Ey— E,) al
0P gy _ ==
(Ea(PO ) (1—a)Ea+OéEb y 2 O<y<oal (2 35)
FEo pp a(Ea - Eb) (1 + a)L ’
—(—-1)— - L L
<Eb Lo (l—Oé)Ea—f—OéEb Y 2 ab<y<
We note that
. E() Pa (1 — Oé)(Eb — Ea)
g = —(——1)—
E, PO (1 - Oé)Ea + aEp
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_Eop (Eq — Ey)

cp=—(——-1)—

Ey " po (1—a)B + aby
Then I

«
- — O<y<alL
oPw) _ | (y 2 > e
oy 1 L
J 02b<y—(+;é)> alL<y<L

which deduces that

2 L
CQa(y—ay>+d2a O<y<al

Ply) 2 2
Yy) = 9
1 L
Cop <y2—(+;)y>+d2b aL<y<L

where dog, dop needs to be determined. This is the same question as the one to determine

the H(y) :two parameters, two conditions.
Periodicity condition: ug(X,0) = us(X, L) = P(0) = P(L)
Normalization condition: < ug(X,y) >= Uz(X) =< P(y) >=0

These two conditions lead to:

al?
dog = —CQbT + doy

al 2 L L 2 1+ L
/ P A B dy+/ e (L= 20N L) dy =0
; 2 2 L 2 2

After simplification, one can deduce that

al?
daq = e + dap
3L3 LS
dogal + dop(1 — ) L = Cza% + CQbE(Oé?’ +3a% — 3a — 1)

Finally, the two parameters are obtained

a2 L2
d?a = CQaT + CQbE(OéS — 3a2 + 3a — 1)
a3L? L2

d?b = CQaT + Cgbﬁ( 3_ 30[2 —3a — ].)
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o7

And the exact expression of P(y) can be expressed as:

2 L
CQa(y—ay)“l—dza O<y<al

Ply) = 22 (2.36)
v= 2 (1+a)l '
C2p ?—Ty ~+ dagp alL<y<L
with four constants
¢ E, Po (1 - a)Ea + OéEb
Cop = @(@_ o CV(Ea—Eb)
Eb Po (1 - a)Ea + OéEb (237)
a3 L? L 2
d2a = CQG? — CQbE(O[ —3a” + 3a — 1)
o3L? L?
\ dop = T czbﬁ(a?’ —3a%-3a—1)

The expression of P(y) being deduced, an useful conclusion about the O(e!) order stress

should be noted:

B+ 52 = B0+ B + TR ey
2.4.4 Asymptotic calculation of O(¢') order equation
At O(e'), the wave equation is:
o (B0 G+ 52) + L (B G2 + 20) st a9

0X (y)(aT( Ty) dy

Applying the averaging operator to the equation (2.39), and because of the periodic

stress condition o2(0) = o2(L), we have the following equation:
E/OL <£( <E(y)(g?(1 + %?))) dy = i/OLp(y)a;:; dy
Subsisting equation (2.34) into the left side of above equation
[ (x (FoGe +52)) ay
L Jy \0X 0X 0Oy
1 [ (5% (pora+ 25820 ) + 25 7)) ay

L
2 3u
=< B+ 280 > S < p) + 200 > S

(2.40)
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we have obtained that

EO Pa a
—(——-1)(y— =L O<y<al
oy 1" Borw -1t anecy<r
Ey " po Y 2 Y
Thus,
OP(y)
E H
< E(y)(H(y) By ) >
—Ey(2 1)1/QL( SL)dy + By 1)1/L( Sy
o Ll Y27, Lo 2 Y
=0
As E(y)(1+ H(y) ) = Eo, equation (2.40) becomes
62U1 1 L 82114
E =— d 2.41
0552 L/o PY) 5 (2.41)

Substituting the equation (2.22) into the right side of above equation

1 [r 9%uq 1 [ 92U, 1 [F 9% [ duy
= == - H - =2
L/o P g W L/o P 5 +L/0 ADH) 45 <8X>

As the exact expression of H(y) has been deduced, the second term in the above expres-

sion can be simplified

L
! / p(y)H(y) dy

L Jo

1 (1—a)Ey,—E,) [“F aL

L 0-a)f >/‘ A
L (1—0&)Ea+06Eb 0 2

1 o(E, — Ey) /L (4L
L7 (1= a)Bq + aBy Jor \” 2 Y

=0

Finally, the homogenized equation at O(e') order reads:

02U 02U,

"Xz = M o (242)

Then, similar to the previous section, the solution of ug, which is essential to obtain the
O(€?) order homogenized equation, should be deduced from equation (2.39). Substitut-

ing the expression of ui,us in equation (2.39), the second term in the left side of the
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equation becomes

0 (9’U,2 8U3

2 (G + %)
0 Oous OUy 02U, PPy
“oy (E(Z/)(ay + X + H(Q)W + P(y)an)>

The first term in the left side of equation (2.39) becomes

0 ou ou
ox (BwGs + 52)

0 oU d%u O0H (y) OU- OP(y) 0%u
~ox <E W)Gx T HO) 55z a;(,y) %+ a;y) axg))
2 3U

s+ U T8+ B + ) T

Ay )8X3
aQU]_ 8P(y) 83’&0

The right side term of equation (2.39) becomes

9%uy 0%, 9% Oug
p(y)W = p(y)W + p(y)H(y)@(afx)

According to equation (2.27) and equation (2.42), we have

0*Uy  Ey0*Uh
8t2 N £0 6X2

82 8u0 0 82u0 0 E() 62’11,0 _Eo 83UO

alax) " axar ) T ax ax2) T oy 0

then the right side of equation (2.39) becomes:

0%uy _E p(y) 0*U4

p(y) Pug > 02U D3ug

p(y) oz =P axz T Fo (y)ﬁﬁ— oﬁ(y)WJrEoH(y)@(y)W

We replace all the term in equation (2.39):

02U, OP(y) . Pug
Ey ax2 T E(y)(H(y) + W)m*‘
) ous  OUs 92U, PPug
oy (E(Z/)(ay + X + H(Q)W + P(y)an)>
(92U1 83u0

=F00(y) =~y + EoH(y)0(y)

0X? ox3
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The above equation can be rewritten in the following form:
2 (BGE+ 52 G + P TS ) - »
(ot 000) - B @) + 220 48+ ko) - )G o |
By analogy, the general solution of ug is as follows:
(X = () + 1) 22+ P20 oIl ay
0X 0X? 0xX3

where Q(y) remains to be determined.

Substituting the above expression into equation (2.43), the left side of the equation

becomes:

2
;<E<y><8g;y>+1>g§ B + Hw) G
0y

S’LL
+E0) (9 + P58 )

According to equation (2.33) , we have

o (. 0Py _
50 (B 4 1) ) = Ea(o0) - 1)
Beside (E(y)(1+ H(y)y) , = 0, the equation (2.61) can be simplified as:

9Q(y)

2 (BERL + ) = Batt)000) - B 1) + 22

8y)

(2.45)

Then following the same calculate process which is shown in the last section, we can get

the following expression:

2
L
o aga(y —a—y)—i—bga 0<y<al
P+ Qy) _ 2 2
9 2 L
Y a3b(y7_( *oa) ) + bap al<y<L

(2.46)
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with Eg(l )
“a= = E2E, (Ea(—2pa + po) + Ep(pa + pb — po))
a3q = pfg;g (Ea(pa + po— po) + Ep(—2p, + po))
b3a = a3q ai§2 - agbf;(oz3 —30% +3a — 1)
bap = agaaif — agbf;(ag —3a® - 30— 1)

And further calculations gives the exact expression of Q(y). Some helpful conclusions

should be noted:

0
< )P+ 72) >
_a(l-a)EL? ((By — Ea)(o®pa — (1 = @)’pa) + Eopo (2.47)
1200 (1— a)E, + aE, po
The O(e?) order stress:
ou ou
EW)(Gx + )
(2.48)
ot oP 92U, 0Q  &°Uy
—E087 + E(y)(H + @)W + E(y)(P + (‘Ty) X3
2.4.5 Asymptotic calculation of O(e?) order equation
At O(€?), the wave equation is:
0 6u2 6u3 0 8U3 GU4 . 82u2
X <E(?J)(3X + 8y)> + oy <E(y)(6X + 83/)) = p(y) BT (2.49)

Applying the averaging operator to the equation (2.49), and because of the periodic

stress condition o3(0) = o3(L), the above equation becomes:

2/OL <£{ <E(y)(g?+%l;3)>> dy = i/oLp(y)ﬁ;ngy (2.50)
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Replacing the ug, us in equation (2.50), the left side becomes:

i/g (5% (B0 G +5)) a

L 2
1 [ (5% (Boaa+ 25T 4 my e + 250 S0

2U
FEOPH) + 558 ) ) d
2 3
3%;;% > 002y < By + 20 > 00

aQ(y)) > 84U0
oy 0X*4

=< E(y)(1+

+ < E(y)(P(y) +

As is shown in the previous section:

9Q(y)
dy

B _a(l —a)EyL? ((Eb — Ey)(a?ps — (1 — a)?p2) + Eopo B )

- 1200 (1—a)E, + ok, Po

< E(y)(P(y) +

) >

The right side term of equation (2.50) becomes:

1 [t 0%us
L/o P(?/)Wdy

1 [ o?Uy, 1 [L 9% [oU;
_L/o p(y) dy 92 +L/0 p(y)H(y)dyw <8X>

1 L 82 82u0
+L/0 p(y)P(y) dy@ <8X2>

82UQ 82 8U1 82 82UO
gt < o) > 5 (G2 + < sPw) > 5 (50

Knowing the expression of p(y), one can calculate:

a*(1 = a)?(py — pa)(Eapa — Eppy) EoL?
P = 2.51
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Besides, we have obtained that < p(y)H(y) >= 0. With all these calculations, the

equation (2.50) becomes:

92U, 0Q(y) Mg 02U, 9% [ 92y
B+ < BP0+ 290 > S8 = 0Tl < P > 5 (540
Again, according to equation (2.27), we have
62u0 . &82710
ot? N £0 0X?2
Hence,
(972 82u0 _ 62 OQUO . (92 EOQUO . @341“)
o2 \ox2) o0x2\ o2 ) 0X2\po0X2) po0X4
Equation (2.50) can be further simplified as:
62U2 GQ(y) EO 84UQ 82U2
E E(y)(P(y) + Z2Yy 5 20 P _
0552 T (S EW(PY) + oy ) > P PWIPW) >) 551 = Popp3

Substituting the two averaging expression, one can obtain the final homogenized equa-

tion of us

0?Us 1 _ 9% 02Uy

—+ < F = 2.52
oxz T a@tigxt T e (2:52)

with
a?(1 — )?(Eypa — Eypp)*Eol?

E pu—
d 1202((1 — ) E, + aEy)?

Then, the solution of uy, which is indispensable to obtain the homogenized equation at
the O(e?) order, should also be deduced by similar manipulations as before. However,

as the homogenization process stops at the O(e?) order, uy is no longer needed.

Observing all the homogenized equations obtained by multi-scale asymptotic method
and HPDM, it can be found that these homogenized wave equations for various orders

are the same, which proves the accuracy of the homogenized models in another way.

2.4.6 Global homogenised equation

After all these manipulations, a summary about all the homogenized equations at

various orders is needed:
At O(°) Eq. (2.27) :
> 9%U, _ 9%U,
0ox2 T g
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At O(e') Eq. (2.42) :
5 o*Uy  9*Uh
Caxz T Mo

At O(€?) Eq. (2.52) :
o*Uy 1 _ 9*Uo 0%Us
T abtigxt =g

As the displacement u(X,y) has been expanded as
w(X,y) = uo(X,y) + eur (X, y) + €ua (X, y) + ...
the global or the mean displacement is straightforwardly defined as:
U(X) =< u(X,y) >= Uy(X) + U1 (X) + EUs(X) + ... (2.53)

Combining these homogenized equations (2.27) x €® + (2.42) x €! + (2.52) x €2, then
neglecting the O(e3) order and higher leads to a homogenized equation for the mean

displacement:
0*U 0*U, 0*U

Fogxz t Fagxs =mgp

(2.54)
Observing the coefficient Ey, one can notice that Eq4 is proportional to {2. Thus,

o2 2 )

For the second term in equation (2.54), neglecting the O(€®) order and higher means only
the O(e") order term of U can be considered. Thus, under the neglecting’ hypotheses,
we have:

= Ejo (2.55)
Hence, two different ideas are available to do further approximation.

First idea(HOH1)

Applying directly the relation in (2.55) to (2.54) leads to:

2 4 2
E08U+E8U o°U

oxz T Bigxt =g (2:56)

Different from the original second order wave equation (2.1), an intuitively obtained

fourth order PDE serves as the equivalent wave equation. In this homogenized equation,
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FEoy, po can no longer be treated as the effective parameters of a homogeneous structure.
And higher order means more boundary conditions are needed in the finite case. This

model is referred as HOH1 for higher order homogenization model one.
Second idea(HOHZ2)

According to (2.27)
32U0 o 32U0

0X2 ~ E, ot
Then
84U0 (92 £0o 82U0 £0 (92 62UO Po 82 62U
Bimst = Bigym (7 —75) = 7 a5(Bagys) = 7 a5 (Baass)
0X 0X2 Ey Ot Eqy ot 0X Eqy ot 0X

In this case, equation (2.54) becomes:

5 U By O (82U)_ 92U
09x2 TR ax2 o) T PO

(2.57)

A second order PDE comprising a time-space coupling term is deduced as the effective
wave equation. In this model, the periodic structure can not be considered as a homo-
geneous one, neither. This model is referred as HOH2 for higher order homogenization

model two.

With these models being obtained, the next important step will be the validation.
In order to validate these models, the new dispersion relations of these models will
be compared with the analytical dispersion relation. Furthermore, these homogenized
models are applied to finite structures. The frequency response function of these new
homogenized models are also compared with the numerical WFEM result. The valid

frequency ranges in both cases of the homogenized models are established.

2.5 Validation in the infinite case

In this section, the dispersion relation obtained by higher order homogenized mod-
els will be compared with the analytical dispersion relation. At the same time, the
traditional homogenized model (TH), which is actually the O(e”) order homogenization
model, will also be illustrated to demonstrate a better accuracy of the higher order

homogenized model. We have assumed that ¢ = [/L << 1, and the homogenization
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process is under long-wave approximation. The investigated frequency range is limited

to the first propagating zone.

2.5.1 Dispersion relation

Supposing all the wave solutions are harmonic:

U(X,t) = A expli(wt — kX)] (2.58)

where A is the amplitude, w is the frequency, and k is the wavenumber. Then the disper-
sion relation is the relation between w and k, which characterises the wave propagation
in a waveguide. For the periodic structure, the analyse of the whole structure can be

converted to a unit cell (figure 2.4). [, and I}, denote respectively the length of material

A and B.

<1 0 L, X
FIGURE 2.4: unit cell of the periodic rod

Analytical exact dispersion relation For the piecewise unit cell, a classical

longitudinal wave equation can be written for part A and part B:

0*U 0*U 0*U 0*U

Pagxz e =% Proxa ~ g

=0 (2.59)
The periodic conditions obtained by Floquet-Bloch theory are:

U(lp,t) = exp(—ikl)U(—la, t)

oU (Ip, t)

AU (—l,, 1)
X

= exp(—ikl) 5%

The continuity conditions at the interface are:

U ,t)=U(0",1)

oU(0~,t) oU(0",1)
ox 09X
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These conditions lead to a four linear equations system. This equation system has a
non-trivial solution if and only if the associated matrix’s determinant is zero. Then the

exact dispersion relation is obtained:

w w 1 paca  pvcp, . W . W
cos(kl) = cos(—1,)cos(—1l) — = + sin(—Iy)sin(—I1 2.60
(k1) = cos( tu)eos( 1) = 5 (252 + P )sin( “1)sin(Th)  (260)

where ca = \/Ea/pa, cb = /En/py

TH model Substituting (2.58) into (2.27), we obtain the dispersion relation:

E
w= =2k (2.61)
Po

HOH1 model Substituting (2.58) into (2.56),we obtain the dispersion relation:

Ey Ey — E4k?
w= 4| —k{| ———— 2.62
\/ J2 \/ Ey (2:62)

HOH2 model Substituting (2.58) into (2.57),we obtain the dispersion relation:

Ey Ey
=2y 2.
o= (2.63)

In the comparison, the analytical exact dispersion equation performs as the benchmark.

The valid domain is defined as follows:

For each frequency f, if
|kref - khomo‘ < 1%
kref

then f € (0, fiim). Where Epomo, krer are the wavenumber obtained respectively by
homogenized models and the reference model. The valid domain is (0, fiim), fiim is the

limit of the valid domain.

A numerical example is presented: material A is Epoxy with F, = 4.35GPa,
pa = 1180kg/m3, I, = 1m; and material B is Aluminium with E, = 77.56GPa,
pp = 2730kg/m3, I, = 1m. With these parameters, one can calculate Ey = 8.238G Pa,
Eq = 1.1428GPa and py = 1955kg/m3. The dispersion curves obtained by the four

different models are depicted in figure (2.5).

From figure (2.5), it can be seen that the first band gap frequency fgqp = 373Hz.
If a relative error of 1% is tolerated, the valid frequency of TH, HOH1 and HOH2 are
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——HOH1

—e— HOH2

—=—TH

—+— Analytical

1 5H = = =fim of HOHL
“““ fIim of HOH2

== f Oof TH
lim

gap

wave number k
=

0.5

200 300 400 500
frequency (Hz)

0 100
FIGURE 2.5: dispersion curve of the Ep-Al periodic rod obtained by different models

respectively (0, 122Hz), (0, 272Hz), (0, 247Hz). HOH1 performs a little better than
HOH2, but they both provide a larger validity range. In this case, a more precise
homogenized model is offered by the HOH1 and HOH2.

In the binary periodic structure, wave reflects at the interface of two materials due
to the impedance mismatch. Thus, the dispersion curve of periodic structures behaves
differently from the homogeneous structures where impedance mismatch doesn’t exist.
The biggest difference is the presence of the Bragg band gap in the periodic structure.
The higher order homogenized wave propagation equations, deduced from the multi-scale
asymptotic development, are the motion equations describing the periodic structure’s
dynamics. As the heterogeneity is taken into account during the homogenization process,
the wave reflection caused by the heterogeneity is also considered in the homogenized
wave equation. However, when the periodic structure is homogenized, the impedance
mismatch disappears. That is another reason why the validity range is limited to the
first propagating zone. The current results show that the higher order models are more
accurate models than the classical model. However, further studies are still needed to

investigate the convergence of this method.

It is obvious that three parameter contrasts (Ip/lq, Ev/Eq, pp/pa) play important

roles in these models. In the next section, a parametric study concerning these three
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contrasts has been made to verify the robustness of higher order homogenization models.

2.5.2 Parametric study: contrast of length fraction

The first contrast is the length fraction ly,/l,. For simplicity, I, = al,lp = (1 — «)l,
where o € (0,1) reminds the same as in figure (2.1). In this case, the material A is
Epoxy, whilst the material B is Aluminium. The properties of A and B remain the same
as before, « is the only variable. Then, the first band gap frequency fgq, and the limit
of the valid frequency range fi;,, of these three different homogenized models are shown

in figure (2.6).
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FIGURE 2.6: different homogenized models in the fraction of «

When o« — 0 (I, — 0), or when o — 1 (I — 1), the unit cell becomes almost a
homogeneous rod with only material A or material B. Under this condition, the figure
(2.6(a)) depicts that these three models all provide good approximation. But, for a more
heterogeneous unit cell with « far from 0 and 1, the preponderance of HOH1 and HOH2
comes out. They both offer a larger valid frequency range compared to TH model. For
instance, when a = 0.5, which is the first studied case, from the figure (2.6(b)) one
can deduce that the relative f;,, of HOH1 model and the HOH2 model are respectively
about 72% and 67% which are almost twice larger then the TH model (34%). This
result agrees with the detailed dispersion curve depicted in figure (2.5). In conclusion,
for a € (0.06,0.98), the HOH1 and HOH2 provide a more precise description about the

dispersion relation.
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2.5.3 Parametric study: contrast of Young’s modulus

The second contrast is the Young’s modulus 8 = E},/E,. In this case, the material
A is still Epoxy, whilst the properties of material B change. The properties of A and
B are shown in table (2.1). Then, the first band gap frequency fgqp and the limit of
the valid frequency range fy;, of these three different homogenized models are shown in

figure (2.7).

Material A(Epoxy) B
Mass density (kg/m?) pa = 1180 Pb = Pa
Young’s Modulus (Pa) FE, =4.35¢9 E}, = [fE,
Length (m) lo=1 Iy =1,

TABLE 2.1: Material properties
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F1GURE 2.7: different homogenized models in the fraction of S

According to the figure (2.7(a)), when 8 — 1, Ey, = E,, the unit cell becomes
almost a homogeneous rod with only material A. All the three homogenized models
provide good approximation before the fy4,. But for a more heterogeneous unit cell, the
preponderance of HOH1 and HOH2 appears. A larger valid frequency range is acquired
by the two models. Figure (2.7(b)) depicts that both the HOH1 model and the HOH2
model reach at least a 70% validity range before fy,, which is almost twice larger then
the TH model. In conclusion, for § € (—00,0.5) U (2,4+00), the HOH1 and HOH2 are

amended homogenization models.
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2.5.4 Parametric study: contrast of mass density

The third contrast is the mass density v = py/ps. In this case, the material A is
always Epoxy, whilst the material B’s properties change. The properties of A and B
are shown in table (2.2). Likewise, the first band gap frequency fyqp and the limit of
the valid frequency range fy;, of these three different homogenized models are shown in

figure (2.8).

Material A(Epoxy) B
Mass density (kg/m?) pa=1180  pp ="ypa
Young’s Modulus (Pa) E, =4.35¢9 Ey=F,
Length (m) la=1 Iy =1a

TABLE 2.2: Material properties
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FI1GURE 2.8: different homogenized models in the fraction of

Similar conclusions can be draw from figure (2.8(a)). At low contrast, i.e. v — 1,
Pb = pa, all the three homogenized model are close to the benchmark before fyq,. At
high contrast, the advantage of HOH1 and HOH2 arises. A larger valid frequency range
is always ensured by the two models. Figure (2.8(b)) depicts again that almost twice
larger validity range are derived by the HOH1 model and the HOH2 model compared to
the TH model. In conclusion, for v € (—00,0.5) U (2, +00), HOH1 and HOH2 trun out
again to be ameliorated homogenization models for dispersion relation. It is interesting

that the results of 3 is similar to the results of ~.
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2.6 Implementation in the finite case

The study of finite periodic structures is always associated with boundary condi-
tion problems. In this section, the variational approach is applied to each model to
find the associated weak form boundary conditions. With these boundary conditions,
the dynamic response of finite periodic structures is investigated. As the analytical
frequency response function of the heterogeneous structure is no longer explicit, the
response function obtained by WFEM is chosen as benchmark. In addition, the analyt-
ical or semi-analytical response functions obtained by the TH model, HOH1 model and

HOH2 model are presented and compared.

2.6.1 Boundary conditions

In order to formulate the appropriate boundary conditions of the different models,
the variational approach will be taken. As U(X,t) is harmonic, the weak forms of

different models in the domain X € [0, L] are as follows:
HOH1 model

In this model, the wave equation (2.56) is a fourth order PDE. The weak form of

equation (2.56) reads:

L L 2 L
—/ EO(aU)2dX+/ Ed(aU)de+/ pow?U?dX
— (E 8£+E agU)U - E’ 82U87U - ‘
- Yox T Tlax3 ), T TYax2ax |,

The right-hand-side of equation (2.64) reveals the format of the boundary conditions,

namely:
3
either U(X) or Ey 8%'()() +EdaaU(§()
OX X (2.65)
etther U(X) or E UX)
0X T ox2

HOH2 model
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According to wave equation (2.57), the weak form writes:

L E oU L
/ (Eo—poEZw2)<a7>2dX— / pow?U%dX
0 0 (2.66)

The right-hand-side of equation (2.66) reveals the format of the boundary conditions,

namely:
E
either U(X) or (Ep— poE—dw2)
0

AU(X)
X

(2.67)

With these weak forms, the dynamic comportment of finite structures is discussed
through frequency response function. The key point is concentrated on the resonance

frequency. For finite structures, the validity range is defined as:
For each resonance frequency f, if

’fref - fhomo|

< 2%
fref

then f € (0, fiim). Where fromo, fref are the resonance frequency obtained respectively

by homogenized models and the reference model.

2.6.2 Clamped-free boundary condition

The first case is the clamped-free boundary condition depicted in figure (2.9). The
material A and B are Epoxy and Aluminium respectively, whose material properties
remain the same as in the first studied case. [, = I, = 1'm and the length of the whole
structure L = 20, which means 10 unit cells are considered. The cross-section is a circle
with radius r = 0.0644m, and the amplitude of the excitation Fy = 100N. In this case,
WFEM is used to obtain the reference of frequency response function. For each unit

cell, 100 rod elements are used to ensure the accuracy.

F=Fysin(wt)

2 A T 8 J—

SNNNN
>
.
N
.

FIGURE 2.9: A clamped-free periodic structure with a harmonic excitation

TH model



Chapter 2. Homogenization of longitudinal waves in 1D periodic structures 74

In this model, the wave equation is equation (2.27):

0*U o0*U

Eogxs — g

=0

As the force is applied only at the free tip, the boundary conditions read:

oU (L)

UO)=0. By

F
=3 (2.68)

where S = 7r? is the cross-section area. With the mode superposition method, one can

readily deduce the movement of the structure as:

[e.9]

2Fpsin(wt 1 . )
U(X,t) = Oposé ) Z T2 sin(p;L)sin(p; X) (2.69)

where ¢ = 1,2,3... denotes the integer, w; = p;co denotes the eigen frequency of the

homogenized structure, and p; = (2i — 1)7/2L, co = /Eo/po.
HOH1 model

According to (2.65), the boundary conditions are:

oU(L) BU(L) F
(0) ; 0" 5x + Lg 9X3 g (2.70)
oU(0) 0 B 0*U(L) 0
ax “ox?
As Ey > 0, E;4 > 0, the general solution of equation (2.56) is:
U(X) =c1sin(z1X) + cacos(z1X) + czsin(z2X) + cacos(z2X) (2.71)

where c1, co, c3, ¢4 are constants, —z%, —z% are roots of associated characteristic equation

of equation (2.56). Then with these boundary conditions in (2.70), the displacement of

the whole structure can be deduced by solving the four linear equations.
HOH2 model
According to (2.67), the format of the boundary conditions reads:

U0 =0 (o poptit) 2L

0X

F
=3 (2.72)
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In fact, the boundary conditions in (2.72) are similar to the boundary conditions in
(2.68). Using the mode superposition method, one can deduce the movement of the

structure:

[e.9]

2Fysin(wt) 1 ‘ .
UX, 1) = sin(piL)sin(pi X 2.73

where i = 1,2, 3... denotes the integer, and w; = p;cg, p; = (2 — 1)7/2L are the same as
in (2.69). Equation (2.73) is similar to equation (2.69), or it is a modification of (2.69)

with the modified eigen frequency €; = w;/4/1 + %pf

A comparison of frequency response function at excitation point (X = L) derived
by different models is shown in figure (2.10). It can be seen that the TH model and the
HOH1 model perform well till the 3rd resonance frequency, where the relative error are
respectively 1.3% and 0%, the validity range is (0, 127HZ). The HOH2 model proves a
better approximation till the 5th resonance frequency, where the relative error is 0.7%,

and the validity range is (0, 222HZ).
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FicUrRE 2.10: Frequency response function at excitation point derived by different
models (10 unit cells)

In order to find out whether the valid frequency range is sensible to unit cell number,
structures with larger unit cell numbers are also studied and illustrated. Figure (2.11)
depictes the comparison when the unit cell number is 15. For clarity, only the HOH2

model is presented. It can be seen that the HOH2 model keeps the accuracy till the 7th
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resonance, where the relative error is 0.4%, and the validity range is (0, 214Hz). For the
TH model and HOH1 model, the validity ranges are relatively (0, 118HZ) (4th resonance
frequency), (0,51Hz)(2nd resonance frequency) and the relative errors at that peak are
respectively 1.1%, 0.3%. Another cases are shown in table (2.3). In a word, with the
augment of the unit cell number, the valid frequency range of TH model and HOH2
model remain almost unchanged, whilst the HOH1 model are sensible to the number of
unit cell. The main reason may lies in the boundary conditions introduced for HOH1.
Intuitively deduced, the HOH1 model (fourth order PDE) is associated to four boundary
conditions. Two of them (the first two in equation (2.70)) are physical while the other
two are artificial. As for the HOH2 model (second order PDE), the two associated
boundary conditions are all physical. That is why HOH2 model is proposed. The
reason why HOH1 is sensible to the unit cell number may be related to the two artificial
boundary conditions. Compared to HOH1, HOH2 model is recommended to simulate
periodic structure. It is robust and valid in a larger frequency range independent of the

unit cell number.

_100 T T T T T

—-150

‘:‘*f‘ Q ”‘u .l\ N [ ;’
o 1‘

=250

-300 ! ¥V I W W O\ O\

-350
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.‘.‘f"m of HOH2

Magnitude of displacement(dB)
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—-400F|—WFE : i
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Frequency(Hz)

FIGURE 2.11: Frequency response function at excitation point for a structure with 15
unit cells
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Unit cell number 10 15 20 25 30

TH 127 118 139 133 127
HOH1 127 51 139 51 127
HOH?2 222 214 233 227 222

TABLE 2.3: Valid frequency range f;,, (Hz) for different structure

2.6.3 Clamped-clamped boundary condition

The second case is the clamped-clamped boundary condition depicted in figure
(2.12). The material properties are kept the same as in the previous section except for
the boundary conditions. In this case, the excitation is applied at point X = 7l (the
interface between the 7th and 8th unit cell) and the frequency response function at point

X =9I (the interface between 9th and 10th unit cell) is presented.
TH model

The wave equation remains unchanged, whilst the boundary conditions become:

U@0)=0;, U(L)=0 (2.74)

It is readily to derive the response function by using mode superposition method.

2Fysin(wt)
poSL

U(X,t) = Z 3 i — sin(p;L)sin(p; X) (2.75)

where ¢ = 1,2, 3... denotes the integer, w; = g;co denotes the eigen frequency of the
homogenized structure, and ¢; = iw/L, co = \/Eo/po-
HOH1 model

According to the weak formulation (2.65), the appropriate boundary conditions

read:
U()=0, U(L)=0
v _ ) _, (2.76)
ox ox

In order to obtain the forced response, the whole structure is considered as two parts:
left side of excitation point and right side of excitation point. Then the response of the
two parts can be obtained by satisfying the boundary conditions in (2.76) together with
the continuity conditions (force, displacement) at point X = 7l. Numerical calculation

is used to solve the linear equation system.
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1st 2nd 3rd 4th 5th 6th
WFEM 51 102 152 199 244 285
TH 51 103 154 205 257 308
HOH1 51 102 151 192 219 255
HOH2 51 102 152 200 246 291

TABLE 2.4: Resonance frequencies obtained by different models (10 unit cells)

HOH2 model

According to the weak formulation (2.67), the appropriate boundary conditions
read:

U©0)=0; U(L)=0 (2.77)

The forced response of this model can also be deduced by the same calculation used in

the HOH1 model.

The resonance frequencies obtained by different models are shown in table (2.4),
and the various frequency response functions are shown in figure(2.13). To ensure the
accuracy of the WFEM result, 100 rod elements are used to simulate the unit cell.
Similar conclusions can be drawn: for TH model and HOH1 model, the first three
resonances are well predicted; for HOH2 model, the accuracy is ensured till the 5th

resonance frequency. These results are accordant with the conclusions in clamped-free

case.
1
71 | F=Fgsin(wt)
y, | ,
y Lo /
5 A | B A B [ ] a | B
/7 > /

FIGURE 2.12: A clamped-clamped periodic structure

The same investigation is also made for a periodic structure composed of 15 unit
cells. In this case, the excitation point is X = 11/ (the interface between the 11th and
12th unit cell), while the observation point is X = 4[ (the interface between the 4th and
5th unit cell). The HOH2 model and the WFEM are depicted in figure (2.14). It can be
seen that the first seven resonance frequencies are well predicted by HOH2 model, which
suggests that the validity range is (0,229Hz). The validity range of HOH1 and TH are
relatively (0, 68Hz) and (0,135Hz). All these results are accordant with the results in
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FIGURE 2.13: Frequency response function at X = 9! obtained by different models (10
unit cells)

the clamped-free case shown in table (2.3). The HOH2 model always turns out to be a

better model.

Some attentions should be paid to the choice of the finite periodic structure config-
uration when the WFEM is used to obtain the reference data. For an infinite periodic
structure depicted in (2.1), there exists diverse possible configurations of a unit cell
which make no difference for the study of dispersion relation. But for a finite structure,
these different configurations lead to different structures, which possess different fre-
quency response function under the same boundary conditions. According to the idea of
homogenization, after the homogenization process, the heterogeneous periodic structure
becomes kind of a symmetry homogeneous structure. It is reasonable that a symmetry

configuration is used to derive the benchmark for the study of a finite structure.

2.7 Conclusions

In this chapter, detailed formulations of the two-scale asymptotic expansion method

are presented and higher order homogenized models are established to predict the free
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F1GURE 2.14: Frequency response function at X = 4] for a structure with 15 unit cell

vibration and forced vibration of a periodic rod. All these models are based on the
long-wave assumption, which means the studied frequency range is limited to the first
propagating zone. The analytical method (dispersion relation), and numerical method
WFEM (frequency response function) have been chosen as the benchmark, and the
traditional homogenization model is also illustrated to demonstrate the higher order

homogenization model’s superiority.

In the infinite case, the dispersion relation is investigated. The HOH1 model and
the HOH2 model exhibit similar results, and they turn out to be more accurate models

by enlarging about twice the validity range compared to the TH model.

In the finite case, the frequency response function is investigated. HOH2 model

turns out to be an amended model which is not sensible to the unit cell number.

As aresult, the HOH2 model is recommended to simulate binary periodic structures.
In this work, the homogenization process stops at the O(e?) order. Further calculations
may induce more complicated homogenized equations which predict more precisely the
behaviour of heterogeneous structures. Being validated in the longitudinal wave case,

the higher order model may also perform well in the transversal wave case.



Chapter 3

Homogenization of transversal
waves in 1 dimensional periodic

structures

3.1 Introduction

Periodic structures, such as sandwich panels, stiffened plates, and truss beam, are
widely used in various industry domains. The main reason to explain the increasing
interests in periodic structures is that their dynamic behaviour is very rich. They are
known for the frequency stop bands which indicate the non propagating frequency in-
terval and can be detected by Floquet-Bloch theory[69, 71]. Periodicity effects caused
by wave propagation in various structures have been studied in [66-68]. According to
Floquet-Bloch theory, the study of a periodic structure equals to the study of its unit
cell. Several methods, such as receptance method [72], transfer matrix method (TMM)
[73] and space-harmonic method [74] have been developed on account of this theory.
As for complex periodic structures, the unit cell’s finite element model will be consid-
ered and the wave finite element method (WFEM) will be used [75-77]. The analysis
of periodic structures are relatively more difficult and onerous due to anisotropy and
heterogeneity when compared with isotropic and homogeneous structures. That is the

reason whey homogenization method is another broadly discussed option.

81



Chapter 3. Homogenization of Transversal waves in 1 D periodic structures 82

In order to apply the homogenization process in a studied case, the wavelength
should be larger than the unit cell length and the valid frequency range is limited in the
first propagating zone. For traditional homogenization method, the primary object is
to find out homogenized equivalent parameters of periodic structures. At low frequency
where the wave length is very large, the original periodic structure can be considered as
a homogeneous one equipping these effective parameters. With the frequency increasing,
the wavelength shortens to, for instance, the characteristic length of the heterogeneity.
In this case, the traditional homogenized model is no longer accurate because of the
amplied dispersion effect, and the real valid frequency range of far less than the limit.
Consequently, more accurate homogenized models with larger validity range are needed.
In the classical continuum mechanics, similar limitation appears and various enriched
continuum models have been developed from the gradient elasticity theory [78-82] to
overcome the deficiency. Analogous to the gradient elasticity theory, multi-scale asymp-
totic homogenization method is considered to handle this limitation. Firstly proposed
in [83-85], more recently in [86, 87], multi-scale homogenization method is an averaging
tool to study the dynamic behaviour of periodic media. Apart from the method in this
paper, a broad range of periodic structures models, based on the idea of multi-scale

asymptotic expansion, have been explored in the literature [88] [89] [90].

Rather than find out the effective parameters, the studied method aims at a homog-
enized wave equation to describe the dynamic behaviour of the heterogeneous structure.
As far as the author knows, few works have foucused on the application of this method
on flexural wave. Some implementations on longitudinal wave can be found in [91-93].
In [91, 92], an initial excitation in displacement sets the clamped-free periodic strucutrue
on free vibration. Then, the method is validated by studying the time-varying displace-
ment of the structure. Factors related to the validity range have been identified. In
[93], dispersion relations of infinite periodic structures are presented. In the author’s
previous work, a more abundant discussion is presented: the influence of material prop-
erty contrasts on dispersion relation; the determination of valid domain; explanations of
boundary conditions for different models; the forced response of finite structure under

various boundary conditions.

In this paper, the higher order homogenized models of flexural waves in one-
dimensional periodic beams are established by multi-scale expansion method. The de-

tailed homogenization process description offers a clear understanding of the principle.
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A parametric study of the dispersion relation serves as a validation of these models,
and leads to a further discussion about the validity range. With the boundary condi-
tions obtained by a vibrational approach, these models are applied on the finite periodic
structures. The study of forced response under various boundary conditions confirms
a fortiori the robustness of these homogenized models by comparing with the reference
results obtained by WFEM. This paper is divided into 7 sections. The Euler-Bernoulli
equation about flexural waves is gave in section 3.2. In section 3.3, the application of
HPDM on periodic beam is discussed. Then, the principles and some details of multi-
scale asymptotic homogenization method applied to periodic structures is presented in
section 3.4. In section 3.5, the validation of higher order homogenized models through
dispersion relations is discussed. Section 3.6 tells about some further implementations

in finite case. At last, some conclusions are made in section 3.7.

3.2 Problem statement

The main object is to simulate the behaviour of transversal wave in a periodic beam
by asymptotic homogenization method. In the studied case, material A together with
B makes up the periodic beam (figure 3.1), and the governing wave equation is a fourth

order PDE:

L

OA)BEA)B)A)B)

al 1—-a)l

Xo l X '+ l

FIGURE 3.1: A bi-laminate periodic beam
0? r. 0%u(z,t) z, 0%u(x,t)
— | E(=)[—=— —)S——"+=0 3.1
8m2( (e) Ox? )+p(6) ot? (3:-1)
where the u(x,t) denotes the displacement field, p(x/€) the mass density, F(z/¢) the
Young’s Modulus. I is the inertia moment, S is the cross section area. The section is a

circle with radius r, which indicates that I = 774 /4, S = 7r?

are constants. € = [/L, with
[ the period of the structure, and L the characteristic length. Two scales are required
to achieve the multi-scale homogenization: the macroscale X = =z, representing the

structure’s global behaviour, and the microscale y = z/e, describing the heterogeneity
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or the periodicity of the structure. Based on the multi-scale asymptotic approximation,

an effective wave equation involving only the macroscale X is to be established.

3.3 HDPM homogenization process

In this section, the implementation of HPDM on the periodic beam will be dis-
cussed. The first step of HPDM is the discretization of the element dynamic balance,
which is shown in figure (3.2). The dynamic balance will be verified by considering the
displacement and rotation at x = —al and x = (1 — a)l as known boundary conditions.
Together with the continuity conditions at z = 0, the moment and the shear force at

the endpoints will be deduced.

A')I:B)

al , (1—-a)l i
0 x

TN
I ¥ A 4

FIGURE 3.2: Beam element chosen for HPDM

The wave equations for material A and material B are :

o 0%u ot 0%
Bl 2% 4 pusSl 0, BIZ Y 4 5Ll =0
ol et TP g =V Elg TS g0

where E, Ey, pa, pp are the Young’s modulus and the density of material A and B, [ is
the inertia moment and S is the section area. As the studied displacement is harmonic,

the wave equation becomes:
u" — k=0, " - kfju =0

with k, = /paSw?/E,I, ky = /ppSw?/EpI. The solution is in the following form:

c18in(kqx) + cocos(kqx) + czsinh(kqx) + cqcosh(kqgx) —al <x <0

cssin(kyx) + cgcos(kyx) + crsinh(kyz) + cgcosh(kpr) 0 <z < (1 — @)l
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with the associated conditions:

As the rotation, the moment and the shear force in the transversal vibration case are

defined as:

ou 9%u Pu
=—: M=-F]——:: T=FI—
b oz’ 0x?’ 0x3

then the state vector for material A can be obtained by the following formulation:

u(x) c1
0(x c
(@) | _ N | @
M (z) c3
T(z) cy
with
[ sin(kqx) cos(kqx) sinh(kqx) cosh(kqx)
cos(kqx) —sin(kqx) cosh(kqx) sinh(kqx)
Ny(z) =
E Ik?sin(kqx)  E Ik?*cos(kyx) —E Ik?sinh(k,x) —E.Ik*cosh(k.x)
i —E Ik3cos(kox) E Ik3sin(kex) E Ik3cosh(kqx) —E Ik3sinh(kyx)

Then the transfer matrix between the state vectors of the two extremities of material A

are in the following form:

B

u v(—al) €1 u(
P D S| @ | = Moot |
MB M(—al) c3 M
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Note R, = Nu(—al)N,(0)7!, and the transfer matrix for material B, R, can also be

deduced by replacing the associated properties of A with B.

u(0) u((1 - a)l) u”

—a E
;;(03) = N O)N((1— a)l) ! ;4((((11 ] )ll)) _R, ;E
7(0) T((1 - a)l) TE

At the junction, the continuity of moment, rotation, moment and shear force have to be
preserved. Then the relationship between the left endpoint and right endpoint of the

unit cell can be expressed in the following manner:

UB uE
B 0E
= R,Ry
MB M
75 TE

As v, uP 08, 0F are known, the moment and the shear force at the extremities can be
yielded by solving the linear system equation. The expanded solution with respect to

are as follows, some details are presented in the appendix.

1
MPB =my(uf —uP) + (m96P + mgﬁE)e—L + (mgu®? + msu®)e2 L2

€22

+ (’ITLGQB + m79E)e3L3 + 0(64)

1
+ (mggB + m10«9E)— + (mnuB + mlguE)62L2

ME = mg(uf —uf)
el

€212
+ (m139B + m149E)63L3 + 0(64)
1

+ (t208 + t307) —— + (tau® + tsu®)eL

TB = tl(uB - U/E) 62L2

e3L3

+ (t608 + t70%)e2L? + O(€%)

1
+ (tggB + tler)i + (tuuB + tlguE)eL

E B_ ,E
T% =tg(u” —u”) 272

e3L3
+ (t1308 + t140F)e2 L% 4+ O(€)

where my, ..., m14, t1, ..., t14 are constant coefficients obtained by the linear equation sys-
tem. With the element dynamic balance being verified, the homogenized wave equation
are obtained by the nodal balance equations: MF = MB |, TP = T5B | Under the long-

wave assumption, the scale ratio e = [/L < 1 is introduced to homogenize the periodic
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structure. And according to the HPMD, the displacement at node n, n-1 and n+1 are
expanded as equation (1.134), (1.135), (1.136). Inserting the expanded moment, shear

force and displacement into the nodal balance equation, and identifying the terms with

equal power of €, a series of equations for v; are obtained.

Moment balance equation: M}

Order O(e'), noted as eqmn1

Order O(€?), noted as egm2

MB

n+1

/

L ,mi+mg
/ /
-0 —ug——— =10
Order O(€?), noted as eqms
L mi +mg L2 mg — M3
/ // /// /!
up o — 0 —U ————— + — 79 —— =0
n2 ~ Un2 + 2! m8+ 6 ot "o — mg
Order O(e?), noted as eqa4
L ,mi+mg L2 L? mg —ms3
/ // /// /!
.y DL s Ty 19 TS
(4)m1+m8 3m11+m12—m4—m5
—u,  —————UpoL =0
24 "0 iy —mg tn0 mi — mg
Order O(e’), noted as eqms
L ,my+mg L? L mg —ms3
/ " /// /!
.y s, 2 il
tna n4+2 3m1 m8+ 6 2+ 2 n2m1—m8

LS
L wmitms

24"y
e Lwme —ms
120 ™

24 n0 mi1 —ms

Shear force balance equation: T.F

Order O(€?), noted as eqy2

Order O(€®), noted as eq;3

Z

Up1 —

nO

1L3m11 + mi2 —myg — M5
mn

mip —msg
mi1 +ms mi3 + mi4g — Mg — My
LA 1 9,0L"

mp —msg mp —msg
_ 7B
- Tn+1

/
—_— HT'LO - 0
— t3
1+ Loulo =0

Ot + t3

=0
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Order O(e*) ;noted as equ

L - L? L? —ty —
n to t3779//6+ = 20)+L2 tin +ti2 — 14 t5:0

" 79/ + =
n2 n2 9 n1t9—|—t3 6 n t9—|—t3

Inserting eq,,, €qis, €q into the above equation, the homogenized wave equation be-

comes:

@ _ poS o 3.2
Uy EOIw Upo = 0 (3.2)

where Fy = EqEy/aEy+ (1 —a)Eg, po = apg + (1 —a)pp. This is the homogenized wave
equation for wu,g.

Order O(€?), noted as eqys

L, tg—ts L? o t11 +tig —tg —ts
9/ ~p" _Zgm L2

*3 "2+t 6 ”1+12 tn1 to + ts

L3 (4)tg — t3 t13 +t1a —tg — 17

00—+ L% =0

24 ™0 tg + i3 no tg + 13

Inserting eq), 4, €qis, €qins, eqr(ﬂ into the above equation leads to the homogenized wave

equation for wu,:
po0S
u(4) Poo D

Order O(e%)

2
Upg — 94144‘% ZSZ) + Z B Fg/// fg ;2) + Lup tll . 2)24— t§4 &
L3 Ly tg — 130, t1g +t14 — te — t7
24 1 tg + t3 tg + t3
LA‘U(G)_EQ(&S) L4u// ti1 —1s 4y tizt+tr
360 " 12070 T 2 g4t 43 T g 443

The homogenized wave equation for u,2 can be yielded by inserting eq, -, eq/ 4, eqins, eqﬁn%, eqfng)i

into the above equation:

4 poS o Eq @
RV

0 (3.4)
with

&0‘2(1 - a)2(Ea - Eb)(pa - pb)L2

00 6((1 — a)Ea+ aEy)

Ey=—

From these results, it can be seen that eq,,; is equivalent to eqwo and eq,,2 is equivalent
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to eq;3. Then, the shear force balance equations at various orders give the homoge-
nized wave equation by using the relation obtained by the associated moment balance

equations.

3.4 Multi-scale asymptotic homogenization process

An assumption that the macro length of the structure L is much larger than the
period [, i.e. ¢ =1/L << 1, is necessary to obtain the effective wave equation. With the
macroscale X = x and the microscale y = /e, the asymptotic homogenization starts

with the expansion of displacement w:
U($, t) = U(Xa Y, t) = ’LL(](X, Y, t) + €U1(X, Y, t) + 62“2(X7 Y, t) + .. (35)

where z € [0, L], X € [0,L], y € [0, L/¢].

The derivatives of 2 become:

9_ 0 10
or  0X €Oy (3.6)
& _o 29 15 '
0x2  0X2  €0yoX €2 0y?
The wave equation (3.1) becomes:
9> 2 02 1 62 o> 2 0 1 02
(8X2 *eax T Qayz) <E<W (axz taex t Qay2> “<X’y’t>>
?u(X,y,t
+ p(y)S(ato) =0 (3.7)

New periodic conditions with respect to y are:

Displacement:
u(X,0,t) = u(X, L, t)

Rotation:

ou ou

—(X,0,t) = — (X, L,t

9 ) =35, )
Moment:

0?u(X,0,t) 182u(X,L,t)

E(y)IT = E(y) 972
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Shear force:

a% (E(y)lazugi,zo,t)) :a(‘)x(E(y)Ia%(a);L,t))

Then inserting the expansion of u into equation (3.7), and identifying the terms with
equal power of €, a sequence of equations for u; starting with e* order are obtained. At
order O(€"™), where n < 0, the dynamic term does not exist in the wave equations. The
main object is to obtain the affiliated displacement u,14. When n > 0, the dynamic term
emerges, both the displacement and the homogenized equation are deduced. During the
calculation, a,, by, Cm ..., where m = 1,2, 3... are associated integration constants. And

for simplicity, the dependence of time is omitted.

3.4.1 Asymptotic calculation of O(¢™*) order equation

At O(e™%), the wave equation reads:

02 9%up
a7 (POIGE) =0 o

Integrating twice equation (3.8) with respect to y leads to:

82 Uuo

E(y)ITyQ

— ao(X)y + bo(X) (3.9)

In fact, the left hand side of equation (3.9) is the e =2 order moment, which satisfies the
periodic condition: E(0)Iug yy(X,0) = E(L)Iugyy(X,L). u, means the derivative with

respect to y. The specific periodic condition results in ag(X) = 0, then

32UO
E@)I57 =bo(X) (3.10)

Another integral gives:

Ouo
Jy

_ bO(IX) /Oy E;)df + eo(X) (3.11)
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Again, the left hand side of equation (3.11) is the ¢! order rotation, which is also

periodic. Then

L
co(X) = bO(IX)/O E(lT)d7-+co(X):>bo(X):O

Equation (3.11) becomes:
= ¢o(X) (3.12)

Thus, the general solution of wug is:
Uy = Co(X)y+dQ(X) (313)

And because of the periodicity of wg, co(X) vanishes. At last, the solution of ug is
obtained:

uo(X, y) = do(X) = Up(X) (3.14)
ug the leading order displacement depends only on the macroscale X.
3.4.2 Asymptotic calculation of O(¢~?) order equation
At O(e™3), the wave equation becomes:
82 82UO 82 82u0 82u1
2—— | E(y)]—= — | E(y)l |2 =0 3.15
o (PG )+ g (0 (255 + 55)) 19

As up(X,y) = Up(X), the above equation can be simplified as:

82 82u1

which is the same as equation (3.8). Then integrating twice with respect to y gives:

82u1

E(y) 2L
(y) 52

= a1 (X)y + bl(X) (3.17)

The ¢! order moment writes:

82u0 02u1
E(y)I (2(9an - o >
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With ug(X,y) = Up(X), the periodicity of e~! order moment ensures the periodicity of
E(y)Iuiyy, which indicates that a;(X) = 0. Then similar result can be obtained:

8u1 bl (X) Y 1
—_— = d X 1
— -2 /0 i+ a) (3.18)
The €° order rotation writes:
Ouo | dw
oX = Oy

Hence, due to ug(X,y) = Up(X), the periodicity of u; , should be derived by the period-
icity of € order rotation, and the periodicity leads to b;(X) = 0. The general solution

of uq turns out to be similar form to wug:
up = c1(X)y + di(X) (3.19)
At last, the periodicity of u; makes ¢1(X) = 0 and the final solution of u; reads:
ul(X,y) = di(X) = U (X) (3.20)

uy the €' order displacement depends only on the macroscale X.

3.4.3 Asymptotic calculation of O(¢72) order equation

At O(e™2), the wave equation is:

H? &% H? 9%ug 0%uy
O B2 2% (B
aX2( v) 8y2>+ a;,ax( ) <8y8X+ 8y2)>

(3.21)
82 82u0 82u1 82U2
T oy ( ) (aX2 Toay0x T a2 )) 0
With (3.14) and (3.20), the above equation can be simplified as:
02 62U0 8ZUQ
— | EW)I | = = 22
e (P07 (o + 5 )) =0 62)

Integrating (3.22) twice with respect to y:

2 2u
E(y)] <(Z)(U§ + %y;) = CLQ(X)Z/ + bQ(X) (3.23)
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Observing the €® order moment:

82’&0 62u1 82’&2
Ey)] 2
) (8X2 Teggox T ay2>

Considering (3.14), (3.20), it can be found that the left hand side of equation (3.23) is

exactly the €® order moment, whose periodicity derives that as(X) = 0. Then

62U0 82’&2
E(y)I (8X2 + oy > = bo(X) (3.24)
Another integral of (3.24) gives:
8UQ 2U
= E dr — e (y + c2) + dao(X) (3.25)

According to the periodicity of ¢! order rotation, ug,y is periodic. In order to simplify

the notation, an averaging operator <> is defined as:

L
< f>= 2/0 f(y)dy (3.26)

Then the periodicity of ug, indicates that:

62U0 b2 0?Uy
— aXZ d2 / E @X2 (L + 62) + dg( ) (3.27)

= bg(X) = E()IU()’XX
where in the studied case figure (3.1)

1 _ E Ey
<%> (1—a)Ea+aEb

Ly =

E,, Ey, denotes respectively the Young’s Modulus of material A and B. Substituting b,
into (3.25),

v o1
ug,y(X,y) = EoUp xx /0 ) dr — Up xx(y + c2) + da(X)

= da(X) + (EO /Oy EET) dr —y — 02) Uo,xx (3.28)

= dQ(X) + H(y)UQXX
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where
v o
H(y)—EO/O 7E( )d7 —Yy—C2

and H(y) remains to be determined. For the material A

Yy
H =FEy=— —y—c
a(y) OEa Y 2a
— Evy —y—c
(1—-a)E, + aE, 20
(1 —a)(Ey— E,)

B (1-a)E, +aEby ~

For the material B

Yy
Hy(y) = Eg= —y —
b(y) OEb Y —Cw
_ Eqy Cw— e
1-a)B,+aB, 7 @
a(E, — Ep)

T U—a)Be+aB’

In order to determine the two constant cy,, cop, Some conditions are needed:
Periodicity condition: ugy(X,0) = u2 (X, L) = H,(0) = Hy(L)
Continuity condition: us (X, «L™) = ug (X, aL™) = Hy(aL™) = Hy(aL™)

The periodicity condition has been used before in equation (3.27). Thus one extra

normalization condition are needed to make sure the uniqueness of the two constant,

which gives us: < ugy(X,y) >= do(X) =< H(y) >= 0. With these conditions, the

associated equation system is yielded:

(1—a)(Ey — Ea)
(1—-a)Eq+abEy
E, — E,
L
(1—-a)E,+ aEba

a(Ea - Eb)
(1—-a)E, + aE,

H,(aL™) = Hy(aL™") = al — coq =

= Cop = C2q T+

al L
<t >=0= 1 ([" mwars [ moa) o

(1—a)(Ey,— E,) (aL)?
(1 — Oz)Ea + OéEb 2
a(B, — Ep) (1 —a?)L?

— coga L

— 1—-a)L=0
(1—-a)E, + aE, 2 ca(l—a)
« Ea — Eb
= = — L
= T R T (1= a) By + aby) "

al — cy
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With these two equations, coq, cop are deduced:

(- o)(E,— Bl
2 = (1-a)Ey+aEy 2
a(E,—Ey) (14 a«)L

l1-a)Ey+aFE, 2

(3.29)

Czb:(

Therefore, the expression of H(y) are in the following form:

(B — Ey) (1—a)<y—O;L> 0<y<al

(-aBatab | _, (y - (1—1—20<)L)

H(y) = (3.30)

al<y<L
At last, the solution of uy is obtained by integrating (3.28) with respect to y:
y
ug = do(X)y +/ H(7)drUp xx + ea(X)
0
According to the periodicity of us,

L
e2(X) = do (X)L + /0 H()drUp xx + e2(X)

:>Cl2(X) =—=—< H(T) > UO,XX =0
Then the final formula of wus is:
Y
w(Xy) = ) + [ HErTcx = Va0 + M@Uoxx (331
0

where M (y) reminds to be determined.

The periodicity condition ua(X,0) = ua(X, L) = M(0) = M(L);

the continuity condition us(X,aL™) = us(X,aL™) = M(aL™) = M(aL™);
together with the normalization condition < us(X,y) >= Us(X) =< M(y) >= 0;

give the unique solution of M (y):

2

Y al

(Eb—E) (1—0[)(2—2y+f23> 0<y<OZL
a

—a)E, +a 2 a
(1 a)Eq + by <_a>(9 (1+a)L

(3.32)
UL, ) arcyes

M(y) =

2 2
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with two constants

202 — a
f2a = L2
12 (3.33)
202 +3a+1 _,
fon =yt

The outline of the calculation about w44 is shown in figure (3.3), the manipulation is
mainly composed of four integrals accompanied with some simplifications using existing
periodic or continuity conditions. Some useful conclusions should be summarized:
82UO 82u2 82U0
EWIl| =+ =+ | = Bl —
(y) (aXQ + 0,2 ol 552 (3.34)
E(y)(1 4+ My,) = Eo

Wave equation at 0(g™), eq(18)  }----- in<0

e ——

Simplification of wave equation
induces eq(19)

A 4

Double integral of eq(19) with Using periodicity of
respect to y induces eq(21) 0(e™*?) order moment

el L

Integral of eq(21) with | Using periodicity, continuity,
respect to y induces eq(24) ' normalization of 0(&™*3) order rotation

Using periodicity, continuity, normalization
of 0(e™**) order displacement

__________________________________________________

Integral of eq(24)
with respect to v

Golution of Upyyg eq(Z@

FIGURE 3.3: Outline of calculation about u,14 at order O(e")




Chapter 3. Homogenization of Transversal waves in 1 D periodic structures 97

3.4.4 Asymptotic calculation of O(¢™!) order equation

At O(e71), the wave equation becomes more complicated:

82 82’&0 82u1
ox? <E W1 <8y8X a2 ))

62 62UO 62U1 82’LL2
2 E(y)] 2 3.35
+ aan< ) (aX2 Tohs0x T a2 )) (3:35)

82 82161 8211,2 8211,3
9 (B 5 _
oy ( v) (8X2 Toay0x T a2 >) 0

The calculation process reminds unchanged as shown in figure (3.3). By analogy, the

solution of w3 is in the following form:
uz(X,y) = Us(X) + M(y)Ur,xx + N(y)Uo xxx (3.36)

where N (y) remains to be determined. Firstly, with existing conclusion (3.14),(3.20),(3.34),

equation (3.35) can be simplified as:

62 82U1 82U2 8QU3
9 (B 2 _ .
0 ( ) <8X2 Tohpax T oy >> 0 (3:37)

Secondly, double integral of equation (3.37) yields:

82U1 821@ a2U3
B! (ax? T 25p0x T oy

>=aaxw+waX>

The left hand side in the above equation is the €' order moment, and its periodicity

indicates az(X) = 0. Then

82U1 621@ 32U3
E(y)I <8X2 - 2(9an — ) = b3(X) (3.38)

Thirdly, with equation (3.31), the €2 order rotation writes:

(9UQ % . 8U2 83U0 GU3

ax Ty T ax "MW T,

The periodicity of €2 order rotation, together with the periodicity of M (y), ensures the

periodicity of ug,. From equation (3.38), it can be deduced that:

BQU[J, . b3(X) _ 82U1 _ oM 83U0
oy2  E(y)l 0X? dy 0X3
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Then the periodicity of ug, indicates that < usz,, >=0, i.e.

bs(X) [P 1 9*U; ?PUy *Uy
I /0 B T axz b M D g = MO0 55

= b3<X) = EOIUl,XX

Then,

(3.39)

621“ 82u2 82u3 82U1
E(y)I <8X2 +23an + o ) = EoIaX2

Then substituting (3.14), (3.20), (3.36) into (3.39) derives the relation to determine

N(y):
Y
9M, + Ny = 0= N — _2/ M(r)dr + dsy + e3 (3.40)
0

Fourthly, the periodicity condition ug(X,0) = u3(X, L) = N(0) = N(L);
the continuity condition u3(X,aL™) = ug(X,aL™) = N(aL™) = N(aL*);
together with the normalization condition < u3(X,y) >= Us(X) =< N(y) >= 0

guarantee an unique solution of N (y):

3 [
Y )
1-— -yt 4+ +d
—2(Ey, — E,) ( @) ( 6 4 Y C3ay 3a>

N(y) = 3.41
) (1 —a)E, + aEy > (1+a)Ll , (3:41)
(—a) | = ———F"—¥y +capy+dsa
6 4
with four constants )
( 20 — «
S
C3a 12
202 +3a+ 1
C3p = —12 L2
, (3.42)
den — a(l—a) 13
3a — 24
o a(l+ a)? 3
| d3b = =i L

As N(y) is determined, the solution of usg(X,y) appears automatically. Similar to pre-

vious section, some useful conclusions are noted:

uz(X,y) = Us(X) + M(y)U1,xx + N(y)Uo,xxx
62u1 82'“2 82u3 82U1
Ew)! <aX2 T2 o0x T oy > = Ploxe

2M, + Ny, =0

(3.43)
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3.4.5 Asymptotic calculation of O(¢’) order equation

As mentioned above, at O(¢®), in the homogenized wave equation, dynamic term
emerges. Then two primary objects, the homogenized wave equation and the solution

of un14, are to be achieved during the calculation.

62 OQUO 02’&1 821L2
ox? <E W1 <aX2 T 2550x T oy ))

82 62U1 82U2 82u3
2 Ey)I 2 3.44
T yax < ) <aX2 Toagox T oy >> (344)

82 821@ aQU;), GQU4 82u0
+8T/2 <E(y)l <8X2 +28y6X + 72 >) +p(y)5—at2 =0

The first object: homogenized wave equation. It can be noticed that the O(e"™) order

moment is:

2 2 2
0“up, O“Uupi1 O Un+2) (3.45)

BEy)I 2
(v) <6X2 T2 ex T oy

Equation (3.45) is periodic in y, and its derivative is also periodic. Then applying the

averaging operator <> to (3.44) leads to:

82 82u0 82u1 821,02 82UO
—— | E(y)] 2 — >= 4
<3x2 < (v) <8X2 + 9y0X + a5 >> >+ < p(y)S 52 > 0 (3.46)

Substituting (3.14), (3.20), (3.24) into (3.46), the O(e”) order homogenized equation is

deduced in the following form:

PU 0o
ox1 TP g =

Eol 0 (3.47)

where pg =< p(y) >= apa + (1 — @)pp, pa, pp denote respectively the mass density
of material A and B. The outline of the calculation about homogenized equation is

concluded in figure (3.4).

The second object: solution of w4, which can be deduced according to figure (3.3).
Firstly, substituting (3.34), (3.39), (3.47) into (3.44), the wave equation can be simplified

as:

0? 0?us Puz  0%uy p(y) 0*Uy
— | E(y)] 2 1—-—=)Eyl = A4
0y? < ) <8X2 * OyoX + 0y? >> +( 00 JEo oXx4 0 (348)
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Wave equation at 0(e™), eq(39) |----- sn=>0
Averaging operator <eq(39)> | | Using periodicity of 0(e™*1),
induces eq(41) i 0(e™*2) order moment i

v

Simplification of eq(41)  |-------- 1 Using existing conclusions

Homogenized wave
equation eq(42)

FIGURE 3.4: Outline of calculation about homogenized equation at order O(€™)

By analogy, u, is in the following form:

ug(X,y) = Us(X) + M(y)Uz, xx + N(y)Ur,xxx + P(y)Uo xxxx (3.49)

where P(y) reminds to be determined. According to (3.31), (3.36), (3.49), the second

order moment becomes:

82’&2 6QU3 8QU4
By <8X2 T 2opax T oy >
82U PU U,
=E@W)I(1+ Myy) 5oy + E@I@My + Nyy) g + E@I(M + 2N, + Pyy) 57

As E(y)(1 4+ M,y) = Eo, 2M y + N4, = 0, the first term in left hand side of equation
(3.48) becomes:

82 82u2 82'&3 8%14 (92 84U0

And the equation (3.48) becomes:

2
5o (E)(M + 2N, + P,) = @ﬂﬁ) 1) (3.50)
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Secondly, by observing the €' order shear force:

2 2 2 2 2 2
O(E(y)l(8 U1+2GUQ +8U3>>+8<E(y)l<a UQ+28U3 +aU4>)

0X 0X?2 oyoX  Oy? Oy 0X?2 oyoxX  0y?
o 92U, o 92U, Uy
»Pu, 0 *Uy

it can be seen that the periodicity of €' order shear force ensures the periodicity of

8% (E(y)I(M + 2N, + P,,)). Then by observing the €* order moment:

82ug aZU;), 82U4 82U2 84U0
E(y)I <aX2 - Qaan + e ) = Eol 535 + E(y)I(M + 2N, + Pyy)W

the periodicity of € order moment indicates the periodicity of E(y)I(M + 2N, + Pyy),
which means < a% (E(y)I(M + 2N, + P,,)) >= 0. With these conditions, the integral
of (3.50) is deduced in the following form:

5 L [a-ew-Sn
oy B + 2N, + Pyy)) = By L2 Lia (351)
(~a)(y — 1)
Thirdly, observing the € order rotation:
6u4 8U3 . 8U3 8M(y) 82U2 8N(y) 63U1 8P(y) 84U0

0 Tox —ax T oy oxz T, "MW (T VW55

the periodicity of P, + N is verified. Thus
< (M 42Ny + Pyy) >=<M >+ <Ny >+ < Ny+ Py >=0

Besides, E(y)(M + 2N, + P,,) has been proved to be periodic. Hence, the integral of
(3.51) is yielded:

o«
pa—py ) (170G~ gty cn)

E(y)(M + 2Ny + Pyy) = Eo 2
Po Yy 1+

(—04)(5 - ?Ly + cap)

(3.52)
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with two constants

Cla —
12((1 — o) Eq + aEp)
(1—-a)(a®+4a+1)E, +o?(a+5)E,
12((1 — ) Eq + aEy)

(3.53)
L2

Cqp =

Then, the expression of P(y) and u4 can be obtained by further integrals.

3.4.6 Approximation calculate of O(¢') order equation

At O(e'), the wave equation is:

82 82u1 8211,2 82U3
X2 (E W1 <8X2 T 2500x T a2 ))
32 (92’&2 aQU3 aQU4
3.54
T2 5ex (E W1 <aX2 T 2550x T oy >> (3:54)

0? 0? 0? 0? 0?

Oy? 0X? oyoX — Oy? ot?

According to figure (3.4), applying averaging operator <> to (3.54) leads to:

82 82u1 82’LL2 82U3 82u1
— | E(y)I 2 = .
< ox? < (y) <8X2 + 990X - o >) >+ < p(y)S 5 0 (3.55)

Substituting (3.20), (3.39) into (3.55), the O(e!) order homogenized equation is deduced

in the following form:
o0*th 02U,
x4 + poS 92 = 0 (3.56)

Eol

In our studied case, the approximation process stops at O(e?) order, where the solution
of uy is enough to deduce the homogenized equation. Therefore, the calculation of us is

no longer needed.
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3.4.7 Approximation calculate of O(¢?) order equation

At O(€?), the wave equation is:

82 8QUQ 8211,3 8211,4
ox? (E W1 (ax? T 2500x T oy >>

82 62U3 aQU4 aQU5
2 E(y)I 2 3.57
T ogax ( ) <8X2 Tehgox T o >> (3:57)

82 82U4 82U5 82u6 82UQ
2 (B 2 2
"oy ( ) (ax2 Togax T oy )) TS e =0

Applying averaging operator <> to (3.57) leads to:

02 0*us DPuz | OPuy 0%y
< ax? (E< ) (3)(2 +23an T2 >) >+ <py)S—5p >=0 (3.58)

Substituting (3.31), (3.36), (3.47), (3.49) into (3.58), the O(e?) order homogenized equa-

tion is deduced in the following form:

oMU E 5T 02U
Z 2 4 I(< E(y)(M + 2N, + P,,) > —pi < pM >)=22 4 posaT;
0

Eol
0 X6

=0 (3.59)

Knowing the expression of E(y)(M + 2N, + P,,) and M(y), one can deduce:

@0‘2(1 — a)*(Ba — By)(pa — pu) L?
Po 6((1 — a)Ea + aEp)

E
< E(y)(M + 2N, + P,,) > —p—o < pM >= —
0

And the O(€?) order homogenized equation becomes:

NHU, 1 3%, 02U,
Eol—2 + —E 0 ——2 2 .
0 x4 + & d X6 + poS BID 0 (3 60)
with
£, — o o?(L= ) (s — Bb)(pa — po)l°

00 6((1 — a)FEa+ aEy)

Observing all the homogenized equations obtained by multi-scale asymptotic method
and HPDM in section 3.3, it can be found that these homogenized wave equations for
various orders are the same, which proves the accuracy of the homogenized models in

another way.
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3.4.8 Global homogenized wave equation

In these previous sections, three homogenized equations of Uy, Uy, Us are obtained:

At O(%) Eq. (3.47)

o'Uy 0*Uy
Eol 5<q 0S5 =0
At O(e') Eq. (3.56)
04, 0%,
Bol gy + 55z =0

At O(€?) Eq. (3.60)

4 6 2
0*Us 1E18U0 S(‘?Uzzo

Eoloxt + @alal gxe + P55

In order to proceed the asymptomatic homogenization, the displacement u(X,y) has

been expanded as:
u(X,y) = uo(X,y) + eur(X, y) + €u(X, y) +
Applying the averaging operator <> to u(X,y) derives the global displacement:
U(X) =< u(X,y) >= Uy(X) + U1 (X) + Us(X) + ... (3.61)

Adding the three equations in the following way: (3.47) + (3.56) x € + (3.60) x €2 and
neglecting the O(€?) order and higher leads to a global homogenized equation for U(X):
34 66U0 0*U

According to equation (3.60), E, is proportional to 12, which induces:

2 l2

Eagys <043

) o O(%)

Then, the second term in (3.62) is an O(e?) order term. Neglecting the O(e3) order and
higher means only the O(e") order of U can be considered. Thus, an approximation for
the second term is established:

0%U, 0*U

Es~22=F

oxz ~ Pigxe (3.63)
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With the approximation in (3.63), two different models are obtained by two different

application ideas.
First model (HOH1)
Applying directly the relation in (3.63) to (3.62) leads to:

otU U o0*U

This is a sixth order effective equation for flexural wave. Different from the original
fourth order wave equation (3.1), higher order terms appears to capture the behaviour
of periodic structure, and FEy, pg are no longer effective parameters. This model is

referred as HOH1 for higher order homogenization model one.
Second model (HOH2)
According to (3.47)

64U0 _ _,005 82U0
X4 Eol ot

Then

86U0 82 POS 82UO

o pQS 82 82U0 p()S 82 32U
oxs L

8X2(_EOI o012 ):_EOI@( daX2):_ETI@( 9%z

Eq

With this conclusion, the equation (3.62) becomes:

otU Ey 0% 0°U o*U
axi PO Efoﬁ(m)-i-posizo (3.65)

Eol
0 ot2

This is a fourth order homogenized wave equation. A term coupling time and space
appears to reveal the periodicity of the structure. And the periodic structure is not
considered as a traditional homogeneous one, neither. This model is referred as HOH2

for higher order homogenization model two.

In the next section, the validation of these homogenized models will be discussed.
In infinite periodic structure case, the new dispersion relations of these models will be
compared with the dispersion relation obtained by WFEM. Furthermore, in finite case,
the frequency response function of these new homogenized models are also compared with
the numerical WFEM result. The valid frequency ranges of the homogenized models in

both cases are established.
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3.5 Validation in the case of infinite structure

For the infinite structure, the dispersion relation characterises the essential relation
between its physical properties and the propagating wave properties. In this section, the
dispersion relation obtained by different models, such as traditional homogenized model
(TH), which is actually the O(€”) order equation, HOH1 model and HOH2 model, are
compared to the numerical dispersion relation obtained by WFEM. To satisfy the feasi-
bility of homogenization, ¢ = [/L must be small enough to ensure the scale separation,

and the studied domain is limited to the frequency before the first band gap.

3.5.1 Dispersion relation

To obtain the dispersion relation of the various models, a trial solution U(X,t) =
Aexp(i(wt — kx)) is substituted into different homogenized equations. Here, A is the

amplitude, w is the angular frequency and k is the wavenumber.
TH model

Substituting the trial solution into (3.47) results in:

Eol

k2 3.66
poS (366)

w =

HOH1 model

Substituting the trial solution into (3.64) results in:

Eol o |Eo— Egk?
w = k 3.67
\/POS \/ Ey (3.67)

HOH2 model

Substituting the trial solution into (3.65) results in:

[Bol Eo
= k .
TN 00S" By + Egk? (3.68)

For the transversal wave propagating in periodic structure, there exist propagating

waves, where k is pure real, and evanescent waves, where k is pure imaginary. Then the
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investigation is carried out separately for the two different waves. The valid domain is

defined as follows:

For each frequency f = w/2m, if

k —k
|EWFEM — Khomol <19
kwreEM

then f € (0, fiim). Where khomo, kwrEMm are the wavenumber obtained respectively by
homogenized model and the WFEM method. The valid domain is (0, fiim ), and fiiy, is the
limit of the valid domain. A numerical example is presented: material A is Epoxy while
B is Aluminium. The properties of A and B are shown in table (3.1). And the cross-
section radius is r = 0.025m. According to the table, one can calculate Fy = 8.238¢9Pa,
po = 1955kg/m?, E; = —4.865e8Pa. In all numerical examples studied in this paper,
100 beam elements are used for each unit cell to ensure the WFEM method’s accuracy.
Then the dispersion relations of different models are plotted in figure (3.5) and figure
(3.6).

Material A(Epoxy)  B(Aluminium)
Mass density (kg/m?) pa = 1180 Py = 2730
Young’s Modulus (Pa) E, =4.35¢9 E, = 77.56e9
Length (m) l,=1 =1,

TABLE 3.1: Material properties

In figure (3.5), the real part of k is presented. It can be seen that the first band gap
frequency fgap = 9.4Hz. According to the valid domain definition, the valid frequency of
TH, HOH1 and HOH2 are respectively (0, 2.6Hz), (0, 8.4Hz), (0, 8.2Hz). In figure (3.6),
the imaginary part of k is presented. The first band gap frequency feap = 9,4H 2 remains
the same as before, and the valid frequency of TH, HOH1 and HOH2 are respectively
(0, 3.5Hz), (0, 5.9Hz), (0, 6.7Hz). From the two figures, it can be seen that no matter
for propagating wave or for evanescent wave, HOH1 and HOH2 turn out to be a more

precise homogenized model and a larger valid range is provided.

For periodic structures, as the impedance varies at the interface of different com-
ponents, the waves propagating in the structure have reflection effect. Thus, the Bragg
band gap appears in the dispersion curve of periodic structures, which is the primary
difference from the homogeneous case without impedance mismatch. According to the

multi-scale asymptotic development, new homogenized higher order wave equations are
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FIGURE 3.5: dispersion curve real(k) of the Ep-Al periodic beam obtained by different
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derived to describe the periodic structure’s behaviour. During the homogenization pro-
cess, the heterogeneity has been taken into considered and is presented by a new ho-
mogenized term in the wave equation. That is the new homogenized model’s superiority
compared to traditional homogenization model. However, when the periodic structure
is homogenized, the impedance mismatch disappears. Thus, the Bragg band gap can
no longer be predicted by homogenized models, and the validity range is limited to the
first propagating zone. The current results show that the higher order models are more

accurate models than the classical model in the first propagating zone.

According to the formula, the dispersion relation is characterised by three param-
eter contrasts (Ip/la, Ep/Eq, py/pa). Thus, a parametric study concerning these three
contrasts are presented in the following sections to demonstrate the superiority of the

higher order models.

3.5.2 Parametric study: contrast of length fraction

In this case, the material A is Epoxy and the material B is Aluminium. The length
of A, I, = al and the length of B, I}, = (1 — «)l. The length fraction « is the parameter
to be studied. The fy,p and fiim based on real(k) and imag(k) of these three different

homogenized models are respectively shown in figure(3.7) and (3.8).

25
+flirn of HOH1
_e_f“m of HOH2
20 _E_flim of TH
g —
> g
9] &
g E
>
o
g
0.2 —6—HOH2
—&—TH
G " " " " J G
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
a a
(a) valid frequency range fiim (b) relative valid frequency range fiim/fgap

FIGURE 3.7: real(k) of different homogenized models in the fraction of «

When a — 0 (I, — 0), or &« — 1 (I — (), the periodic structure becomes a homo-

geneous beam made of material B or material A. As the periodicity becomes negligible,
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251
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0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
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(a) valid frequency range fiim (b) relative valid frequency range fiim/fgap

F1cure 3.8: imag(k) of different homogenized models in the fraction of «

the results in figure (3.7) and (3.8) depict that these three models all provide good ap-
proximation. Meanwhile, for a more heterogeneous structure with « far from 0 and 1,
HOH1 and HOH2 are amended models. A larger valid frequency range is ensured by
these two models compared to TH model. For instance, when o« = 0.5, which is the first
studied case, according to the propagating wave in figure (3.7(b)), one can deduce that
the HOH1 model and the HOH2 model provide respectively about 90% and 87% valid
range before fy., which is almost thrice larger then the TH model (27%); according
to the evanescent wave in figure (3.8(b)), 63% and 71% valid range before fy,, are re-
spectively achieved by HOH1 model and HOH2 model, which are twice larger then TH
model (37%). These results agree with the detailed dispersion curve depicted in figure
(3.5) and (3.6). Some contrary cases exist in the propagating wave, for example o = 0.2.
The reason is not clear, but for most other cases o € (0.3,0.9) , the HOH1 and HOH2
provide a more precise description about the dispersion behaviour of an infinite periodic

beam.

3.5.3 Parametric study: contrast of Young’s modulus

The second contrast is the Young’s modulus = E},/E,. In this case, the material
A is still Epoxy, whilst the properties of material B change. The properties of A and B

are shown in table (3.2). The relevant results are shown in figure (3.9).

According to the figure (3.9), when 5 — 1, E, ~ Ej, all the three homogenized

models provide good approximation before the fga, for propagating waves (3.9(a))and
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Material A(Epoxy) B
Mass density (kg/m3)  p, = 1180  pp = 5p,
Young’s Modulus (Pa) FE, =4.35¢9 E, = (E,
Length (m) lo=1 ly=1q

TABLE 3.2: Material properties

10¢
—+— HOH1,
—6—HOH2
8 —=—TH ceeeTSESS

frequency (Hz)
frequency (Hz)

1 2 % 1

0
log, ,(A)

0
log, ,(B)

(a) real(k) valid frequency range fiim (b) imag(k) valid frequency range fiim

FI1GURE 3.9: different homogenized models in the fraction of 3

evanescent waves (3.9(b)). But for the most other cases, compared to TH model, a twice
or more larger valid frequency range is acquired by the HOH1 model and HOH2 model.
For different Young’s modulus contrast 5 € (—00,0.5) U (2,4+00), the preponderance of
the HOH1 and HOH2 are confirmed.

3.5.4 Parametric study: contrast of mass density

The last contrast is the mass density v = pp/ps. The properties of A and B are
shown in table (3.3). Similarly, the first band gap fgap and the valid frequency range fiim,
deduced by propagating waves and evanescent waves of these three different homogenized

models are shown in figure (3.10).

Material A(Epoxy) B
Mass density (kg/m3) pa = 1180 Pb = YPa
Young’s Modulus (Pa) E, =4.35¢9 Ej, =10E,
Length (m) l,=1 Iy =1,

TABLE 3.3: Material properties

From figure (3.10), it can be observed that at low contrast, i.e. v — 1, p, = pp, the

dispersion curve of all the three homogenized model stay close to the benchmark before
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frequency (Hz)
frequency (Hz)

% -1 0 1 2 % =) 0
log, (V) log, ,(V)

(a) real(k) valid frequency range fiim (b) imag(k) valid frequency range fiim

FI1GURE 3.10: different homogenized models in the fraction of ~

the fgap. At high contrast, a much more larger valid frequency range is always ensured
by higher order models. In conclusion, for most cases v € (—00,0.5) U (2,+00), the
HOH1 and HOH2 trun out again to be ameliorated homogenization model for infinite

periodic beams.

3.6 Implementation in the finite case

The boundary condition is an essential element for the study of finite structures. In
general, it performs as Dirichlet boundary condition or Neumann boundary condition. In
the studied cases, in order to formulate the consistent boundary conditions, a variational
approach will be applied to each model to deduce the associated boundary conditions
in weak form. With these boundary conditions, the dynamic response of finite periodic
structures is investigated. Then, the forced response function obtained by TH model,
HOH1 model and HOH2 model are presented and compared with the numerical result
obtained by WFEM.

3.6.1 Boundary conditions

In the studied cases, U(X,t) is harmonic and the domain is X € [0, L]. Then the

associated boundary conditions of different models are as follows:

HOH1 model
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The weak form of equation (3.64) reads:

63U L N
/EOI 757) )2dX — /Edl e dX—/O poSWrU2dX
93U U 92U o'U out
[(EOI o5+ Eal 6X5)U] [(EOI e Edlraﬂ)ax}0
OBU 92U
B [Ed[ 0X3 ax2]0

(3.69)

The right-hand-side of equation (3.69) exposes the format of the boundary conditions,

namely:
either U(X) or E0[838U)((X) +Ed1858U)§§()
either %g) or E0[828U)§ ) + Ed1843(])§f)
2 317
either (‘)UX(:ZX) or EdIaaX(?))
HOH2 model

The wave equation is (3.65), and the weak form reads:

/ Eol (3X2 dX— ) Eo (]S (8X dX / pQSw U“dX
92U U PU  Ey , OU
_[ 0 6X28X]0 - [(E ol o5 T g, 0o 8X)U]

By analogy, the boundary conditions are:

3
PUKX) | By o 20U(X)

either U(X) or Epl

0Xx3 Ey 0X
. oU(X) 0?U(X)
either X or EOIW

(3.70)

(3.71)

(3.72)

With boundary conditions being ready, the response function and affiliated resonance

frequency, which characterise the dynamic comportment of finite structures, will be

investigated in the following section to affirm the robustness of higher order models. For

finite structures, the valid range is defined as:
For each resonance frequency f, if

| fWFEM — fhomol <19
fWFEM
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then f € (0, fiim). Where fhomo, fwFEM are the resonance frequency obtained respec-

tively by homogenized model and WFEM method.

3.6.2 Clamped-free boundary condition

The first investigated case is depicted in figure (3.11). The left extremity of the
periodic beam is clamped, while the right extremity is free. In order to obtain the
dynamic response of the structure, a harmonic excitation with an amplitude of Fy =
100N is applied to the right extremity. The properties of components A and B are
shown in table (3.4). The whole structure is composed of 10 unit cells, then L = 20m.

The radius of the cross-section is 7 = 0.025m, and the area S = mr2.

Material A B
Mass density (kg/m?) pa = 1180 Pb = Dpa
Young’s Modulus (Pa) E, =4.35¢9 Ej, =10F,
Length (m) l,=1 Iy =1,

TABLE 3.4: Material properties

Fa T s T AT s 10 aTe)

FI1GURE 3.11: clamped-free periodic beam with a harmonic excitation

For TH model, the wave equation is a typical Euler-Bernoulli equation with four

natural boundary conditions:

3
U(0) = 0; EOIaaU;((?’L) —F
¢ (3.73)
v _ UL
ox O Tox2 T

For HOH1 model, a sixth order PDE is used to describe the structure comportment.

According to (3.70), the appropriate boundary conditions are:

9PU(L) o°U(L)
U(0) =0 Byl = + Eal 525~ = F
U (0) 9°U(L) 9'U(L)
e\ - 3.74
ox Pol=gxz Pl 55 =0 (37
9*U(0) 9°U(L)
axr =0 Byl — 25~ =0
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By analogy, for HOH2 model, equation (3.72) provides the format of the affiliated

boundary conditions:

B BU(L)  Ey 20U(L)
U)=0 EoI 553 —i—EOpOSw e =F -
ou(0) 0 . 162U(L) 0
X “Taxz

With the corresponding boundary conditions, the displacement solution of different mod-

els can be deduced by solving associated linear equations.

A comparison of frequency response functions at excitation point (X = L) derived
by different models is shown in figure (3.12). As the periodic structure is composed of
10 unit cells, 10 resonance frequencies appear before the first band gap. By observing
the pic in the figure, it can be concluded that the TH model performs well till the 5th
resonance frequency, where the relative error is 1.9%, the valid range is (0, 1.5HZ). The
HOH1 and HOH2 model prove a better approximation till the 9th (or even the 10th)

resonance frequency, where the relative error is 0.8% and 0.1% , and the valid range is

(0, 5.8HZ).
200
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—200' |
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FIGURE 3.12: frequency response function at = L obtained by different models(10
unit cells)
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Other cases, where the unit cell number varies, are also investigated to exhibit the
robustness of these amended models. Figure (3.13) shows a result when the unit cell
number is 20. In this case, 20 resonance frequencies exist before the first band gap.
For clarity, only the HOH2 model is presented. It can be seen that the HOH2 model
keeps the accuracy till the 18th resonance, where the relative error is 0.9%, and the
valid range is (0, 6,2Hz). For the TH model, the valid frequency range is (0, 1.4HZ) and
the affiliated relative error at that limit is 1.8%. For HOH1 models, the corresponding
result are (0, 5,5Hz) and 1.2%. Table (3.5) presents some other results. In a word, with
the augment of the unit cell number the valid range frequency varies little. HOH1 and

HOH2 models provide better simulation.

200 . WFE
= ' ——HOH?2
g | ---fIim of HOH2
c Pl ¢ @ 1
() I 1
c
m Gl
(&] 1
ks ' '
o
0 © g
| AANA .
‘S _100k+ .
© -100 , \
© 1
E : ~
= 1 ¢
2 -200f ! ;
= :
_300 1 1 1 1
0 2 4 6 8

Frequency(Hz)

FIGURE 3.13: frequency response function at = L obtained by different models(20
unit cells)

Unit cell number 10 20 30 50

TH 1.5 14 13 14
HOH1 5.8 b5 44 4.2
HOH2 5.8 6.2 6.4 6.2

TABLE 3.5: Valid frequency range fi;n, (Hz) for different structure
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3.6.3 Simple supported boundary condition

In this case, the structure is simple supported at the extremities, depicted in figure
(3.14). The material properties remains the same as the previous section. At point
X = Tl (the interface between the 7th and 8th unit cell), a harmonic excitation is
applied to the structure and the frequency response function at point X = 9l (the

interface between 9th and 10th unit cell) will be investigated.

71 | F=Fgsin(wt)

Taloe]als T als)
—— A

FIGURE 3.14: A simple supported periodic structure

The boundary conditions for different models are as follows:

TH model:
U(0) =0; UL)=0
U0 ) (3.76)
oxz 7 oxz
This typical problem can be solved by mode superposition method.
HOH1 model:
U(0) = 0; UL)=0
02U(0) 0*U(0) 0?U(L) 0*U(L)
Eyl Byl =0; Eyl Byl = .
o oxz Tl S =0 o Tpxe HEd g =0 (3T0)
0?U(0) _o: 0?U(L) _ 0
oxz oxz

In order to obtain the displacement filed, the whole structure is considered as two
parts: left side of excitation point and right side of excitation point. Then the response
of the two parts can be obtained by satisfying the boundary conditions in (3.77) together

with the continuity conditions (force, moment, rotation, displacement...) at point X =

7l. Numerical calculation is used to solve the linear equation system.

HOH2 model:
U@0)=0; UL)=0
U0 _ 0U) (3.78)
0X? ’ ox2
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Similarly, the method used in HOH1 model gives the forced response of HOH2

model.

The resonance frequencies obtained by different methods are shown in table (3.6),
and the forced response function is plotted in figure(3.15). The TH model describes
correctly the first six resonances. Meanwhile, the HOH1 and HOH2 model, they provide
an accurate estimation of the first nine or even ten resonances. These conclusions agree
with the conclusions obtained in the clamped-free case. In summary, the TH model
is an underestimated model; whilst the higher order homogenized models are amended

models and provide more accurate estimation.

1st 2nd 3rd 4th 5th 6th 7th 8th 9th
WFEM 0.1 03 07 12 19 28 39 52 6.7
TH 01 03 07 12 18 26 36 47 59
HOH1 01 03 07 12 19 28 38 50 6.5
HOH2 01 03 07 12 19 28 38 51 6.6

TABLE 3.6: Resonance frequencies (Hz) obtained by different models (10 unit cells)
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FIGURE 3.15: Frequency response function at X = 9] obtained by different models (10
unit cells)

Another case where the periodic structure is composed of 20 unit cells has also

been investigated. In this case, the excitation is located at X = 14[, and the response
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function of HOH2 model and WFEM at point X = 18/ is illustrated in figure (3.16). It
can be seen that the validity range of HOH2 model is (0, 5.9Hz). The validity range of
HOH1 and TH in this case are relatively (0, 5.2Hz) and (0, 1.5Hz). All these results
are accordant with these results in the clamped-free case shown in table (3.5). With the

unit cell number changing, the valid domain of these models keeps almost unchanged.

100

—WFE

—e—HOH2

- =f of HOH2
lim

Magnitude of displacement(dB)
o
o

~100 !
~150 !
-2 1 1 1 1 )
000 2 4 6 8 10
Frequency(Hz)

FI1GURE 3.16: Frequency response function at X = 18! obtained by different models
(20 unit cells)

When choosing the WFEM as the benchmark method, some attentions should be
paid to the structure configuration. Many different unit cell configurations can be chosen
to form the infinite periodic structure depicted in (3.1). These different configurations
make no difference for the study of dispersion relation. But for finite structures, differ-
ent configurations lead to different finite structures, which possess different dynamic be-
haviour under the same boundary conditions. After homogenization, the heterogeneous
periodic structure becomes kind of an uniform structure, which is of course symmetry.

Thus, a symmetry configuration is a reasonable choice for the study of a finite structure.
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3.7 Conclusions

In this paper, two higher order homogenization models are deduced by asymptotic
expansion method to describe the free vibration and forced vibration of a periodic beam.
And some detailed formulations of the two-scale asymptotic expansion method are pre-
sented. According to the homogenization theory, the wave length should be larger then
the unit cell length. Thus, the considered frequency is limited to the first propagating
zone. The numerical method WFEM has been chosen as the reference to validate these

models, and the traditional homogenization model is also compared.

In the infinite case, the dispersion relation is investigated. The HOH1 model and
the HOH2 model are more accurate models by enlarging the validity range compared
to the TH model. In the finite case, the frequency response function is investigated.
The higher order models turn out to be robust to the boundary conditions and unit cell

number. And in all these cases, HOH2 model performs a little better than HOH1 model.

As a result, the HOH1 and HOH2 are both more accuracy models and the HOH2
is even better. In this work, the homogenization process stops at the O(e?) order,
their ability to describe the finite structure’s dynamic behaviour have totally exceed
the traditional model. Further development may induce more accurate homogenized
models. Being validated in the beam, this method may also work in more complicated

structures.



Chapter 4

Homogenization of 1 dimensional

framed structures

4.1 Introduction

Periodic reticulated materials and structures are widely employed in various indus-
tries, such as aeronautics (lattice beams), civil engineering (building), materials science
(mechanics of foam and glass wool) and biomechanics (vegetable tissue or bones). Nu-
merous studies aiming to find their homogenised models have been carried out [94]. The
homogenization approaches lie in obtaining an analytical continuous description for the
periodic structures. Several approaches have been developed: The first methods were
based on the finite difference operator and used the beam theory of the resistance of
material [95]. Methods based on homogenization of periodic heterogeneous media [96]
with multiple parameters and scale changes were developed by Cioranescu [97] and used
the continuum mechanics at the micro-scale. The homogenization method of Periodic
Discrete Media (HPDM), considered in this paper, were elaborated by Caillerie et al. [98]

and recently completed by Boutin and his co-authors [99-101].

Another category of the approaches consists in modelling directly one unit cell of
the periodic structures. Thanks to the Floquet-Bloch theorem [102, 103], one can model
only a unit cell to deduce the dynamics of the whole structure. Among these methods
we shall focus on the numerical Wave Finite Element Method (WFEM). WFEM utilises

conventional FE software packages to model the unit cell. This means that structures

121
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with complex cell geometries or material distributions can be analysed with relative
ease [104-106]. An enhanced WFEM — CWFEM for Condensed Wave Finite Element
Method is proposed and employed in the work [107-109]. CWFEM adds the model
order reduction which allows to compute more efficiently when the unit cell contains

large number of internal nodes.

In this chapter, both analytical HPDM and numerical CWFEM are employed to
study a periodic discrete framed structure. The principal objective of this chapter is
to re-evaluate the validity of the HPDM using the wave characteristics identified by
CWFEM. In the aforementioned studies, the validity of the HPDM were often evaluated
in terms of modes (natural frequency) of finite structures [100, 101], while it is known
that the response of a vibrating system can be viewed either in terms of modes or in
terms of elastic wave motion [110]. Based on the wave characteristics, one can give
a quick evaluation of homogenised model without considering the problem of a finite
structure. Therefore the problem of unit cell number and the boundary conditions
may be omitted. This consideration comes from the following 3 points: Firstly, in the
first stage of design, it may be encountered that the homogenised model sought is for
some periodic structures without knowing exactly the unit cell number. Secondly, the
boundary condition for a real structure may be not perfectly determined. Thirdly, it
might be difficult to express the boundary conditions for the equivalent homogenised
equations, especially the additional boundary conditions for a higher order differential

equation.

Focusing on this objective, the chapter is organized as follows: In section 4.2, the
analytical method HPDM to study the longitudinal and transverse vibrations of a retic-
ulated beam is briefly explained. Subsequently, in section 4.3, an overview of the nu-
merical CWFEM is given. Then in section 4.4, a specified structure is studied by both
HPDM and CWFEM. Finally, the concluding remarks and perspectives are presented

in section 4.5.
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4.2 Implementation of HPDM on one-dimensionnal framed

structures

The analytical formulations of HPDM to study the longitudinal [101] and trans-

verse [100] vibrations are explained in this section.

4.2.1 Studied structures and kinematic descriptors

The studied structures are composed by a pile of a large number of unbraced iden-
tical frames called unit cells. Each cell is made of a floor supported by two walls (see
Fig. 4.1). The walls and the floors are beams or plates which behave as Euler-Bernoulli
beams. They are linked by perfectly stiff and massless nodes. The characteristics of the
floors (j = f) and the walls (j = w) are: [; length, a; in-plane thickness, h depth in
the out-of-plane direction, A; = a;h cross-section area, I; = a?h /12 the in-plane bend-
ing cross-section inertia, p; density, £ elastic modulus. The HPDM begins with the
discrete nodal force and momentum balance. The study of the momentum balance of
the whole structure is represented by the study of the momentum balance of the nodes.
The motions of the nodes can be used as kinematic descriptors of the motions of the
structure. Fig. 4.1 shows that each level n contains two nodes: ni on the left and no on
the right. Their motion in the plane (e, ey) is described by three kinematic variables:
vp; for the displacement in direction ex and uy,; for the displacement in direction e, and

0n; for the rotation with j =1 or 2.

Because of the longitudinal symmetry of the structure, it is possible to uncouple
the transverse (anti-symmetric) and longitudinal (symmetric) kinematics thanks to the
change of variable. Six variables describing the motions of the two nodes of the level n
can be found. Among which three variables are associated to the rigid motion and three
correspond to the deformation.

e three variables for the rigid body motion of the level n

U :w mean transverse displacement (4.1a)
Va :w mean longitudinal displacement (4.1b)
an, —Im ~ Uny global rotation (4.1c)

Ly
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FIGURE 4.1: Schema of the studied structures [101]
e three variables for the deformation of the level n
0 0
O, =2 ;— 2 mean rotation of the nodes (4.2a)
b, =0,, — On, differential rotation of the nodes (4.2b)
Ay, =Up, — Up, transverse dilatation (4.2¢)

Then the discrete description is transformed into a continuous beam description. The
kinematic descriptors are considered as the discrete values of continuous functions of
the space variable x. For example for the mean longitudinal displacement, we have
V(z = x,) = V,. The key assumption of HPDM is that the cell size in the direction
of the periodicity [,, is small compared to the characteristic size L of the vibration of
the structure. When the scale ratio € = l,,/L approaches to zero, all the continuous

functions can be expanded in the power of ¢, such as follows:

Ve(z) = VO(2) + Vi) + EV3(z) + ... (4.3)
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4.2.2 The analytical continuous formulation for studied discrete framed

structure

Based on the asymptotic expansion, HPDM determines equivalent continuous equa-
tions on different orders of e. The method is described briefly as follows, while the de-
tails of the development can be found in the appendix of [100] and [101]. The method
is summed up in two steps: discretization and homogenization. The discretization step
starts with the local balance of each beam element. The forces/moments at the endpoints
are expressed by the displacement /rotation at these points. The balance equations with
discreted variables defined in Eqs.(4.1) - (4.2) are then derived from the nodal force bal-
ance equations. The homogenization step switches discreted description to continuous
description by considering the discrete dynamic variables at each node as specific values
of a continuous function. Since the scale ratio is small enough, the variation in variables
between neighbouring nodes is expressible using Taylor’s Series. This in turn leads to
the macroscopic derivatives. With all these dynamic variables developed in Taylor’s
Series with respect to the scale ratio, a sequence of balance equation at various orders

can be derived by nodal balance equation.

The element local balance has been verified in the Introduction, the nodal balance
in this case is in the following form:

for node ni, the nodal balance in directions x,y, z are respectively:

N1 (0n=1)1,vn1) = Nopt 4191 (a1, Vg 1)1) + Ty (015 Un2, O O2) = 0 (4.4a)
Tt (W(n=1)1> Un1, On—1)1, 0n1) = Ty 1)1 (Un1, Ung1)1, Ont, Onay1) — N (1, tnz) = 0

(4.4b)

anl(unla U(n+1)1> On1, 9(n+1)1) - Mf(n+1)1(unla U(n+1)1, On1, 6(n+1)1) (4.4¢)
Ac

- MfB;L(vnlv Un2, 07117 0n2) =0
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for node ns, the nodal balance in directions z,y, z are respectively:

NG o (V—1)2,vn2) — Nf(n+1)2(vn27 Vns1)2) = Tfi(Vn1, Un2, 1, On2) = 0 (4.52)

T (Wn—1)2: Un2, O(n—1y2, On2) — TwB(TH_l)Q(unZa Wit 1)2: On2s O(ni1y2) + N (tn1, un2) = 0
(4.5b)

ME o (Un2, U(ni1)2: On2,s Ons1)2) — Mf(n+1)2(un2, U(n41)25 On2, O(n+1)2) (450)
.0C

+ MfE;‘l(Unla Un2, 0n17 0%2) =0

Then the equation system for longitudinal vibration (4.6) and transversal vibration (4.7)

are obtained by these nodal balance equations:

(4.5a) + (4.4a)
(4.5b) — (4.4Db) (4.6)

(4.5¢) — (4.4¢)

(4.5a) — (4.4a)
(4.5b) + (4.4b) (4.7)

(4.5¢) + (4.4c)

For the structures studied in this chapter, the scaling for both the longitudinal and

transverse vibrations is as follow:
_ . P oy
=0(1); —=0(); ==0(1) (4.8)

For the longitudinal vibration without internal resonance, the equivalent formulation

determined by Chesnais et al. using HPDM is given as [101] :
AW?V 4+ 2E,A,V" =0 (4.9)

As for transverse vibration, the formulation for the generic model deduced by Hans and

Boutin [100] is as follow:

2F2 I, i wr Byl "
“’TU — (2B, I, + E,) U~ — 7AoﬂU + Aw?U =0 (4.10)

The macroscopic parameters in Egs. (4.9) and (4.10) are:
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e The linear mass of the cell A = 2p, Ay + prAgls/ly.

e The bending stiffnesses of the two walls. Inner bending: 2F,,I,,. Global bending:
Byl = EwAwlfc/Q.

e The shear stiffnesses of the cell K~! = K ! + K;!, with K, = 24E,1,/12,

f
Ky =12E¢1¢/(lwlf);

I; = a3h/12 is the moment of inertia, with i = f for the floor and i = w for the walls.
With these analytical formulations, the dispersion relation can be easily deduced when

supposing the harmonic vibration V(z,t) = Vexp(jwt — kx).

4.2.3 Boundary condition equations

The generic model of the transverse vibration involves all three kinematic variables

in Eq. (4.1): U, «, 6. The behaviour laws are defined as follows:

shear force T=-KU +a«)
bending moment M = E,Ia’ (4.11)

inner moment . # = 2E,,I,U"

The force and moment balance equations, associated with the inner kinematic of the

section are:
(T+ 4" =AU, M =-T, K,U +0)+K;0—a)=0 (4.12)
The weak formulation of 1st equation in Eq. (4.12) gives:

/HAw2U2dac—/H(TQ+W+//ﬂ)d:c+[(T+///)U]H[Ma]H[///U/]H
0 " Jo 'K ' E,I ' 2E,I, 0 0 0

~~

Work of boundary conditions
kinetic energy Elastic energy

(4.13)
This equation presents the equality of the kinetic energy with the elastic energy and the
energy provided at the boundaries. The last three terms correspond to the work of the
boundary, which can define appropriate boundary conditions. The boundary conditions
for clamped, free and simply-supported side are listed in Tab. 4.1. Using Egs. (4.11)
and (4.12), one can deduce boundary conditions on U to solve its differential equation

in Eq. (4.10), which are given in C.
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TABLE 4.1: Equations for different boundary conditions

Clamped Free Simply-supported
(T+.2"YU| U=0 T+ .#4'=0 U=0
Mo a=20 M=0 M=0
AU | U =0 M =0 M =0

4.3 Overview of the numerical condensed wave finite ele-

ment method

The outline of the numerical CWFEM is given hereafter. For a more detailed
formulation, the reader is referred to [107]. Since the framed structure is periodic, one
can obtain the whole framed structure (Fig. 4.2(c)) only by repeating a single unit cell
(Fig. 4.2(a)) in the propagation direction. Coordinates qgr, qr, Q1 represent the physical
DOFs of the left boundary, right boundary and internal nodes, as shown in Fig 4.2(a).
However the choice of the unit cell can be various, the unit cell in Fig. 4.2(a) is used which

minimizes the number of coupling co-ordinates, so as to decrease the computational cost.

4.3.1 Modelling of the unit cell

The method begins with establishing the equation of motion of the unit cell for free
vibration. The mass and stiffness matrices M and K can be extracted from conventional

FE packages.

QL qL Fp
M dr + K ar - FR (4~ 14)
dr qar 0

The Craig-Bampton method, known as fixed interface component mode synthesis, is
applied to carry out the model order reduction on the unit cell. The physical DOFs
q: are then reformulated to a reduced modal basis of modal DOF's, with generalized

coordinate Pc. We have

qv I, 0 O qv qv
qr = 0o I, 0 dr =B dr (4.15)
qr v, Py P Pc Pc
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¥ \ / 4
- / \
(a) Unit cell and notation of the nodes (b) Finite element model
of the unit cell

—cell k-1 —-— cell k ——cell k+1—:

(¢) An infinite framed structure

FIGURE 4.2: Framded structures and its unit cell in CWFEM

with [®y, Wy] representing the constraint modes of the boundary. Matrix W is a set
of truncated modes in ¥y, which are the fixed interface modes of the unit cell obtained
with qr = qg = 0. Among W1, it is suggested to retain in ¥ at least the modes under
3 times maximum investigated frequency [107]. Then the equation of motion of the

reduced model can be written into the following form:

M| & |+K'| qn | =| Fa (4.16)
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The new mass matrix as well as the stiffness matrix can then be written in the following

manner:
M* = BTMB (4.17)
The generalized force remains the same value as before:
Fr 1 12
Fr | = B’ Fr | =| Fa (4.18)
0 0 0

Assuming harmonic response, the equation can be written with the dynamic stiffness

matrix D* = K* — w?M*

DfL D?:R Dic qL F.
Di. Dir Die qr = Fg (4~19)
D¢, Dgp Dgc Pc 0

From the third line of Eq. (4.19), internal DOF's can be removed using dynamic conden-

sation. The Eq. (4.19) becomes

Di; Dir qL . Fo (4 20)

Dz Dgr qr

where
(4.21)

D.s =D}, — D (D) 'Dgs  «a,8 € {L,R}

D¢, is a diagonal matrix and of smaller size than D7;. Dg. is much easier to be inverted

and the poor conditioned problem can be avoided.
4.3.2 The spectral problem on the reduced model of the unit cell

For the unit cell k, Eq. (4.20) can be reformed into

uf(ik) = Suﬁk), (4.22)

where uﬁk) = ((ql(dk))T(—FI(Jk))T)T and u}({k) = ( (qlgk))T(F}({k))T)T represent the left and right
state vectors for the unit cell k. The wave basis and wavenumbers are associated to the
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eigen solution of the following problem:

where I represents the identity matrix. However, matrix S is often ill conditioned, the

eigenvalue problem in Eq. (4.23) is often reformulated as follows:

INJ®' = 4[L]&', (4.24)
where
Y (4.25)
qr
and
0 I I 0
[N] = ; L] = i} (4.26)
Dgt Dsr —Dir —Dumr

For the state vector @, it is related using matrix L.

The eigenvalues 7; and wavenumbers k; are linked through the relation v; = e 7kilw
while 1,, denotes the length of the unit cell in propagation direction and j? = —1. The
waves are then classified according to their propagation direction and their attenuation
so as to proceed the forced response calculation. For the formulations of the Forced-

CWFEM the reader can refer to [105, 107, 111] for the details.

4.4 Framed structures by the numerical and analytical ap-

proaches

The same structure is studied as in [100]. The characteristics of the structure are
listed in Tab. 4.2. Free vibration of the infinite structure is investigated firstly in this
section, a finite structure with a fixed number of unit cells is studied afterwards. To
ensure the convergence of the mesh, the two walls and the floor are both discretized

into 20 finite elements. Each unit cell contains 183 DOF's, among which 171 are internal
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TABLE 4.2: Characteristics of the studied structure

Lo () I; (m) ay (m) ay (m) pkem?) B (GPa) &
3 3 0.1 0.1 7600 200 0.3

DOFs. In the CWFEM, the first 20 fixed interface modes are conserved in W¢. So
instead of inverting a non-diagonal matrix of 171x171 at each frequency, a diagonal
matrix of 20 x 20 is inverted in the dynamic condensation (Eq. (4.21)), which improves
the computation efficiency. The thickness of the walls a,, and the floor a; is smaller
compared to their lengths [, and Iy, the beam model is therefore employed in the
simulation. In our simulation, the out-of-plane DOFs are blocked so as to study only

the in-plane waves.

4.4.1 Free vibration in an infinite structure

The dispersion relation of an infinite structure is given in Fig. 4.3. Here only the
propagative waves in x positive direction are illustrated. Up to 20 Hz, 3 types of wave

are identified. Their shapes are given in Fig. 4.4.

o o
o2} o)

Real part of Km™")
o
=

Frequency (Hz)

FIGURE 4.3: The dispersion relation from 0-20 Hz

It can be seen from its wave shape that wave 1 (Fig. 4.4(a)) corresponds to the
transverse vibration. Due to the periodicity of the structure, Bragg type [112] stop
band appears at around 18 Hz. As for the wave 2 (Fig. 4.4(b)), it corresponds to the
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FIGURE 4.5: Dispersion relation by CWFEM and HPDM for wave 2

traction-compression motion in the propagation direction. Another type of longitudinal
wave cuts on around 10 Hz. Its wave shape is given in Fig. 4.4(c). Contrary to the
wave shape 2 with small deformation of the floor, in wave 3, the deformation of the floor
is larger and the two walls move in opposite directions in x axis. Wave 3 corresponds
to the atypical gyration modes studied in [113]. It is evanescent at 0 Hz and becomes

propagative at around 10 Hz.

4.4.1.1 For longitudinal vibration (wave 2)

The longitudinal wave studied corresponds to the wave which propagates from 0 Hz,
i.e. wave 2. The dispersion relation determined by HPDM and by CWFEM is illustrated
in Fig. 4.5(a). In Fig. 4.5(b), the relative error between the wavenumbers kpppy and
kcwreM is given with y-axis labelling on the left. The scale ratio ¢; in the function of
frequency is also included in this figure with y-axis labelling on the right. It should be

noted that both curves are plotted with a logarithmic scale for z-axis and y-axis.
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FIGURE 4.6: Dispersion relation by CWFEM and HPDM for wave 1

The scale ratio ¢ for an infinite periodic structure is defined as ¢ = [,,/\;, with
A; the wavelength of wave 2. In addition, the wavelength can be determined using the
relation A\; = 27/kcwrem. At 20 Hz (¢, = 0.015), HPDM determines quite well the

wavenumber with only a relative error of 2.5%.

4.4.1.2 For transverse vibration (wave 1)

Here we focus on the transverse vibration of the structure. It corresponds to the
wave 1 identified previously. The dispersion relations determined by the two methods
are given in Fig. 4.6(a). Good correlation is obtained between kpppy and kowrgpm until
10 Hz. And they differ largely when we approach the stop band around 18 Hz since this
homogenised model is developed considering the situations without internal resonance.
In a similar way to longitudinal wave, the relative error between kyppm and kcwrewm
as well as the scale ratio €; are given in Fig. 4.6(b). It can be seen that up to 20 Hz, ¢

varies between 1072 and 0.5, while a relative error around 0.5% is obtained for ¢, = 0.1.

4.4.2 Parametric study on dispersion relations with respect to the

thickness

A parametric study on the dispersion relation with respect to the thickness a,, (ay)
of the wall (floor) is given here. The model studied before is referred as model 1, with

the thickness a,, = ay = 0.1 m. For model 2, we have a,, = ay = 0.05 m and for model
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FIGURE 4.7: Wave 2 (longitudinal wave) for the three models

3, aw = ay = 0.2 m. Other parameters such as the length of the wall (floor) and the

material properties remain the same as model 1.

The dispersion relation as well as the relative error of kgppy in the function of scale
ratio are given for the different models. For the longitudinal wave (Fig. 4.7), HPDM
determines the same dispersion relation for all the three models since it predicts a non-
dispersive behaviour for longitudinal wave. When the thickness of the wall and the floor
are multiplied by 1/2 (for model 2) or 2 (for model 3), the equivalent mass are multiple
by 1/2 or 2, so as the equivalent stiffness. The relative error in the function of scale ratio
is plotted in Fig. 4.7(b), which shows that the relative errors decrease when the thickness
increase. It can be explained as follows: the thicker the wall (floor) is, the more the
studied framed structure approaches a homogeneous rod. As for the homogeneous rod,

the homogenized non-dispersive model by HPDM is indeed the precise solution.

As for the transverse wave (Fig. 4.8), the stiffness per unit mass increases with
the thickness. Hence the frequency range before the 1st stop band increases with the

thickness. The relative errors for different models converge when ¢; exceeds 1071,

4.4.3 Free and forced transverse vibration in a finite structure

In this section, the transverse vibration of a finite structure will be investigated.
The natural frequencies of free vibration are calculated firstly. Then the forced response

is studied by the analytical HPDM as well as the numerical FEM and CWFEM.
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FIGURE 4.8: Wave 1 (transverse wave) for the three models

TABLE 4.3: The natural frequencies (Hz) under clamped-free boundary condition

1st mode 2nd mode 3rd mode 4th mode

Hans [100]  0.70 2.12 3.76 5.57
HPDM  0.70 2.15 3.76 5.56

FEM  0.68 2.09 3.63 5.33
CWFEM  0.68 2.09 3.63 5.33
Error HPDM  2.9% 2.9% 3.6% 13%

4.4.3.1 Natural frequency of a finite structure

A finite structure consisted of 10 unit cells is modelled by HPDM, CWFEM and
FEM. The comparison of these frequencies given by different methods is given below.
Tab. 4.3 illustrates the natural frequencies of the structure under clamped-free boundary
condition, while those under the clamped-simply supported are presented in Tab. 4.4.
The natural frequencies calculated by HPDM in our studies correlate well with those
given by Hans [100]. The results issue from the FEM are used as reference to calculte
the error of HPDM in Tab. 4.3 and Tab. 4.4. The HPDM predicts fairly well the
natural frequencies until the 4th mode for both boundary conditions. Contrary to the
dispersion relation, where a good correlation is obtained until almost 10 Hz. The valid
frequency range of HPDM is more restricted for the finite structure compared to the
infinite structure. It can be explained by the fact that the natural modes are not totally
determined by the propagating wave. The evanescent waves, which may be less well

predicted in the model of HPDM, play also an important role.
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TABLE 4.4: The natural frequencies (Hz) under clamped-simply supported boundary
condition

1st mode 2nd mode 3rd mode 4th mode

HPDM 1.42 2.96 4.69 6.68

FEM 1.44 2.97 4.66 6.55
CWFEM 1.44 2.97 4.66 6.55
Error HPDM 1.4% 0.3% 0.6% 2.0%

4.4.3.2 Forced response

Similar as the 10 unit cells under clamped-free boundary condition, a transverse

harmonic force is applied on the free side of the finite structure, as shown in Fig. 4.9.

- .
Fosin(wt)

A
cell 1 cell 10 Fosin(wt)

7/
7/
7/
7/
/

FI1GURE 4.9: Clamped-free structure with excitation at free side

The structure is studied using the HPDM, CWFEM and FEM. The result calculated
by ANSYS is employed as reference. The response at x = 10[,, is illustrated in Fig. 4.10,
with the amplitude of the force fixed to be 1 N.

CWFEM gives accurate result compared to ANSYS, while bigger discrepancies are
found for HPDM. The conclusion is similar to the precedent section for the natural
frequencies of free vibration. The first four resonance frequencies are fairly predicted,

while the error becomes larger when we approach higher frequencies.

4.5 Conclusion

This chapter investigates the wave propagation feature in an infinite discrete framed
structures by both HPDM and CWFEM. The dynamics of a finite structure is inves-
tigated by CWFEM and FEM. The main conclusions of this work can be drawn as

follows:

1. The analytical continuous descriptions for longitudinal and transverse vibrations in

framed structure are given by the HPDM. When the proprieties (material, length
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FIGURE 4.10: Forced response at the excitation point

and thickness) of the floor and the wall are of the same order, the homogenized
equation of motion for the longitudinal wave is a second order differential equa-
tion, the same as a typical longitudinal wave in a homogeneous rod, as for the
transverse vibrations, the homogenized equation of motion is a sixth order differ-
ential equation, contrary to the typical Euler-Bernoulli beam. The method allows

to study and highlight the mechanism of the structure.

2. Numerical CWFEM is able to deduce all the waves propagating in the framed
structure and the forced response of these structures. It gives accurate results on

a specified structure with determined parameters.

3. When the scale ratio reaches 0.01, the HPDM predicts correctly the dispersion
relation compared to the CWFEM with a error of less than 5%. For the studied
case, a relative error of 2.5% is found for longitudinal wave with ¢ around 0.01

and a relative error of 0.5% for transverse wave with ¢; around 0.1.

4. The valid frequency range of HPDM for a finite structure is evaluated using the
forced response and the natural frequency as the criteria. The validity range is

smaller compared to the dispersion relation in an infinite structure. The evanescent
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waves may be badly predicted in HPDM and play an important role in the finite

case.

Further investigation will extend the study to the braced framed structure. It may
be also interesting to study the contribution of the evanescent wave in the finite case to

evaluate the error of the HPDM.



Chapter 5

Homogenization of 2 dimensional

framed structures

5.1 Introduction

The periodic framed structure means the repetition of interconnected beam unit
cells in one or multi-directions. Because of its abundant dynamic properties, the peri-
odic framed structure is widely used in sandwich panels, truss beams, buildings, foam,
plants,... The most known characteristic is the existence of band gap which indicates
the frequency range without propagating waves [66, 114]. The band gap are mostly
Bragg type which appears when the wavelength is on the order of the unit cell length.
In other cases where the wavelength is much greater than the unit cell length, the band
gap can also appear because of the local resonance [5, 115, 116]. In addition, due to
the anisotropy in 2D framed structures, waves in pass bands propagate in preferred
directions [117-119]. In order to simplify the study of periodic structure, a number
of researches have been motivated to find their homogenised models [94]. According
to the homogenization theory, an analytical continuous description is used to simulate
the structure’s dynamic behaviour. Based on the theory, several ideas have been de-
veloped: the beam theory of the material resistance [95], homogenization of periodic
heterogeneous media [96], multi-scale separation and continuum mechanics [97], and the
homogenization method of Periodic Discrete Media (HPDM), considered in this chapter,
elaborated in [98] and recently completed in [99-101].

140



Chapter 5. Homogenization of 2D framed structures 141

Instead of considering the whole structure, the study of periodic media can be con-
verted to its unit cell. According to the Floquet-Bloch theorem [102, 103], the direct
modelling of one unit cell can provide full descriptions of the whole structure’s dynamic
behaviour. Based on the theory, the most used method is the Wave Finite Element
Method (WFEM), which utilises conventional FE software packages to model the unit
cell. In this method, structures with complex geometries or material distributions can
be analysed with relative ease [104-106]. Based on WFEM, an enhenced method, Con-
densed Wave Finite Element Method (CWFEM), is proposed and employed in [107-109).
The enhanced method combines the WFEM with the model order reduction technique.
This combination makes the compute more efficient when the unit cell contains large

number of internal nodes.

In this work, HPDM and CWFEM are employed to study a 2D infinite periodic
framed structure. The principal objective of this chapter is to re-evaluate the efficiency
of the HPDM theory using the wave characteristics identified by CWFEM. In most cases,
the HPDM model is validated through eigen modes (natural frequencies). According to
the wave-mode duality[110], the response of a vibrating system can also be explained
in terms of elastic wave motions. Hence, a quick evaluation of the homogenised model
can be presented with the wave characteristics obtained by CWFEM. Focusing on this
objective, the chapter is organized as follows: In Sec. 2, the analytical method HPDM
implemented on 2D framed structures is presented. Two different characterise frequency
ranges are discussed. Subsequently, in Sec. 3, an overview of the numerical CWFEM
on 2D case is given. Then in Sec. 4, a specified infinite structure is studied by both
HPDM and CWFEM. Specific waves are identified and discussed through wave shapes
and dispersion relations. Finally, the concluding remarks and perspectives are presented

in Sec. 5.

5.2 Implementation of HPDM on two-dimensional framed

structure

The associated theory and formulations of HPDM applied on two-dimensional framed

structures [120] are explainedn in this section.
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5.2.1 The studied structure

The infinite studied structures are composed by repeating the unit cell, shown in
(Fig. 5.1) in the z and y directions. The horizontal elements (walls) and the vertical
elements (floors) are all considered as Euler-Bernoulli beams, and they are linked by
perfectly stiff and massless nodes. The characteristics of the floors (j = f) and the
walls (j = w) are: [ length, a; in-plane thickness, h depth in the out-of-plane direction,
Aj = ajh cross-section area, I; = a?h /12 the in-plane bending cross-section inertia, p;

density, F; elastic modulus.

The implementation of HPDM is composed of two parts: the discretization of the
continuum dynamic balance and the homogenization process. As the studied structure
is composed of interconnected beams, the dynamic balance of the whole structure can
be expressed in a discrete form by the element balance and nodal balance. The dis-
cretization consists in expressing explicitly the forces and moments at the endpoints of
an element as functions of the nodal kinematic variables by using Euler-Bernoulli theory.
Then, the nodal balance equations at the endpoints give the discrete description of the
whole structure. Figure 5.2 shows that the position of the node is located by the floor
number and the wall number (w, f), their displacements in the plan (x,y) is described
by Uéw’f), U}Sw,f) and the rotation is presented by (/). As the considered solution
are harmonic, the dependence of time will be omitted during the homogenization. The

material properties of floor and wall are as follows:

Ly pr b

7 =0, L=ow), L=ow
L= o, 2 =o(), =0
he 0 e O,

The element dynamic balance has been satisfied in the Introduction, it remains to
write the nodal balance. As no external force is applied on the structure, the dynamic
balance of node (w, f) is composed of four nodes connected to it. The nodal balance

equation of node (w, f) in the direction x,y, z are respectively:

Tf(Ux(wvf_l)’ Ux(w7f)7 H(wmf_l), Q(whf)) _ Tf(Ul(,wvf)7 Ux(wvf'i_l)’ e(wvf)’ 9(w7f+1))

+ NPl uleDy - NPl ol Dy =0 (5.1)

T
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TfB(U?Sw’f), Ug,((w—‘rl’f)’ e(wvf)’ 0(w+17f)) _ T.fE(UZSw_Lf)’ Uzngf)’ e(w_lvf)’ e(wvf))

+ NEw =Y ey - NBUieD, ule Ity =0 (5.2)

Mf(Ua(:wvf_l), q(:wvf)’ H(wvf_1)7 H(wvf)) . Mg(Uéwvf)’ Uigw“f—i_l), 9(w7f)7 9(w7f+1))

4 M}{E(Uéw—l,f)7 Uéw,f)7 glw=15) g(w.f))

_ M}B(Uéw’f), Uéwﬂyf)’g(w:f)’g(wﬂyf)) =0 (5.3)

According to the homogenization theory, the scale separation is necessary, which means

the characteristic length L of the structure is much greater then the periodicity [. Thus,

the scale ratio € = [/L < 1 is a small parameter, and the associated variables can be

expanded in the power of e. Besides, as | < L, the variables at one node vary slowly

to the node connected to it. Therefore, the variables at the node can be considered

as discrete values of continuous functions and the nodes can be connected by Taylor’s
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series:

0
x (W f+1) — Xo(wlf,flw) +€ <X1(wlf,flw) + LX(wlf,flw)) + ...
)

Then, substituting the associated expansion series and the Taylor’s series into the nodal
balance equation, the homogenized model will be obtained by identifying the leading

order equations.

5.2.2 Shear wave at w = O(ew,)

At very low frequency, the wave length of both bending and compression waves
propagating in the elements is much larger than the unit cell length. The reference
frequency is defined by convention as:

1 |Ey,
Wy = —4| —
T L P
The case w = O(ew,) verifies that the scale separation is satisfied for bending waves
and compression waves. Then, applying the expansion series of axial forces, shear force
and moment to the nodal balance equation provides the corresponding equations in the
direction x,y, 2:
02070
Ox?
92U}
-0 5.4
52 (5.4)
~ ~ O ~
0?U? 00 02UY

By 4 Gul(— - L)+ Mw?U) =0
L 3:U2+ (8y+6y2)+ @ e

E, =0

Es
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with

M, = twiw . mass per unit surface of wall

mass per unit surface of floor

R

= M, + My : mass per unit surface of the structure

E, = E{ Ay elastic modulus in the x direction
E, = E“l’;‘w elastic modulus in the y direction
Gy = 12%{}6@" : shear modulus of wall

G =121 h dulus of f
(Gr =127 shear modulus of floor

As waves can be expressed as a superposition of plane waves, the wave travelling in the

direction n, writes in the following form:

U(e,z) = U%(z) + eUl(z) + U (2) + ...

770 ~0
0 @ Uz :
U'(z) = = exp[—ik(o)nyx]
770 ~0
Uy Uy
where ﬂg,ﬂg are amplitude in the direction x,y; k(a) is the wavenumber in direction
n,.

Substituting U%(z) into Equ. (5.4), (5.5):

—E k*(a)cos? (o) udexp[—ik(a)nax]| =
E,k?(a)cos?(a)uewp[—ik(a)nax] = 0 (5.7)

—Eyk?(a)sin? (a)ﬂgeazp[—ik‘(a)nax} =0

In order to obtain non zero solution (u’ # 0), sin(a) or cos(a) has to be zero, which
means the wave can only propagate in the direction x or y. In the case a = 0, the
wave propagates in the z direction. According to equation (5.7), @) = 0 which means
the travelling wave is a pure shear wave with the polarization in y. As the medium is
infinite, the invariance of macroscopic field U° under a translation perpendicular to the
direction of propagation implies the invariance of its correctors in higher orders. Then,
2772
aaxUzz =0
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Eliminating 6° in equation (5.4) by using equation (5.6), the wavenumber of the shear

wave can be obtained:

[ M . 1 1 1
k(O)—w ?, with E—Giw‘i‘Gif

The same results can be obtained in the case & = 7/2. In conclusion, at low frequency

w = O(ewy), only pure shear waves travelling in the direction z or y exist.

5.2.3 Compressional waves at w = O(w;)

Another case discussed here is w = O(w,). In this case, the wavelength of bending
waves is the same order as the unit length. Local resonance caused by the bending of
wall appears, and the expansion series for shear force and bending moment can not be

used. Thus, the new homogenized equations in the direction x,y become:

92U? -

By 5t (Mg + My f (&) w?0;) = 0 (58)
92U° 0

Ey 8y2y + (Mw + Mff(wf))w Uy = (5 9)

with

3w FEuly
205\ 2 A
b —w (2L o
3T E¢ly

f(@) = Lsm( o \/oTJ)smh(%T\/gu)

g(@) = Sin(zx/a)cosh(?%\/@) + sinh(%\/a)cos(?%\/@)

In equation (5.8), it can de seen that an effective mass depending on the frequency in
stead of the real mass is used to describe the local resonance of wall bending. The same

analysis is carried out in this case: introducing the U%(z) into equation (5.8), (5.9).

— 2(a)cos?(a (D )w?) @Wexp|—ik(a)n.x| =
(—Eok?(a)cos?(a) + M (@y)w?) tgewp[—ik(a)nax] = 0 (5.10)

(—Eyk?(a)sin®(a) + M7 (&f)w?) agexp[—ik(a)nax] =0
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with MY(@y) = Mp+ My f (@), MP (&) = My, + My f(@¢). The existence of a non-zero

solution implies that:

—E.k*(a)cos®(a) + MY (G)w?® = 0 (5.11a)

or — B k*(a)sin®(a) + M7 (&f)w? =0 (5.11b)

When equation (5.11a) is satisfied, 122 = 0, all nodes move in the = direction. And
equation (5.11a) shows that cos(a) # 0. In this case, waves propagate in all directions
except the y direction (o = w/2). For waves in the x direction (« = 0), the propagation
direction is the same as the polarization direction, which implies that only pure com-
pressional waves travel in the x direction. The associated wavenumber can be obtained

from equation (5.11a):
M (@
kE(0) =w E(ac )
The wavenumber is similar to the one of a compressional wave in a classical elastic
medium. The real mass is replaced by the effective mass, and the local bending resonance
can be predicted when the effective mass becomes infinite and changes its sign. For the
other directions, the waves are shear-compression waves. Because of the orientation

of the elements, the polarization of these waves are fixed in the z direction, and the

wavenumber is:

ko) = O

~ eos(a)]

The wavelength of macroscopic waves in the direction n, is the projection of waves
travelling in the x direction on to the direction n,. For the other case of equation
(5.11b), the roles of the floors and walls are reversed. Waves can travail in all directions
except for the = direction. Pure compression waves propagate in the y direction, and the
shear-compression waves travail in the other direction. And the wavelength of diagonal

waves is the projection of waves in y direction.

5.3 Overview of the numerical CWFEM en 2D

The outline of the numerical CWFEM implemented en 2D structures is given here-
after. The unit cell that forms the periodic structures is discretized by the Finite Element

(FE) method. The mass and stiffness matrices M and K of the unit cell are extracted
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from commercial FE package. The nodal DOFs are defined as in Fig. 5.3(a), which are
divided into: boundary DOFs (three corners q1 g2 qs) and internal DOFs (qr). They
are classified as [q1 q2 g3z qr]. The boundary nodal DOFs are denoted qpg. The
nodal forces are classified in the same way, the boundary nodal forces are represented
by fua. It should be noted that the choice of the unit cell can be various, the unit cell
in Fig. 5.3 is used since it minimizes the number of boundary DOFs, so as to decrease

the computational cost.

[ ]
9
[ ]
z
*———0— o—O
VT 9 1 q I q 2
X
(a) Nodes definition of the unit cell (b) The FE model of the unit cell

FIGURE 5.3: An unit cell of the periodic frame structure

5.3.1 Modelling of the unit cell with model order reduction

The nodal DOF's of the unit cell are written as [qpqg qz|. In the free wave prop-
agation case, f; = 0. Assuming time-harmonic behaviour and neglecting damping, the

unit cell’s motion equation becomes

f{bdbd I~<de 2 Mbdbd 1\~/Ide QdQvd _
I~<Ibd KII Mlbd 1\71:[1 qr
Koo = ™ a2
qr 0

where matrix [f{ - w2M] is the dynamic stiffness matrix of the unit cell. According to
the work [108], model order reduction is proposed in the unit cell modelling. The hybrid

coordinates [qua Pc] of reduced model are related to the physical coordinates [qpa Q1]
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by the transfer matrix B as shown below:

QQvd _ I, 0 Qvd B Qbd (5'13)

dr P Pe Pc Pc
where [Wypq] represents the static constraint modes which associate physical displace-

ments at the boundary quq to physical displacements of elastic DOFs qs.
Wiy = _RI_IIKIbd (5.14)

The fixed boundary modes are denoted [¥1], which are obtained by fixing the boundary
DOFs:
[Krr — w¢Mig]¥1 =0 (5.15)

[W¢] represents a set of truncated modes in [¥1]. Among [¥y], it is suggested to retain
in [Wc] at least the modes under 3 times maximum investigated frequency [108]. Then

the equilibrium equation of the reduced model is written as:

f,
K- | P =™ (5.16)
P 0
with
K*=BTKB , M*=BTMB (5.17)

More details about this method can be found in [108].

5.3.2 Formulation of the WFEM (frequency and direction of wave

propagation known)

Since the frequency is fixed, we can express Eq. (5.16) using the dynamic matrix of

the reduced model:

Df;dbd D‘zdc Qbd _ foa ( 51 8)

Déa Dec Pc 0
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Eliminating the internal DOF's in equation (5.18) provides the dynamic condensed matrix

Dyaba. and Eq. (5.18) becomes:

Di; Dy Ds3 q1 f
D31 Dy Dos q2 = f5 (5-19)
D3y Dz Dass ds f3

According to periodic structures theory of the Floquet and Bloch [102, 103], the DOFs

are related as follows:

Q2 = A\zQ1,93 = qul (520)

In addition, for free wave propagation, the sum of nodal forces of all the elements

connected to nodes 1 is zero, which leads to:
fi+ A+, =0 (5.21)

Remind the relation between A;, Ay, the wavenumbers £, k, and propagation constants

e, fby are as follows:
Ap=e o Ny=e My = ke, py = Loky (5.22)

For the specified direction of propagation 6, we have

Lk w
Py _ wly _ l—tanQ (5.23)

where p, and p, might be complex, but their ratio is real and given. Supposing the
ratio iy /py = my/mg, where m, and m,, are integers without common divisor, then one
can note that p, = umg, py = pmy and v = e~ and the relation in equation (5.22)
becomes:

g = e H#HMe = AMa Ay = e MY — My (5.24)

Based on Egs. (5.19), (5.20) and (5.24), Eq (5.21) becomes

[D31y™e + D3272mz + (D11 + Do + D33)’Ym””+my + D1272mz+my

+ D3yt 4 Dyyy™ + Dagy*™]q =0 (5.25)
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If m is the highest order of -, equation (5.25) is then a m order polynomial eigenvalue
problem which has 2mn solutions for . Here, n is the length of the vector q1. So the

equation (5.25) can be recast as the standard linear eigenvalue problem.

(Q—1D)Z =0 (5.26)
where
[ CAC'AL L, - —AZ'A, —ACTA, | Ay
I 0 0 :
: g : : Ya1
i 0 I 0 1 e}

The order of the eigenvalue problem might be very large and hence there will be many
solutions. Surely, for an arbitrary angle 6, we can’t always have j,/p, = my/m,.
Sometimes it maybe obliged to solve a transcendental eigenvalue problem [121]. But
here in our case, only some specified directions (f = 0°,45°) are investigated, in addition
with a small size of q1, the wave propagation characteristics are calculated with relative

ease. Once 7 is calculated, the wavenumber is obtained according to:

k= \/k:% + kg = \/\log('y) s« my /152 + [log(7y) * my/ly|? (5.28)

Once the eigenvector qp is calculated, the wave shape with all the physical DOFs can

be calculated using the following relation:

ql [ I DY 0 ]
2 R 1
_ [T AT AT a
qas 0 - I (D%c) 'Dépa
i | Wea P |

At last the waves are tracked by the correlation between complex wave shape using the

Modal Assurance Criterion (MAC) [122].
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TABLE 5.1: Characteristics of the studied structure

ly (m) Ilf (m) ap (mm) ay (mm) p(kgm=) E (Pa) v
3 3 21 21 2300 Jel0 0.2

5.4 Investigation of 2D framed structures by the numerical

and analytical approaches

A framed structure with the wall equals to floor is studied here. The material
properties of the structure are listed in Tab. (5.1). The wave propagation characteristics
in z (or y) direction is investigated firstly by both CWFEM and HPDM. The validity
range of the HPDM is discussed, the interpretation of the results is given as well. Then
the characteristics of the wave motion in a diagonal direction (45° direction) is studied
afterwards. To ensure the convergence of the mesh, the wall and the floor are both
discretized into 200 finite elements. Beam 4 under Euler-Bernoulli theory assumption in
ANSYS is employed to generate the FEM model of the unit cell. Since only the in-plane
waves are studied, the DOFs related to the out-of-plane motion are fixed to simply the
problem. Each unit cell contains hence 1203 DOF's, among which 1194 are internal Dofs
and only 9 DOFs are at the boundary. The studied frequency range is between 0 — 800
Hz. In the CWFEM, the first 54 fixed interface modes (until 2.4k Hz) are conserved
in W¢. So instead of inverting a non-diagonal matrix of 1194x1194 at each frequency,
a diagonal matrix of 54 x 54 is inverted in the dynamic condensed equation (5.18).
Compared to the classical WFEM, the computation efficiency of CWFEM is greatly

improved.

5.4.1 wave propagation in z direction

The wave propagation in x direction is investigated at first. This case corresponds
to my = 1,m, = 0 in Eq. (5.25). Since the proprieties of the wall are the same as those
of floor, and the unit cell is square with [, = [y, the wave characteristics in y direction

is expected to be the same as those in x direction.

The dispersion relation of waves in x direction is given in Fig.(5.4). Here only
the propagative waves in x positive direction are illustrated. Up to 20 Hz, 2 types

of wave are identified. Their shapes are given in Fig.(5.5). It can be seen that wave 1
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(Fig. 5.5(a)) corresponds to the transverse vibration (shear wave). Due to the periodicity
of the structure, Bragg type [112] stop band appears at around 2.2 Hz. As for wave 2
(Fig. 5.5(b)), it corresponds to the traction-compression motion (longitudinal wave) in
the propagation direction. A stop band at around 8.6 — 10.7 Hz occurs due to the local
resonance in bending of the vertical element in the y direction. More discussion will be

given in section 5.4.1.2.
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FIGURE 5.4: Wave propagation characteristics in x direction
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5.4.1.1 The shear wave

From the wave shape in Fig. 5.5(a), it can be seen that the polarization direction
(y) is perpendicular to the wave propagation direction (x). The dispersion relation
determined by HPDM and by CWFEM is illustrated in Fig. 5.6(a). In Fig. 5.6(b),
the relative error between the wavenumbers determined by the two methods is given
with y-axis labelling on the left. The scale ratio €5 in the function of frequency is also
included in this figure with y-axis labelling on the right. The scale ratio € is defined
as €5 = ly/As, with A\g the wavelength of flexural wave in the homogeneous wall/floor:
As = 27 W. It can be seen that at low frequency, only slight discrepancy is
found between two methods. The error increases with the frequency, however, when we
approach the stop band at 2.2 Hz, the error decreases. A possible explanation is given
using the ratio between the deformation in two directions |Uy|/|U,|, which is plot in

Fig. 5.7.

Since HPDM assumes that for the pure shear wave determined by the Eq. (5.7), the
polarization direction should be strictly perpendicular to the propagation direction. So
for shear wave in « direction, the ratio |Uy|/|U,| should be infinite. The bigger the ratio
is, the better the assumption is satisfied. It can be seen at low frequency, the ratio is
between 100 — 1000. Then the ratio decreases with the frequency, and when approaching
the stop band, the ratio re-increases and attains the maximum at 2.2 Hz where the stop

band begins.
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5.4.1.2 The longitudinal wave

The longitudinal wave in the frequency range 0 — 800 Hz is studied here. From the

wave shape at a fixed frequency given in Fig. 5.5(b), it can be seen that the polarisation

is mainly in the x direction, which is the same as the propagation direction. The

wavenumber determined by HPDM and CWFEM is illustrated in Fig.(5.8). A frequency

range between 0 Hz and 800 Hz is studied here. HPDM captures well not only the real

part of wavenumber, but also its imaginary part until 400 Hz. All the stop bands due to

the local resonances (around 8 Hz, 47 Hz, 115 Hz, 342 Hz) are correctly predicted by the

HPDM. Between 488 Hz — 505 Hz, a larger local resonance stop band influenced by the

Bragg scattering shows up. A bigger discrepancy is found between HPDM and CWFEM
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for this stop band. Then we have a not very evident Bragg stop band in 581 Hz — 602
Hz, as it can be seen from the real part of wavenumber (Fig. 5.8(a)) and its imaginary
part (Fig. 5.8(b)). HPDM fails to predict the presence of this stop band. After 602
Hz, the two curves seem to diverge from each other. But they are almost symmetric
to the k = n/L,. In fact, if the CWFEM is not plotted only in the first Brillouin zone
with k, € [-7/L,,7/L,) and ky, € [-n/L,,m/L,], the two curves should be very close
to each other. According to the Floquet-Bloch theorem [102, 103], the wavenumber is
periodic of period 27/L, for k, and 27 /L, for k,. In addition, for a periodic structure

with symmetric unit cell, the wavenumber is also symmetric to k, = 0 and k, = 0.

Thanks to HPDM, we know the local resonances occur when the frequency ap-
proaches the odd modes of the wall with two extremities fixed. The wave shape near
these local resonance frequencies can be determined by CWFEM. In Fig. (5.9) the wave
shapes around the first three local resonances frequencies are given. It can be seen that
two floors are in traction-compression and deform a little and the two walls is under
flexion with the two extremities fixed. The wave shapes correspond indeed to the first

three odd modes.

5.4.2 'Wave propagation in 45° direction

Since big anisotropy appears in the periodic frame, it is also interesting to study the
wave propagation in a diagonal direction. Here the wave propagation in 45° direction is
studied. The relevant values taken in equation (5.25) are m, = 1,m, = 1. The dispersion
relation is given in Fig (5.10). It can be seen that three waves are identified in the range
0 — 20 Hz. The wave 1 is evanescent at low frequency and becomes propagative around
3.8 Hz. The wave 2 seems to have a polarisation direction (135°) perpendicular to the
propagation direction (45°). The wave 3 corresponds to the longitudinal wave, with the
polarisation direction parallel to the propagation direction. The first local resonance
appear at 8.6 Hz, which is almost the same frequency as the first local resonance in x

direction.

According to HPDM, for the shear-compressive wave travelling in direction ng,,
the wavenumber is k(a) = k(0)/|cos(a)|, and the polarization is in the = direction. It
is compared with the compressive/longitudinal wave (wave 3 in Fig.5.10) identified by

CWFEM. The frequency range until 300 Hz is studied, as shown in Fig (5.13). It can be
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seen that the two results correlate surprisingly well except on certain local resonances.
An possible explanation is given: for the low frequency before the first local resonances,
the wave 2 and 3 have the same wavenumber (eigenvalue). Thus, they form a subspace.
The polarisation (eigenvector) of wave 2 is in 135° (same as —45°) while the polarisation
of wave 3 is in 45°. Their polarisation together leads to the polarisation of the global
wave in direction z. According to Fig (5.10), (5.13), the local resonances determined by
HPDM for the diagonal wave is the same as the pure compressive wave in = direction.
According to CWFEM, the even modes and odd modes both lead to local resonances for
diagonal waves. However, the HPDM can only deduce the resonance corresponding to

the odd modes of the wall with two extremities fixed. And the wave 1 is not predicted

by HPDM.
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5.5 Conclusion

This chapter investigates the wave propagation feature in a 2D infinite framed
structure by both HPDM and CWFEM. As the element beam is oriented only according
two directions, the studied structure is highly anisotropic. Thus, the wave properties
depends on the direction. In this work, as the vertical element and the horizontal element
have the same material properties, the wave travailing in the direction x is studied. The
behaviour of the wave propagating in the y direction is supposed to be the same as the

waves in x direction. At last, another wave in 45° is also investigated and presented.

At low frequency w = O(ew,), the element have a quasi-static behaviour. The
wavelength of bending and tension-compression are both larger than the unit cell length.
The expanded series of axial force, shear force and moment are applied to the nodal
balance equation. According to HPDM, only shear waves travailing in direction x or
y exist. The pure shear wave is identified by CWFEM through the dispersion relation
and the wave shape. The relative error of wavenumber determined by the two methods

shows that HPMD gives a quite precise simulation of the low frequency behaviour.

Another studied frequency range is w = O(w,). In this case, the wavelength of
bending is no longer larger than the unit cell length. The associated expanded series
of shear force and moment are no longer applicable. New homogenization procedure
is adapted to simulate the local resonance of the structure. According to HPDM, pure

compression waves exits in the x or y direction, while the shear-compression wave travail
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in the other direction. The pure compression wave is well identified by the CWFEM. The
local resonance obtained by the two methods corresponds to each other. The presented
wave shape verifies that the resonances appear at the odd modes of the wall with two

endpoints fixed.

For the waves travelling in 45° direction. Shear-compression waves with polarization
in x direction are predicted by the HPDM. The wavenumber of the shear-compression
wave varies with frequency and direction, and the local resonance of the diagonal wave
correspond to the compression wave in x direction. However, according to CWFEM,
three kinds of waves are identified. The shear-compression wave can be considered as
the superposition of wave 2 and wave 3. The wave 1 is not predicted by HPDM. The
local resonance obtained by CWFEM corresponds to all the modes of the wall with the

endpoints fixed, while the only odd mode local resonance is predicted by HPDM.

Further investigation will extend the study to the braced framed structure or the
wall different from the floor structure. It may be also interesting to study the contribu-

tion of the evanescent wave in the finite case to evaluate the error of the HPDM.



Chapter 6

Conclusions and Perspectives

6.1 Conclusions

The main contributions of the conducted work are summarized below:

e The asymptotic expansion method is used to deduce homogenized models for pe-
riodic structures. According to the classical homogenization theory, the dynamic
behaviour of periodic structures at low frequency can be homogenized into an uni-
form structure, where the effective properties of the homogenized models are the
mean values of the periodic structure. Taking mean values as effective values is
an intuitionist approach to find homogenized models. However, the validity range
of this model is very limited. In the opinion of asymptotic expansion method,
the scale separation being satisfied, all the associated variables can be expanded
into infinite series. It has been proved in the Introduction that the mean value
homogenized model is, in fact, the wave equation obtained at leading order of the
expanded displacement. Since the leading order model is very limited, higher order
models are needed to give enriched models with larger validity range. Thus, the
multi-scale asymptotic expansion method and the HPDM is used to find the 'more

precise’ homogenized models.

e In chapter 2, both methods are implemented on the typical case, the longitudinal
waves travelling in bi-periodic rods. The same higher order homogenized models

(HOH1 and HOH2) are deduced by the two method. Compared to traditional
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model (TH), a higher order term (HOH1) or a time-space coupling term (HOH2)
appears in the homogenized equation. The local behaviour caused by the peri-
odicity is somehow presented by the additional term. In order to formulated the
appropriate boundary conditions, the variational approach is used. Then inves-
tigations on dispersion relations and frequency response function are carried out
to validate the higher order models. The periodicity of the structure has been
considered in the homogenization process. Consequently, the investigation results
show that the validity range in infinite case is enlarge by HOH1 and HOH2 models.

As to finite case, HOH2 proves to be a more robust homogenized model.

e Following the longitudinal case, the transversal vibration of the bi-periodic beams
is discussed in chapter 3. More periodicity conditions, displacement, rotation,
moment, shear force, are considered, and higher order homogenized models (HOH1
and HOH2)for flexural waves are deduced by multi-scale expansion method and
HPDM. In this case, both evanescent waves and propagating waves contribute to
the dynamic behaviour of the structure. In order to deduce the reliable reference
results, the WFEM method is used to deduce the dispersion relation and the
frequency response functions. More accurate simulation results have been yielded
by HOH1 and HOH for propagating waves and evanescent waves through the

investigation of dispersion relations and the frequency response functions.

e In chapter 4, the studied subject is the 1D framed structure, which is a periodic
structure composed by interconnected beams. The HPDM is used to provide ho-
mogenized models at leading order for longitudinal vibrations and transverse vibra-
tions. The typical longitudinal wave equation serves as the continuous description
of the structure’s longitudinal vibration, while a sixth order wave equation is used
for the continuous description of the transverse movement. By investigating the
dispersion relation, the forced response and the natural frequency, the valid fre-
quency range of HPDM homogenized model is re-evaluated by the CWFEM and
ANSYS.

e The 2D framed structures case is discussed in chapter 5. In the 2D case, the
waveguide is highly anisotropic, and waves propagate in preferred directions. Ac-
cording to the HPDM model, the discussed frequency range is divided by two

characteristic frequencies: w = O(ew, ), where the compressive wave and bending
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wave can both be homogenized, and w = O(w, ), where only the compressive wave
can be homogenized. At the first frequency range, pure shear waves exist only
in the element orientation direction. At the second frequency range, pure com-
pressive waves propagate in the orientation direction, while the diagonal waves
are shear-compressive type. The predicted shear waves at very low are identified
by CWFEM. At w = O(w,), for the compressive wave in orientation direction,
the local resonance caused by bending in wall are confirmed by CWFEM. But for
diagonal waves, not all the wave identified by CWFEM are predicted by HPDM.

6.2 Perspectives

The periodic structure has attracted much attentions in both theory research and
experiential fields. Apart form the direct simulation of the structure, multi-scale homog-
enization provides an approximated but analytical description of the periodic structure’s
dynamic behaviour. The continuous analytical formulation helps the understanding of
the mechanisms governing the global behaviour. The suggested ideas for future studies

are:

e The convergence of higher order models. In our studied rod or beam case, it has
been proved that the higher order homogenized model (obtained at second order
of expansion) decries more precisely the dynamic behaviour of periodic structure
than the classical homogenized model (obtained at leading order). According to the
expansion series, the higher order terms is a correction for the leading order. The
higher order it takes, the better model it will deduce. However, whether it exits
the limit of approximation or the exact dynamic behaviour will be fully described
with all expansion considered. A convergence theory about the approximation

limit needs to be discussed.

e The choice of the appropriate boundary conditions. In our studied case, the ho-
mogenized boundary conditions are formulated by the variational approach which
keeps the energy conservation. However, some of the artificial boundary conditions
have no physical explanations. The use of homogenised boundary conditions in-

stead of real boundary conditions could introduce significant perturbations, which
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appears in the HOH1 model of longitudinal case. More physical and reasonable

explanations about the boundary conditions are needed.

e For the framed structure, the homogenized models are obtained at leading order.
As there is no theoretical difficulty to derive them by carrying on further the
same process, the study of the higher order terms would be interesting for a more
accurate description, especially when the scale separation is weak. This approach
can also be extended without theoretical difficulty to investigate more realistic
structures, such as the braced framed structures, and the building where walls are

different from walls and form different geometries.

e Including all the homogenized models, even if the local resonance can be predicted,
the validity range is limited to the Bragg band gap. The researches on the expan-
sion of homogenization on higher frequency is still not completed. The convergence
study of the present homogenized theory may yield new enriched homogenization

models which are capable of describing correctly the existence of the Bragg band

gap.



Appendix A

Expansions in longitudinal

periodic case

The axial force in longitudinal vibration of periodic rod are:

qu® + (psin(ml)sin(nl) — qcos(ml)cos(nl))uP
pcos(ml)sin(nl) + gsin(ml)cos(nl)

NB =_5p

—pu® + (pcos(ml)cos(nl) — gsin(ml)sin(nl))u”

NP =—
5 pcos(ml)sin(nl) + gsin(ml)cos(nl)

Series expansions of the associated coefficient in the axial force:

1 1 (gm® + 3pm?n + 3gmn® + pn®) |

= o (I°
pcos(ml)sin(nl) 4+ gsin(ml)cos(nl)  (gm + pn) l+ 6 (qm + pn)? +0 ()
psin(ml)sin(nl) — gcos(ml)cos(nl) q N (m3¢® + 3m*npq + 3mn?p* + n3pq) l+0 ()
pcos(ml)sin(nl) + gsin(ml)cos(nl) — (mq+np)l 3 (mq + np)*
pcos(ml)cos(nl) — gsin(ml)sin(nl) P B (m3pq 4+ 3m2ng® + 3mn’pq + n3p2)l+0 (l3)
pcos(ml)sin(nl) + gsin(ml)cos(nl) — (mq + np)l 3 (mgq + np)*

Then using | = €L, the series expansions with respect to € are obtained.
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Expansions in transversal

periodic case

Linear equation system to deduce the moment and shear force.

uB uP [ 1 0 Ry Ra | [ MB ~(Rs1u® + R326")
6B _ oF . 0 —1 Ry3 Ruy T8 _ —(Ruu? + Ry20%)
MB MF 0 0 Riz Ru MF uP — (Ry1u®f + R1260%)
T5 TF | 0 0 Ry3 Ry | \ TF 07 — (Ra1u® + Roa0")

with R = RyRy. Asl = eL and ¢ < 1, the moment and shear force can be expanded
with respect to €. Here are the coeflicients in the series expanded.

For the moment, we have:

—6E,EpI ((0? — 1) B, — Eyo?)
(-14+a)'Ez2—2Eya (-14a) (a® — a+2) E, 4+ Ey?at

mi =

—4E.EyI ((Eq — Ey) o® — Ey)

m =
2 (B — By’ a* — 4E, (Eq — Ey) ad + 6B, (Ba — Ep) a2 — AE, (Eq — By) o+ E,?
—E,Ey] (—4 (B, — Ey) o® + 6 (E, — Ep) o — 2E,)
mnma =
’ (Ea - Eb)2 at — 4Ea (Ea - Eb) ol + 6Ea (Ea - Eb) o? — 4Ea (Ea - Eb) o+ Ea2
i —6E,Ey] ((Ea — Ep) & + (—2E, + 2 Ey) a + E,)
S (Ba— By’ at — 4B, (Ba— Ey) a3 + 6By (Ba — Ey) a® — 4B, (Ba — Ep) a + Eg?
- —E,EyI (4 (E, — Ep) o — 6 (E, — Ep) o + 2E,)
o =

(By — Eo)? o —4E, (E, — Ey) 03 + 6E, (B, — Ey) a2 — 4E 4 (E, — Ey) o + E,?
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—4E.Ey] (— (Eq — Ep) o2 + 3(Eq — Ey) o> — 3(E, — Ep) o+ Ey)
(Eq — Ey)* o — AE, (E, — Ey) 03 + 6E, (E, — Ey) a? — 4E, (E, — Ey) a + E}?

mio =

The other coefficients of moment are too long to write, but here are some useful
conclusions: m; —mg = —(mg + myg — m3g — ma), mg + mg = 0

For the shear force, we have

o —12E,EyI (-1 + a) E, — Eya)
LT 1+ @) B2 - 2Ba(—1+a) (a2 — a+ 2) By + By2al

—6E, Byl ((E, — Ey) o — E,)

to —

2 (Bo— By’ at — 4E, (Eq — Ey) a® + 6B, (Ba — Ep) a2 — AE, (Eq — Ey) o + B2
o —6E,Eyl (— (Ea — By) o* +2(E, — Ep) o — Ey)

S (Ea— Ep)at — 4E, (E, — Ey) % + 6B, (Ea — By) 02 — 4B, (Eq — Ey) a + Eg2

. —12B,EyI ((—1 + o) Eq — Eya)
’ (—14+a)* E,2 — 2E,a (=1 + ) (02 — a + 2) By + Ep%a?

b —6E.Ey] ((Eq — Ep) o* — E,)

Y By — By’ 0t — 4B, (Eq — Ey) 0® + 65, (Ba — Ep) a2 — AE, (Eq — By) o+ E,?
t —6E, Byl (— (Ea— By) 0 +2(Eq — Ey) o — E,)

10 =

(Ea - Eb)2 at — 4E, (Ea - Eb) o + 6E, (Ea - Eb) o? — 4E, (Ea - Eb) o+ Ea2
For the same reason, the other coefficients of shear force are not present, but here are

some useful conclusions: t; = tg,to = tg, t3 = t10,ts + t1 = 2(tg + t3),t11 +t5 =0



Appendix C

Appropriate boundary conditions

for equation of U

For clamped boundary condition:

U'=0

2EwIwU””/ _ AW2U, _ KU/// — 0
For free boundary condition:

—2E2I1,U"" + W?*E,INU' + E,IKU" +2E,, I, KU" =0
2B, I,U"" — Aw?U — KU" =0

U// — O
For simply-supported boundary condition:

U=0
2E, I, U™ — A*U — KU" =0

U"=0
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