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Ce sujet de mécanique des fluides porte sur l’analyse des fluctuations dans un
écoulement de base cisaillé verticalement, tournant verticalement et stratifié selon
une condition d’admissibilité. L’écoulement défini ci-dessus sera dit barocline. Une
telle configuration peut se retrouver dans de nombreux écoulements astrophysiques
et géophysiques mais également dans des écoulements industriels.

Pour parvenir à notre but je dispose d’outils de la mécanique des fluides. D’une part
la Théorie de Distorsion Rapide (TDR) développée par A. Salhi et C. Cambon[119] et
son équivalence démontrée avec la théorie des instabilités quadratiques. D’autre part
les méthodes numériques pseudo-spectrales de haute précision avec la possibilité de
généraliser, à un écoulement barocline, la méthode de R.S. Rogallo[115] d’homogénéi-
sation des écoulements cisaillés turbulents.

La mécanique des fluides est une branche classique de la physique mais les outils
pour la comprendre se sont toujours modernisés, et nos ancêtres n’ont pas attendu
les peintures de Léonard de Vinci pour s’émerveiller et anticiper des remous présents
dans un torrent. Aujourd’hui en ce début de 21◦ siècle, les cyclones intenses sont en
augmentation, les bouleversements climatiques mettent les problèmes de mécanique
des fluides au devant de la scène scientifique et médiatique.

L’Homme a toujours observé des phénomènes de fluides : les nuages qui se dé-
forment lentement, l’écume qui s’envole à la crête des vagues, la pluie tant attendue
pour l’irrigation des cultures et tant crainte lors des inondations, la mousse dans le
tambour de l’indispensable machine à laver, les échos sonores dans les vallées ro-
cheuses, la cuisson de la soupe dont la convection de Rayleigh-Bénard fait que l’on
ne sera pas obligé de jeter la casserole car le fond aura brûlé... Mais malgré l’om-
niprésence de la dynamique des fluides à l’échelle du vivant, l’équation qui régit le
mouvement d’un fluide incompressible pose toujours de nombreux problèmes. Pour
les mathématiciens, le problème d’existence, d’unicité et de régularité dans un es-
pace périodique de dimension 3 (3D) est toujours non résolu tandis qu’en dimension
2 (2D) de nombreux résultats existent. Le problème de la simplification de l’écoule-
ment 3D en écoulement 2D est au cœur de cette étude. En géophysique des fluides il
est souvent fait des approximations quasi-2D. Cette approximation a pour avantage de
réduire considérablement la complexité de la dynamique permettant ainsi de pousser
plus en avant les développements théoriques et numériques, mais en contre partie il
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est possible que certains mécanismes essentiels soient perdus.

Un sujet important en météorologie réside dans les instabilités de grandes échelles
des courants d’Ouest aux latitudes moyennes. Dans le laboratoire, cette instabilité
peut être modélisée par un écoulement cisaillé dans un anneau tournant avec un gra-
dient de température. Elle est appelée instabilité barocline car elle dépend uniquement
des différences entre les surfaces d’iso-densité et les surfaces d’iso-pression dans le
fluide. Il s’agira dans ce qui suit d’étudier les effets baroclines, pour des échelles de
mouvements tels que les nombres de Froude Fr = u

NL
et de Rossby Ro = u

2ΩL �
sont 10−3 . Fr . 103 et 10−3 . Ro . 103. Les équations sélectionnées seront celles
de Boussinesq dans le repère tournant, c’est-à-dire les équations de Navier-Stokes
incompressibles auxquelles la force de Coriolis et la force d’Archimède ont été ra-
joutées. Il existe une bibliographie gigantesque sur les théories des instabilités baro-
clines, souvent traitées avec des modèles quasi-2D et avec des effets de confinement,
mais bien que constituant une “brique élémentaire” pour les modèles de sous-maille,
le cas homogène 3D de turbulence barocline régi par les équations de Boussinesq n’a
jamais été envisagé.

Le chaos et la turbulence sont des thèmes récurrents et non dissociables de la
mécanique de fluides. Avec les équations de Navier-Stokes, il est possible, selon la
configuration, d’obtenir un écoulement, laminaire et/ou chaotique et/ou turbulent. Bien
que souvent utilisées dans les écoulements géophysiques quasi-2D, les études avec
les outils de la théorie du chaos, très délicats à utiliser dans un écoulement turbulent
3D, ne seront pas envisagées. Dans la présente étude nous nous concentrerons sur
la dynamique spectrale des écoulements faiblement turbulents où la séparation claire
entre les phénomènes ondulatoires et la turbulence n’est pas possible.

A court terme les grands défis pour l’humanité sont intiment liés à des problèmes
de mécanique des fluides et il est probable que les écoulements cisaillés-stratifiés-
tournants aient un rôle à jouer dans au moins deux de ces révolutions.
Avec le développement des appareils de mesures (capteurs, satellites, vidéos ...) et
de la puissance informatique (supercalculateurs parallèles) il est possible de cou-
pler modélisation et expérience d’une manière quasi-instantanée pour anticiper toutes
sortes de statistiques. Les modèles de prédiction de l’activité humaine, de calculs des
risques, et autre modèles de contrôle, ont besoin, puisque l’on ne peut pas simuler
toutes les échelles du problème, d’une bonne modélisation de la circulation atmo-
sphérique et océanique. Ces modèles qui couplent physique et économie sont indis-
pensables pour préserver l’avenir de la planète.
Un autre problème majeur du 21◦ siècle réside dans les ressources énergétiques.
Une solution envisageable est la fusion thermonucléaire, dont le conditionnement est
un problème de mécanique des fluides, que ce soit avec l’utilisation des tokamaks
ou avec la moins développée et plus controversée sono-fusion. Dans les tokamaks
le plasma de bord peut être représenté par un écoulement magnétohydrodynamique
turbulent. Cet écoulement stratifié tourne dans les directions toroïdales et poloïdales
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et le cisaillement est un moyen de contrôle.

Mais ce sont d’autres histoires. Revenons à notre étude à caractère plus fonda-
mental, qui est celle de la dynamique des fluctuations baroclines. La présentation de
ce travail de thèse s’articule autour de trois axes que je vais maintenant introduire et
justifier.

Chapitre 1 : La première partie est consacrée à établir en détail les équations qui
serviront aux études numériques et à la théorie de distorsion rapide. Notons toute-
fois que les équations de la distorsion rapide peuvent être établies par une autre voie
indépendamment de l’espace physique et plus propre à la turbulence d’onde. Étant
donné que les équations présentées dans ce chapitre seront à la base des études
ultérieures, il est nécessaire de maîtriser les approximations qui sont invoquées pour
les écrire. Un autre but de ce chapitre est de faire le lien entre les études classiques
et la nouvelle étude en montrant que la nouvelle étude tri-périodique n’est pas décon-
nectée des précédentes (Eady 1949) ; c’est une étude plus raffinée. Enfin la théorie
de distorsion rapide sera présentée et les solutions exactes en K1 = 0 trouvées par
A. Salhi et C. Cambon[119] seront utilisées pour montrer la pertinence de la distorsion
rapide pour les écoulements géophysiques.

Chapitre 2 : Dans cette partie le code de distorsion rapide LF5 est utilisé pour
simuler un fluide barocline 3D non-visqueux et non-diffusif régi par la dynamique li-
néaire. Le but de ce chapitre est l’étude numérique rigoureuse du problème de distor-
sion rapide lorsque K1 6= 0. La dépendance du problème aux paramètres de gradient
ε et Ri sera entièrement caractérisée avec l’utilisation des fonctions de Green détermi-
nistes. L’anisotropie spectrale sera aussi caractérisée par représentation de la densité
d’énergie sur une sphère dans l’espace spectral. De plus en se donnant un champ
de turbulence parfaitement isotrope à l’initialisation nous pourrons reconstruire le ten-
seur de Reynolds exprimé dans la base fixe et dans la base de Craya-Herring. Enfin
nous comparerons les taux de croissance obtenus en distorsion rapide avec ceux de
la théorie de l’instabilité barocline d’Eady 1949

Chapitre 3 : Dans ce dernier chapitre le code de simulation numérique directe
TR5 est utilisé pour simuler une turbulence barocline initialement isotrope avec un
nombre de points de collocation allant jusqu’à 5123. Les statistiques en 1 point de
temps et d’espace d’ordre 2, 3, 4 permettront de dégager les tendances des fluc-
tuations baroclines non-linéaires aux paramètres (ε, Ri). Les spectres sphériques et
directionnels permettront une meilleure compréhension des transferts énergétiques
entre nombres d’ondes lors de l’instabilité. Puis le tout sera complété par des visua-
lisations instantanées tridimensionnelles de la turbulence dans l’espace physique. La
dynamique linéaire et la dynamique non-linéaire seront comparées avec précision et
les différences seront identifiées. Enfin nous essayerons de relier les résultats obtenus
au contexte de la prévision météorologique en utilisant les spectres issus des simula-
tions numériques directes.

Annexe : Validation des codes de calculs LF5 et TR5. Une méthode efficace de
validation automatique, lorsque l’on est en constant développement, est utilisée.

� �



Chapitre 1
��� � �*�D���E
  � � � � � 
 ��� � ���I��� ��
�� ���I � �)�)�����
� � � ��
 � 
�� �j� ��D� �k�D� ���

	�
��
����������������� �����! #"$�%�&
(')
�)*,+!�-��.��/�0"$�%�1
(+�*�2+�34��-��56�� 7���8����+��8�:9;*.<+; ��/*.2���8�! = ���>8�%5?
�@+�*A.B.B�DC:�E���
A�$�8�8��FHGJIDKHLMK NOKQPR�%�&
�S<���T�,�6�!.U+�*A5VSW 7�0"$���1
'�
�X*Y+!�E��.B�H�?�8�! Z�8[�����5\��.� R��5�S4*A�� H
.< 7�%"O
A.2���1�S]�X*$'!�1>�5\�0"$�%�1
^S4
�)
5\_! ��8���!
O ���*.WK<`0a�b2c�dfe�eg^h,iAjAk
l c;mVn)oBp;eg)q�c;mVb2csrTt0n)u2g)v2u2r�c!wBx;c�bBtMwBm#rTt?y l{z| k4h!}{~��Aj4h����AjA���Yh,�4a��4a��

�V_8�8���- H
O ��#S<����.<+;��S4
A��
1 � �8��_��!�4
O ���*.B��"$�8���Q�2+; ��2
A ��/*.2�V"@� �D.�_)+�*������5\��.� Z+!���!
������_��7�� ��)
A �� ��_��� H*����.<
.� �
O"50�T����8�H'�����S2�!�85\�! / 7��.< �"$��"$_��=.B���V��.^S<�-�$�V"�? ��)
O"�� ���*A.B.]���B 7��5�S��V')
�)*,+!�-��.]�s"$�R�#
O"�

τB3 = N
Sf"$���A��
�4 ��)�8�% 7�!5VS<�6')
�)*,+!�-��.]���%.<*���M�)
�A���

τB1 = 4π2S
Nf

�! 
τB2 = f

SN

2 � 
^�;*�-�� ��/*.��)�O
O+, 7�%��. K1 = 0
C� ��X*A�D�M_��QS4
�#�%K<�W
��3D���! ��:KZ�Z
5\')*.�FH�4�O�O�JC< )¡M�4�£¢7NJC�8�� Q�4 ����-�T�,_��#S4*���^5?*.� ��������!�B���1
\ �34_�*�8�H�0"$�6"���� H*�8�8�/*.f�X
8S]��"$�#S<��_��J*A�� #"$�8��+;�X*�����;
.<+�����)�8S4*A.]��.� ��H�����1�8�¤�8�YS2_����H���D���8�f¥¦+8�������8��*$'! 7��.��2�8��
��)+����¤5?*,"$>!�1��"$�\�#
$"�§¡¨,©{L�"$
.2�ª�1
« 
505\�6"$�%.<*5\'����8��"$�s�V��+�34
�X"�!*. 0 < Ri . 0, 91

¬\M¬ ®@¯�°Z±R²�³¦´¦µ�°:¶J²ª¯
� ��*����	(_N+W	
¬_^
 G3-.\a*��	
÷f����	(�\a�	����
��hW	�6�)f���W]_^
LB½
���*j�]�+B �<H+���	
 f�\a([-�\a_^_^�ñ��(�*[�[-�*[\T�	�Ë��*���W	���P-���*

,�
)��*�\^f¥-._^
LB½
���*½*[��\ ' ����\a�Z�]\YN+W	
 � @ YP-.(��$(�W	�¬_a
�(¬�KN+WP-.*[\a���	( �	
 1 ��W	(�(�\^�	
)(?N�� � ����\^��_a\^(½
�(�*÷�	��Wj�
,�
�-�W�¸ 'ö� H��)� ' ��µj(�\TNjW]
 \^_Ó
#MZ\^(�*[
$W	�]
rBhW	_a*�\a*�W	�	
9��� �Ë*[W	�]
�(1(�W]�÷_^
)(÷��f)��W	_^
KB 
)��*[(÷YP-.���jf�_^\a�	
�(
$3\o¸ 
.¸öf�\a([-�\a_^_^�ñ��(�*[�[-�*[\T�	�Ë��*���W	���P-���*ç,�
���*�\^f�-�_^
KB 
)�+*Z4_B¬-�\a(æ_�����f)��W	_^
KB 
)��* �]�+B �<H+���	
 � @�YP-�(��J(�W	�
_^
)(`�LN+WP-�*[\^���	(`�	
 1 ��W	(�(�\^�	
)(?N�� � ����\^��_a\^(ë��� - ' -�(`�)*��D
���,j\^(�-<H���¸ . 
)( ' ��
LB½\^
���(65h_�� -¥,���\a�0G3-�\g*×(�����*
�ç¸R(Z-�_Y�	\¸· � ¸ � -<BhYG���º¹	f.� 
)(�*�_^
 ' ��\^��*X�	
Ä�	� ' -���*��]
 f)
)*�*[
D*����)(�
.¸

@b-��	(Äf)
½fZ�	- ' \a*���
�	��W](Df��+BAB 
)�	f�
)�����]( ' -��DW	�ª�[- ']' 
)_ö�	
�(Ä�LN+WP-�*[\^���	(D�	
_ -÷�]µj�P-JB \TNjW]

�	
)(  W	\a�	
�(�*[�[-�*[\T�	��(×*���W	���	-���*`
��1(�W	\a,.-���*×_^
�BA{LB½
fH�
��	��
b�	
b�]�LB -���fZ�	
�NjW]
bf�
)_^_^
ÓW]*�\^_^\a(��)
 ' -.�F ¸]�ç¸ 1 _ -.\^(��]
�_^_X$ � ��� � P�» �O¼ P]fZ�P- ' �+4��P-��	(&(�-ç*����)(�
Ä�	
U@��jf)*����[-�*¥¸ . -ç*?����(�
D�	
�@��jf)*[���[-.*&�]
 F ¸

���



������� ÖñØPÊoÅ[ð�Í�ÌPÈËÊoÃ�ð�Ø

�ç¸ 1 _ -�\a(��	
)_^_�
)(�*�W	�J�]�),�
)_^� ']' 
KB 
)�+*�
)*�W	�	
 W]*�\^_^\a([-.*�\^��� ����W	�»f)�Z�	
 �	
Ä(�\TBhW	_^-.*[\a���1�+W�B �)��\TNjW]

�	\a��
�fË*[
�
)*`W]�	
b�)*�W	�	
b�]
�_ -Ä*[W	��Y	W	_a
��	f)
��	�+B½�+H+�)�	
�f)�+B ' ��
)(�(�\aY	_^
Óf�\a([-�\a_^_a��
<P�f)
�N+W	\�_ -���
��	� *[�?�)(
' ���ZfZ�	
 �	
¬_^- ' ����(�
���*[
÷�Ë*[W	�]
�¸ 'ö�	(�W	\a*�
¬�	��W	( G¢
)�����	(�W	�¯��- '	' 
�_��	
�(h�KN+WP-.*[\a���	(��	
¬_^-V*�W	��Y	Wj�
_^
)�	f�
6�]�+B �<H+���	
 ' ��W	�KP ' -��ö_^-b(�W	\g*[
JP��)*[-�Y	_^\a��_ -bf)���	�	\g*[\a���h*[�n��(ö\YB ' ����*[-���*[
`��� -���B½\^(�(�\aY	\^_a\a*[�@(�W	�
_^
 B ��W],�
KB 
)�+*�B ��µ�
���¸ lí-���_ - BA{LB½
ç�jf�f�-�(�\a���»�]
�(D�	��WZ,�
¥-.W	M»*�
LB ' (b_a\^�	��-�\^��
�(X(�
)������*D\a�+*����.�
�	W	\g*[()¸ '@�](�W	\g*[
X�	��W	(@\a�+*����j�	W	\a�����	(ö_a
&fZ�P-���H�
LB½
���*��	
Ó,.-���\ -�Y]_^
�(í�	
f' ¸ (�¸|'X�+H�-�_a_^�;$ � �+] � PW» � � )O¼ 4
' ��W	�Ó��f���\^��
�_a
�(Ó�LN+WP-.*�\^���	(�N+W	\ó(�
�������*b\YB ' _a�LB½
���*[�)
�(X�P-��	(�_^
 f��j�	
 �	
çf�-�_^f)W	_^()¸ . 
)(�N+WP-���*�\a*[�)(
(�*[-.*[\a(�*�\YN+W	
�(�NjW]\í(�
)������*ÄW]*�\^_a\^(��)
�(�5÷_ -;G¢��\^(��P-��	(b_a
�(b�Ë*[W	�]
�(D�	
h�]\^(�*�����(�\^���»�[- ' \a�	
ç
Ë*D�P-��](b_^
)(
(�\TBhW	_^-.*[\a���	(×�+W�B½����\YN+W	
)(&�	\^��
�f)*�
�(X�	���j��_^\a�	�¥-.\^��
)(×(�����*X\^��*[���Z�	W]\a*[
)(`�P-��](Óf)
ÄfZ�P- ' \g*[��
.¸eló��W	�&_^
)(
�	
)W	M¬- '	' ���ZfZ�	
)(LP+_^
)(ë�KN+WP-.*[\a���	(@(����+* 5Ä_�������\TH�\^�	
×_^
�(gBA{LB½
�(KPj
)_^_a
�(ö(����+*�*[��W]*[
)(×_^
)(@�	
�W	M½Y	-�(��)
�(
(�W]�×_^
)(ë�KN+WP-.*[\a���	(��	
Ó_ -Ä�]µj�P-<B½\YN+W	
Ó��� W]�÷��f)��W	_^
KB 
)��*×(�*[�[-�*[\T�	�Ó*���W	���	-���*¥¸ � ��W](ë,�
)�������	(`-.W	(�(�\
f��<B B½
���*b_a
�(b�KN+WP-.*[\a���	( N+WP-.(�\g� H�����(�*[��� ' �	\TN+W	
h(����+*Ä��Y]*[
)�jW]
�(Ä-¥,�
)f½_a
�(b�KN+WP-.*[\a���	(b�]
 1 ��W	(�(�\²�
�	
)(?N½
)*&_a
 ' ����Y	_T�LB½
�f)_ -�(�(�\YN+W	
��	
 '@-��]µ ' ��W	�ë_�� -.*�B½��( ' ������
�¸	lí-��ë_ -�(�W	\a*�
�_a
�(×�KN+WP-.*[\a���	(ë�	
�_^-
�	\a(�*[����(�\a���1�[- ' \^�	
D(�
�������*�\a�+*����j�	W	\g*[
�()¸

� s � s � � � � |��[�]� � �Zz�xy|@�¯��wy�]��u�x�z��Zwy� � � � � ���]z�xy| |�� �K����u�xy|q{}| � � z@�b{}wy���
�Zw��bxy|

. 
�(»�)f���W]_^
LB½
���*�(»-.*?B ��( ' �	�)��\TNjW]
�(LP ' ��W	�O{)*���
¤
��"�KN+W	\^_a\^Y	��
 �]µj�P-<B½\YN+W	
�	��\a,�
���*J([-.*�\^(��
G3-�\a��
&_ - MOHjF3N]L�l3EGk ©mp «GHjk�LÄL �mH+M�®¯l3n�pqH ¸ � 
)*�*�
���
�_ -�*[\^���QP<N+W	\�
�(�*×\a���	�)��
���*�
b-�W	Mæ��f���W	_^
KB 
)�+*�(
(�*��[-.*�\T�P�)(���*[��W	���P-���*[(6$3(�W]\a,.-���*ö_ - BA{LB½
×�]\^��
)f)*�\^���-4yP._a\^
ë_^
 H��[-��	\a
���*ö�	
`,j\g*[
�(�(�
`,�
���*�\^f�-�_^
&-.WjH��[-��
�	\a
���*@�	
  ��*�*É-�Y	\a_^\g*[�3�	����\ � ����*[-�_^
.¸ . 
�( � ���	
�(@�	
6G¢����*�H���-��	\^
)��*@�	
`,j\a*[
)(�(�
�G¢���?B½
������+*@�]
�(�G¢������*�(
�	
Ó*[
LB ' ���[-�*[W	��
�¸Iló��W]�×_^
)(ë�jf���-��	�+H��[- ' �]
�(LPj_�� -��P-._^�+H�W]
Ó�]
�_ -Ä��
)_ -.*�\^����	W ,�
���*`*?�	
��nB \TN+W	
<P+
�(�*
_^
 C�EGpqM�N	k�L»L �qH+M�® E
	 �qNPF3lok ¸ . -9f)���m�eH�W]�[-.*�\^����	
½_�����f���W	_^
KB 
)�+*WB½��µ�
�� N+W	\@(�
���-Jf)���	(�\a�	�����

�(�*D,j\^(�\aY	_^
�(�W	�D_a
h�	
)(�(�\a� � ¸ � ¸v@b-��](Df�
)*�*[
æf)���m�eH�W]�[-.*�\^��� ��� ' 
�WZ*��(���\a*D\TB ' ��(�
)��_a
_H��[-.�	\^
)�+*
�	����\ � ����*É-�_P�	
��	
��](�\a*���f)
�N+W	\G
���*[��-�\^�]
��[- _^
�B½��W],�
KB 
)��*`�	W  W	\^�]
�(�*[�[-�*[\T�	�Ë��*���W	���P-���*�$3f���
�(�*&_^

B½��*[
)W	�D�	
_ -1f�\a��f)W	_ -.*�\^����H����	�)�[-�_a
-.*�B½��( ' �	����\YN+W	

)* �jf���-��	\YN+W	
 4�(���\g*Ä\YB ' ��(�
��D_a
jH��[-.�	\^
)�+*
,�
)��*�\^f¥-._j�]
ë,j\a*�
�(�(�
×_a����H�\g*[W	�	\a�P-�_a
�$3f)\^([-.\^_^_a
LB½
���*QG¢������*É-�_a
 4QN+W	\Z
)��*[�[-.\^�	
)�[-XW	�_H���-��	\^
)��*X�]����\ � ���Z�
*É-._^
Ó�	
��	
)�	(�\g*[�.¸ . ����f���W	_^
KB 
)�+*×�	
�_^-���H�W	��
 � ¸ � 
�(�*`W	�¬��f���W	_^
KB 
)�+*×f�\a([-�\a_^_^�ñ��(�*[�[-�*[\T�	�Ë��*���W	���P-���*«GH+MOL�loC�NPF¢Hj® Hjk�L -���B½\^(�(�\^Y]_^
�¸ � 
Ë*�*�
���f)��W	_a
LB½
���*`(�
��[- ' _^W	(ë(�\TB ' _a
LB½
���*ë- '	' 
�_a_^� ijC�E�pmF¢HZ®¤HZkGL¦mN	MOEKC�Fol3kqH ¸I@b-.�	(×fZ�P-JNjW]
 �	�LB½\^( ' ���)��
�_a
fG¢������* ' ��_^-�\^��
&
�(�*×_ - _^\YB½\a*�
`
���*���
�_o� -.\^��
 ' ��_ -.\^��
&
Ë*`_^-
f�
)_^_aW	_^
D�	
 CP
�����
�_o¸	��WJ�	\a,�
¥-�WJ�	
Äf�
Ë*�*[
�_^\TB \g*[
�\a_�µ9-W	� ' \afÄ�	W�H���-��	\a
���*Ó�	
D*[
LB ' ���[-�*[W	��
�¸ . 

G¢�����+* ' ��_ -�\a��
&
)(�*ë_^
Ó����(�W	_a*[-.*��	
�_^-D��
��]f�����*[��
b�	
Ó_�� -�\^�oG¢����\^� ' ��_ -�\a��
`
Ë*`�	
Ó_�� -�\a�öfZ�P-�W	�¬*���� ' \^f¥-._�¸� ��
�(�*çW	� G¢������*ç(�*É-.*�\^���	�	-�\^��
h*É-���* NjW]
¬_^
)( B -�(�(�
�(���� -�\^�Ä�	
 Y���WmH�
���* ' -�(ç_o� W]�	
 ' -�����- '	' ����*
5$_�� -�W]*���
.¸ . -»*��]������\^
¬�]W G¢������* ' ��_ -.\^��
½�	\g*_N+W	
1_^
)(hf)µjf)_^���	
)(æ�	
�(æ_^-.*[\g*[W	�]
�(DB½��µ�
)�	�	
�(æ(�����*
-�(�(��jf�\^�)(�5hf�
Ë*�*[
DY	-�����\Y����
�¸ 'ö�*�]\a,�
)�`_^
�G¢������* ' ��_ -.\^��
Ó(�
D�]� ' _^-�f�
b,�
���(&_o� �KN+WP-.*[
)W	�&�	
b(�����*�
UN+W	

_^
)(D�	� ' ��
�(�(�\a���	( (�����*��	�+B½\^�P-���*�
�(D
�� �	\g,�
��)¸ 'ö�¤�Ë*[�f���
�(�*ç_a
æf�����*[��-�\^��
<P�_a
�(��P-�WZ*[
�( ' ��
�(�(�\^���	(
$o-.�+*�\^fËµZf)_^���]
 4×�	�+B½\^�]
���*¥¸

� s � s�� : ��É���	| � �]wy|Kx � �K���b� � �Zwy�`u�|��b��|Axyz ���b�����]|Az@u
f
���bxyz �

@b-��	(qf)
)*�*�
@(�
�fË*[\a�����]��W	(q-�_a_^���	(��[- '	' 
�_a
��K_a
�(q- '	' ��� MZ\YB -.*[\a���	(�
Ë*q��
)_ -.*�\^���	(�\YB ' ����*É-���*�
�(��	
)(
��f)��W	_a
LB½
���*[( H���� ' ��µj(�\TN+W	
�(D*[��W	���P-.�+* NjW]\í(�
)������*ÄW]*�\^_a\^(��)(��	-��	(D�	��*���
 B �j����_a
�¸ � �+BAB 
)��p����](
' -��&
 �
)f)*�W	
��ÓW	�9fZ�P-���H�
KB 
)��*��]
���
 ' ����
.¸
BDn�pqN]LOl¢EGk �öEGpmM¬pók��ípmlo©qH»L�EGpqM.kqNPk�L

ló��W]�í_ - ' �����	\af)*[\a��� 
)*�_^-Óf)�+B ' ���K�	
��	(�\^�����	
�(ó��f)��W	_^
KB 
)��*[(>H���� ' ��µj(�\TN+W	
�(�\a_+
�(�* ' _aW	(í(�\YB ' _^

������Y	(�
���,�
��ö_a
  W	\a�	
×�	-��	(�W	�ç���KG¢�)��
)�+*�\^
)_Z*[��W	���P-.�+*�-.*�*[-�fZ�	�65�_ -�( ' ���)��
×*���W	���	-���*[
�¸$'ö� ' -�(�(�-���*
��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú � )



������� ÖñØPÊoÅ[ð�Í�ÌPÈËÊoÃ�ð�Ø

������� �	��
���� � �	� � 
� ���� � � � 
�� � ������ � � � � �	� � �

�������! #"%$!&
' " � &  )( ��*� " � "+$�,  &�-

�������� " $!&
' " � &  ( ��*� " '  & " , , " .�/�021 043 /�56 57�8 /�9

:
1

:
2

;
3

< �>=@? � ¸ ��A ,öf)��W	_^
KB 
)��*Ó-���B½\^(�(�\^Y	_a

' -���_ - G¢���nBhW	_^-.*[\a��� . -<H��[-���H�\^
��]�	
<PG��� ' -���*D�	
)(D�LN+WP-.*�\^���	(��P-��	(D_a
ç��
 ' �)��
 F -�_^\a_^�)
�� ' W	\^(����
G3-�\g*hW	�7fZ�P-��mH�
LB½
���*½�	
1��
 ' �)��
1
Ë*\^_ë,j\a
���*_^
)(h�LN+WP-.*�\^���](æ�P-��	(æ_a
1���KG¢�)��
)�+*�\^
)_×*[��W]���P-���*�¸ . 

(�µj(�*��LB½
 �	
Ä_ -h�]µj�P-<B½\YN+W	
Ä�P-.�	(XW	�J��
 ' ����
Ä*���W	���P-���*Ó(���
#M ' ��\TB 


dρ

dt
+ ρ.

−→∇u = 0 $ � ¸ � -�4
du

dt
+ 2Ω ∧ u + Ω ∧ (Ω ∧ x) = −1

ρ

−→∇p + g +
1

ρ
∇τ $ � ¸ � Ye4

ρC
dT

dt
= −p∇u + Φµ + κ∆T $ � ¸ � f 4
f(p, T, ρ) = 0 $ � ¸ � �e4

ló��W	�ö_����)*�W	�	
`�	
`*�W	��Y]W	_^
)�	f�
/�]�+B �<H+���	
 NjW]
&_������h
���,j\^(�-<H�
JP�f�
&��
 ' ����
&
)(�*@\a�jWZ*[\^_a\^(�-�Y	_^
@f�-���\^_j
�(�*
\^��*���\^�](?�LN+W	
KB 
)��*&\^���]�+B �<H+���	
�lí-.�×
#MZ
KB ' _a
b_^
Ó(�µj(�*��LB½
A$ � ¸ � 4�(�
)�[-�\g*`W]*�\^_a\^([-.Y	_^
&(�\�_������½,���W	_^-�\a*
B½�Z�	�)_^\a(�
��D_^-1f�\^��f�W	_^-.*[\a����H����]���[-._^
�	
½_�� -.*�B½��( ' ������
�¸tló��W	��_a
 ��
��	�]��
½W]*[\a_^\^(�-�Y	_a
h\^_oG3-�WZ*WG3-.\^��

_�� - '	' ��� MZ\YB -.*[\a���÷�	W f � ' _ -���¸mló��W]� ' -���,�
��	\a��5æ_o� - ']' ��� MZ\YB -.*[\a���÷�	W f � ' _ -��1f)�+BAB 
)��p����]( ' -��G3-�\a��
b_o� - ']' ��� MZ\YB -.*[\a���÷�	W β � ' _^-���¸
� HZ°N+� �óMOEj³qlo®¤N]LOl¢E�km°æ©mp �íF¢NPk<L�NPk ��Hjk�L

lí-��@
yM]
KB ' _^
X_^����(?N+W	
X_������(���\^��*�����
)(�(�
�5ÄW	�½��f���W	_^
KB 
)�+*��	
X_o� �����	��
&�]
 100 km 5 _^-b(�W	��G3-�f�

�	
Ó_ - �ó
)����
�\a_P��� 
)(�* ' -�(��	��f)
�(�([-�\a��
��]
�f�-�_^f)W	_^
)�@*���W]*�_�����f)��W	_a
LB½
���*�(�W	�ë_ -D( ' �m����
.¸ . 
)(0H��)� ' ��µ��
(�\af�\a
��	(ö����*@_o� �P-.Y	\a*�W	�	
`�	
6G3-�\a��
`�]
�W	M½- '	' ��� MZ\YB -.*�\^���	()¸ . ��W	�	
X
�(�*@_�� - '	' ��� M]\TB¬-�*[\^���ç�	W β � ' _^-��QP_�� -�W]*���
X
�(�*×_o� - '	' ��� MZ\YB -.*�\^���æ�	W f � ' _ -���¸ . � - ']' ��� MZ\YB -.*[\a����	W f � ' _^-��
�(�* ' _aW	(ë��
�(�*[��\af)*�\a,�
fN+W	
f�
)_^_a
D�	W β � ' _ -���¸ló��W]��
��
�fË*[W	
)��_�� N+� �óMOEZ³Klo® NZLOl3EGk$©mp β

	 �óF3NPk ���h(�
 ' _^-�f�
ë�P-��	(óW	�æ��
 ' �)��
`_a�Zf�-�_+��� ����\YH�\^�	


��¤W	� ' ��\a��* Ogeo

Pq(�\a*[W]�½(�W	�Ä_ -1( ' ������
 *[
)����
�(�*���
.¸ � 
)f�\ ' 
��?B½
)* �	
;G3-�\a��
æW	��	�),�
�_a� '	' 
LB½
���*
�	
 �ó-¥µZ_a���&-�WZ*[��W	�&�]W9��-¥µ����V�	
D_^- ' _ -.���)*�
�¸e@b-.�	(&_�� - '	' ��� M]\TB¬-�*[\^���¬�	W β � ' _^-��÷_a
 H��[-.�	\^
)�+*`�	W' -���-<BA�)*[��
��]
 � ����\a��_^\a( β 
�(�* ' ��\a(×
)�÷f��+B ' *�
�¸ . 
�H��[-.�	\^
)�+*`- ' ��W	��f����	(��LN+W	
)�	f�
Ä�	
�f����)
��`W]�	


��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú � "



������� ÖñØPÊoÅ[ð�Í�ÌPÈËÊoÃ�ð�Ø

f�
)��*[-�\^�	
�\^���]�+B �<H����	�)\a*��WB½����\^�	\a���P-�_a
�¸	��W	MJ_ -.*�\a*�W	�	
�(fB½�Oµ�
��	�]
�(b_a
 ' -���-<BA�)*[��
 β 
)(�*b*�
�_ N+W	

β = O(10−11) s−1.m−1 $ ´ ¸-ló
��]_^��(nw+µ<P � �+]��	P�» � � � ¼uP ' �$� )<4Ë¸

ló��W]��(�� -���[-��]fZ�	\^���	
ç_o� \a���	�+B½�+H��)�	��\g*[�D���$f)���	(�\^�	�)��
DN+W	
�_ -;G¢����f)
��	
 � ����\a��_^\a(&�	
ç�	� ' 
)�	�
' _aW	(��	
ç_ -¬_^-.*[\g*[W	�	
JP�f���
�(�*Ä_o� N)� �mMOEZ³ql3® N]LOl¢EGkv©óp f

	 �íF¢NPk ¸�¶k{KB 
ç�P-��	(b_o� - '	' ��� MZ\YB -.*�\^���9�	W
f � ' _ -�� _ -rG¢����f�
9�	
 � ����\^��_^\a(æ
)*÷_^-^G¢����f)
»����
���*[��-�� �]
LB½
���*¬(�����*¬*���W9[���W	��( ' ����(�
���*[
)(�¸ �@��µ����	(f��<B B½
���*X(���
#M ' ��\YB½
���*Ó_ -DG¢����f�
Ä�	
 � ����\^��_a\^(×
Ë*Ó_ -DG¢����f�
Ä����
���*[��-�� �	
KB 
)��*¥¸
� E�M.C�H»©�±²Hjk�L�MON��okqHZ®¤HZkGL 	 � E�M�C�H ©qH � E�M�l3EGF3lo°

@b-��	( _^
V��
 ' �)��
9*[��W	���P-���* �	
�W	M G¢����f�
)( (�W '	' _a�LB½
���*É-�\a��
)(½,j\^
)�	�	
)�+*¬(�� - [���W]*�
�� -�W	M��LN+WP-O�
*[\a���	(ë�	WOB ��WZ,�
LB½
���*�¸ . � W]�	
D
�(�*X_ -WG¢����f�
D��� \a�	
���*[\^
�����
���*[��-�� �	
KB 
)��*&
)*&_o� -.W]*[��
b
�(�*&_ - G¢����f�
��	
� ����\^��_a\^(�¸. - � EGM�C�H»©�±gl3kmH+M�LOl¢H»©@±²HZkGL�MON���kqHj® Hjk�L

fEnt

�(�*ÓW	�	
UG¢���	fË*[\^���1�	W9*[-�W	M÷�	
Ä����*[-.*[\a��� Ω 
Ë*�	
Ä_ -h�]\^(�*[-��	f)
 �]
 _^- ' -���*�\^f)W	_^
b�]
  W	\^�	
W5æ_�� -9MZ
D�	
Ä���.*É-.*�\^��� x �	�K�	�	\^
 ' -.�

fEnt = −Ω ∧ Ω ∧ x $ � ¸ �+4
� 
)*�*[
_G¢����f�
æ�)*[-���*D\^������*[-.*[\a���	�	
)_^_a
 ��� ' 
)W]*D�	�#�P�	\^��W	�	
æ�	��WZ,�
�_a_^
ç,.-���\ -�Y]_^
 �	
 ' ��
)(�(�\^��� _^-

f����+*�
��P-.�+*
fEnt = −∇(

1

2
Ω2(x − (x.Ω)Ω

Ω2
)) $ � ¸ � 4

. - � E�M�C�Hæ©mH � E�M�l3EGF3lo°
fCor

(���
#M ' ��\YB½
×
�� G¢���	f)*�\^�����	Wç*[-�W	M��	
`����*É-.*�\^��� Ω 
)*í�	
×_^-Ó,j\a*�
�(�(�
�	
Ä_ - ' -���*�\^f�W]_^
D�	
  W	\a�	
 u (���W	(X_ -_G¢���?B½


fCor = −2Ω ∧ u $ � ¸ � 4
@b-��](�_a
 ' ����Y	_T�LB½
h*[��\g� ' ����\^�j�	\YN+W	
DNjW]
 �	��W	(�
)��,Z\a([-<H�
����	( _ -�G¢����f�
����\^�	
)��*�\^
����
���*[��-�� �	
KB 
)��*
$ � ¸ �+4�(�
��[-�B½\^(�
ö(���W	(m([-�G¢���?B½
ö�	
 ' ��*�
���*[\a
�_R$ � ¸ � 4�
)*ó_ -`�	��WZ,�
�_a_^
ö,.-���\^-�Y	_a
ö�	
 ' ��
)(�(�\a���ç(�
���-�-�\a�	(�\
W	�	
 ' ��
)(�(�\^��� B �j�	\T�	��
�¸tlm��W	� ��
 ' ���)(�
���*�
��æ_ -1�]µj�P-JB \TNjW]
 �	
)(ç�)f���W	_a
LB½
���*[(ç-.*�B½��( ' �	����\YN+W	
)(
������fZ�	
)_^_a
Ó�]
�_a����H�W	
)W	�@�	
X_��������]��
X�	
 1 km _^
&(�µj(�*��KB 
_$ � ¸ � 4��	
Óf�����,j\^
)��* ' -.(�f�-��@\^_P��
 ' ����(�
)��*[
�	
)(3B½��W],�
LB½
���*[(@������fZ�]
�_^_a
�(ö�	
X_a����H�W	
)W	��
Ë*@�	
&*[
LB ' (�*���� ' �Ë*[
��]�	W	(�¸|2�_mG3-.W]*@(�� -���[-��	fZ�]\^�ö�	
&_^-
f��<B ' ��
�(�(�\^Y]\^_^\g*[� ' ����(�
���*[
��P-��	(�_^
)(��KN+WP-.*[\a���	(�$ � ¸ � 4ñ¸|2�_G
yMZ\^(�*�
��]
��	�<BhY	��
)W	(�
)(`- ']' ��� MZ\YB -.*[\a���	(
' ��W	�6B½�Z�	�)_^\a(�
��×_^
�(&�)f���W]_^
LB½
���*�(fH���� ' ��µj(�\TN+W	
�()¸

� s � s�� ; �����	���Xw�{}zö�Zwy� � ��|	�¤�@u��j�jw � |K�Z�
�m,�
�fæ_^-¬f�_^-�(�(�\YN+W	
h- '	' ��� MZ\YB -.*�\^���9�	
 1 ��W	(�(�\^�	
)(?N-P��	����*D_a
�( ' ��\^�]f�\ ' -�_^
)(���µ ' �.*����)(�
�(D(�����*

���)f¥- ' \a*[W]_^��
)(ë�	-��	(×_a
&*É-�Y	_a
¥-�W � ¸ � ¸ � P+���¬��YZ*[\^
)��*×_a
�(��LN+WP-.*�\^���	( ' ��W	��_^
  W	\^�]
�(�*[�[-�*[\T�	�Ó
Ë*×*���W	���
�P-���*�¸ . -  ��*�*[-�Y	\^_a\a*��D�	��(�\YH��	
 _ -½f¥- ' -�f�\g*[� ��� W]�	
 ' -.��*[\af�W	_a
W5¬-�_a_^
��&,�
���(�_^
W�P-�W]*�¸ 'ö�$��� -�WZ*[��
)(
B½��*[(Df.� 
)(�* _ -1f¥- ' -�f�\g*[�æ����W	�	
 ' -.��*[\af�W	_a
j5 ' ��W],���\a�  ��*�*[
��)¸ . 
æfZ�P-<B ' �	
  �.*�*É-.Y	\^_a\a*[� 
�(�* �	

BA{LB½
D(�\YH��	
UN+W	
�_a
DfZ�P-<B ' �]
Ä*�
LB ' �)�[-.*�W	��
.¸ � ��
�(�*��\5����	\^��
UN+W	
�_a
�( � ���	
�(X�	
UG¢����*[
  ��*�*É-�Y	\a_^\g*[�
f�������
)( ' ���	�	
)��*¬-.W	M � ���	
�(�	
�G¢����*[
÷*�
LB ' �)�[-.*�W	��
.¸�ló��W	�j{)*���
 ' _aW	( ' ���)f�\a(æ_ -  �.*�*É-.Y	\^_a\a*[�½
�(�*
�	�#�P�	\^
�5 ' -���*�\^���	
1_ -»�]
��	(�\a*[� ρ Pí�	
1_^-�H��[-¥,j\a*�� g 
)*æ�]
1_ -»�	
)�	(�\g*[�1�	
1���KG¢�)��
��]f�
 ρ0

' -��h_^-
G¢���nBhW	_^


b = − g

ρ0
ρ $ � ¸ )<4

� �+BAB 
 ' ����f��)�	
LBAB½
���* P�
��$f)���	(�\a�	����-���*UN+W	
ç�]��*[��
ç_^��\m��� �Ë*É-.*�
�(�*b(�\YB ' _a
<PP_ -  ��*�*É-�Y	\a_^\g*[�D
�(�*
_^\a��
U5_ -ç*�
LB ' �)�[-.*�W	��
 T ' -��&_ -h��
�_^-.*[\a���

b = −gβT $ � ¸("�4
��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú � �



������� ÖñØPÊoÅ[ð�Í�ÌPÈËÊoÃ�ð�Ø

HR = PR

gρR

∃ ε � 1

ε = Ls

HR
= Ma2

Fr2

'ö�9fZ�	��\^(�\^(�([-���* Ma = ε ⇔ Fr =
√

ε

(jµj(�*��KB 
Ä�	
 1 ��W	(�(�\^�	
)(?N1�	���j��,j\^(nNjW]
�W	M

s

?

?

ERREUR(u) = o(ε)
ERREUR(p) = o(ε2)

< �>=@? � ¸ � A * �nH�-��	\TH��[-<BAB½
J\a_^_^W](�*[��-.*[\iGD�	
 _o� - ']' ��� MZ\YB -.*[\a���<�]
 1 ��W	(�(�\^�	
)(?Nv-.(�µIB ' *[��*�\YN+W	
�¸. - ' ��
)(�(�\a����	
���KG¢�)��
)�	f�
½
�(�*��]��*[�)
 PR
¸ . -V�	
��](�\a*��æ�	
���#G¢����
)�	f�
½
�(�*ç�]��*[�)
 ρR

¸ . -�H��[-¥,j\a*��

�(�*÷�	�.*[��
 g 
)*¬_ -��P-�W]*�
�W	� f¥-���-�f)*�����\a(�*�\YN+W	
9�	
»_o� �Ë*É-.* (�*[-.*[\TN+W	
»
)(�*÷�]��*[�)
 HR

¸0&��	
J��fZ�	
)_^_a

f¥-.�[-�fË*[����\^(�*[\YN+W	
9�	W B½��W],�
LB½
���* 
�(�*÷�	��*[�)
 Ls

¸ Ma 
�(�*¬_^
9�	�+BhY]��
9�	
 ¶»-.fZ�c
)* Fr 
�(�*÷_a
�	�+BçY	��
D�	
 CP����W]�	
�¸ . 
)(Ó
)����
�W	��(�(�����*�
yM ' ��\TB �)
�(X
�� ' 
Ë*[\g*X�	¸
. 
Ä(�µj(�*?�LB½
��	
 1 ��W	(�(�\^�	
)(?N�G¢���nBhW	_^��
��  ��*�*[-�Y	\a_^\a*���()� 
yM ' ��\YB½


−→∇u = 0 $ � ¸ ��-�4
∂u

∂t
+ (u.

−→∇)u + 2Ω ∧ u = − 1

ρ0

−→∇p + b.n + ν∆u $ � ¸ �.Ye4
∂b

∂t
+ (u.

−→∇)b + N2n.u = χ∆b $ � ¸ �.f 4
'X
LB -��?N+W	���](�N+W	
æ�P-��](b_^
 (�µj(�*?�LB½
æ�����LN+WP-.*�\^���$f)\g���	
�(�(�W	(A$ � ¸ ��f 4�\a_m- '	' -���-��^*�_ -;G¢���KNjW]
��	f)
æ�	
1 ��W	��*�� z��.(���\a_��]¸�@�-��	(×f)
���*É-�\a�	
�( ' W	Y	_a\^f¥-�*[\^���	(öf�
Ó����
�(�* ' -�(ë_ -  ��*�*[-�Y	\a_^\a*��/N+W	\G
�(�*ë��
 ' ���)(�
)�+*���

B -�\^(mf�
/N+W	
&_o� ��� ' ��W	����-�\a*ó�	�+BAB½
��m_ - C�EGpmF3N	¦ól3FolÆL�i $ ' -��ó
#MZ
LB ' _^
 � ¸ 'Ä¸+'X
L��B -��	�ç
)* ´ ¸Js �×-��
s �×-���HmPG������)	P¸» � � �$¼ 4Ë¸. -Vf)��W	_^-�Y	\^_a\a*�� ��� 
)(�* ��\a
�� ��� -�W]*���
;N+W	
æ_���\^��,�
)��(�
½�]
æ_ -  ��*�*É-�Y]\^_^\g*[�.¸G�q,�
)f�	��*[��
æ_^��\ó�����)*É-�*
(�\TB ' _^
_^
 fZ�P-<B ' �	
¬f)��W	_^-�Y	\^_a\a*��æ
�(�*j5J_ -9�	
��](�\a*��¬f)
�N+W	
÷_^
½fZ�P-<B ' �	
  ��*�*[-�Y	\a_^\a*��æ
�(�*j5»_^-
*[
KB ' ����-.*[W]��
�¸ � � 
)(�*�� 5����]\^��
jN+W	
_a
æfZ�P-<B ' �]
½f)��W	_^-�Y	\^_a\a*���
)(�* �	W B {KB 
h(�\YH��]
jNjW]
½_a
æfZ�P-<B '
�	
Ä�	
)�	(�\g*[��¸ . -æf���W	_ -�Y]\^_^\g*[��(���
#M ' ��\TB 
�5 ' -���*[\a�`�	
Ä_ -  �.*�*É-.Y	\^_a\a*[� ' -��

d = −b $ � ¸ ]�4
� ��W	(D-¥,����](b,ZW ' ����f)���	
KB B½
���* � G¢���nBhW	_^-.*[\a���	(X�LN+W	\g,�-._^
���*�
�(b�	
)(D�LN+WP-.*�\^���](b�	
 1 ��W	(�(�\^�	
)(?N�¸
@ç��W	�	
 ' -���*æ_^
)(_G¢���?BçW	_ -.*�\^���](�
)�  ��*�*[-�Y	\^_a\a*�� 
Ë*
��7f���W]_ -�Y	\a_^\g*[�½(�����* ' _aW	(h\^��*�����
)(�(�-���*[
�(½f¥-.�

�_a_^
X\YB ' _a\^f�\g*[
)�+*�_^
Xf��j
��½f�\a
���*ë��� 
yM ' -��	(�\^���¬*?�	
��nB \TN+W	
 β P�_^-WH���-¥,Z\g*[� g 
Ë*×_^-WB -�(�(�
Ó,���_^WmB \TNjW]
�	
 ���KG¢�)��
)�	f�
 ρ0

�	
¬_^-*G¢����f�
½��� ����fZ�	\TB �)�	
�¸X@ç� -�W]*���
 ' -���*ç_ -�G¢���?BhW]_ -.*�\^���ª
��  ��*�*É-�Y	\a_^\g*[�æ
�(�*
' _aW	(ë��� ' -.�	�	W	
�NjW]
�_ -UG¢���nBhW	_ -�*[\^���æ
��÷f)��W	_ -.Y	\^_a\a*[�.¸ � ��
�(�* ' ��W	��f�
�(ë�	
�WIM¬�]
����]\Y����
���-�\^(����	(3N+W	

�	��W](ífZ�	��\a(�\a�����	(m����W]*[\a_^\a(�
��q�P-.�	(��	��*���
3B �j���)_^
3�	�+B½�+H+���]
ë_^-fG¢���nBhW	_ -�*[\^���D
��  �.*�*É-.Y	\^_a\a*[�.¸ � ��W	(
' ��W],����	(�B -�\a�+*�
��P-.�+* G3-�\^��
DW	�	
Ä�	��f)�+B ' ��(�\a*�\^���÷(�*É-.*�\^(�*[\YN+W	
Ä�	
)(X�LN+WP-.*�\^���	(X�	
 1 ��W	(�(�\^�	
)(?N�¸
��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú � ]



����� ��� ÌZÅK��ÌI�^ÇËØ�ÈÉÇbÎPð�å¬ð?hjÏËØ�Ç
¬\�� � ´U±��§´
	��^¯¦µ���¦²�� ²����^¯��

. -½�	
)(�f)��\ ' *[\^���9�]
 _^-ç*[W	��Y	W	_a
��	f)
W�]�+B �<H+���	
 ' -�� F ¸ x ¸ 1 -.*�fZ�	
�_a���&
�(�*�_^-æ(�W	\g,�-.�+*�
æ�
q`ÃÆÙ�ÇËØVä�Ø¬ÃÆØ �@ØPÃÆÊyÇ��Ëð�Í<=hð\b&ÌjØPÃ b¥ð�Åñå��ëÌZÃ3ÍçÃÆØ��íÎjÃ�ÈÉÎhå¬ð�ÊoÃ�ð�Ø]Ð�ÈÉð�Ø b¥ð�ÅËå Êyð ÊÆÎPÇDÇ?��Ì]ä<"
Ê3Ã�ð�Ø]Ð��¢Ö ��� � Ö��hä�ØGÍ��¢Ö ��� ��� ���öä�ØGÍ h�ÃÆÙ�ÇËØJÊÆÎ]ä�Ê�ä�Ê�Ð�ð�å¬ÇbÃÆØPÃÆÊ3Ã3ä<��ÃÆØ]ÐËÊ�ä�ØPÊ�ÊÆÎPÇÄÙ�Ç#�^ð�ÈËÃÆÊ�= ð\b
ÊÆÎPÇ��×ÌjÃ3ÍhÃ^Ð�äæÅ�ä�ØGÍjð�å bñÌjØ�ÈËÊ3Ã�ð�Ø ð\b�ïPð�ÐËÃÆÊ3Ã�ð�Ø9ÍjÇÉÐ�ÈËÅñÃ��ËÇ�Í_�L=½ÈÉÇËÅñÊ�ä�ÃÆØhïGÅÉð<�Éä���Ã � ÃÆÊ�=W�gä �íÐ
�íÎjÃ�ÈÉÎ1ä�Å[ÇDÃÆØGÍjÇ�ïPÇËØGÍjÇËØPÊëð\b�ïPð�ÐËÃÆÊoÃ�ð�Ø ��Êyð ÍjÇËÊ�ÇËÅñåæÃÆØ�ÇbÊÆÎPÇ×ïGÅ[ð<�Éä���Ã � ÃÆÊ�=j�gä �íÐDÊÆÎ]ä�ÊëÍjÇÉÐ#"
ÈËÅñÃ��ËÇÄÊÆÎPÇ å¬ð�ÊoÃ�ð�Ø]Ðçð\bÄÊ¢ÎPÇ!�ëÌjÃ3Í9ä�ÊöÐËÌm�ËÐ�Ç?��Ì�ÇËØPÊ@Ê3ÃÆå¬ÇÉÐ �

F ¸ x ¸ 1 -�*[fZ�	
)_^��� � �<]�� �6�	
Ä*��	
)����µ1�JG>�	�<B �+H�
��	
)��W	(&*[W	��Y	W	_a
��	f)
 » �$¼ ' "
@b-��](`_ - f�\a*[-.*[\a���½f�\g���	
�(�(�W	(&_a
�(ë�LN+WP-.*�\^���	( $�2É¸ �Z¸ � 4�
Ë*W$�2É¸ �Z¸ �+4��	�)(�\TH��	
���*&_a
�(ë�LN+WP-.*�\^���	(ë�	
bf)����*[\g�
�+W	\a*��×
Ë*�_����LN+WP-�*[\^���ç�	W_B½��W],�
LB½
���*`¸ � ���	f)�?�Ë*[
LB½
���*ö_a
�( ��µ ' ��*?����(�
�(@�	
ë*�W	��Y]W	_^
)�	f�
0�	�+B½�+H+���]

\YB ' _a\YN+W	
���*WN+W	
¬_a
�( (�*[-.*[\a(�*[\TN+W	
�(���� �����	��
1�9(�����*h\a�	�	� ' 
��]�P-���*[
)(h�	
¬_^- ' ��(�\a*[\a����¸ � 
Ë*�*[
 ' ���.�
' ��\^�)*��¬
)(�*æ*[�n��(hWZ*[\^_a
<Pq
�_a_^
 \YB ' _^\TNjW]
AN+W	
1_^-J�	�)��\g,��÷�	
1_^-Jf)��������_ -�*[\^��� �	��W]Y	_^
 uiuj(x, t)) 
)(�*�+W	_^_a


∂uiuj(x, t))

∂xl

= 0 $ � ¸ �+4
. � WZ*[\^_a\^(�-.*[\a���$�	
½_ - ' ��� ' ��\a�)*��½��� �	�<B �+H����	�)\a*[� � ¸ � ' 
)�?B½
)* �	
½�	��f)��W ' _a
�� _^
�( �LN+WP-�*[\^���	( ' ��W]�
_^
)(�N+WP-���*�\a*[�)(  W]f)*[W	-���*[
�(D
Ë*b_o� �KNjW	-.*[\a��� ' ��W	��_^
)(�N+WP-���*�\a*[�)( B½�Oµ�
��	�]
�(b����W	�	
�*[W	��Y	W	_^
)�	f�
�\^�Z�
�	�+B½�+H+�)�	
�¸ . 
�(  W	fË*[WP-�*[\^���	(`��������* ' _aW	(`����\^�  W	
��	f)
D(�W	�&_a
�B½��W],�
LB½
���*�B ��µ�
���¸ * �1
)(�*&�P-.�	(
_^
�f¥-�(×��� W]�	
b*[W	��Y	W	_a
��	f)
 ' -�(�(�\a,�
 ' -��×�[- '	' ����*&-�W�B½��W],�
LB½
���*6B½��µ�
���¸�@b-��](&f�
 N+W	\G,�-h(�W	\a,j��

�	��W](D-�_^_a���	(X�)*[-�Y	_a\^�X_^
)(��LN+WP-�*[\^���	(�( ' 
)f)*[��-�_^
)(b�	
�_ - �ZµZ�	-<B \TN+W	
ç�	
ç_ -½*�W	��Y]W	_^
)�	f�
 �	�+B½�+H+���]

YP-����Zf)_^\a�	
W5 ' -���*[\a���	
)(��KNjW	-.*[\a���	(��]
ç_ -*[W	��Y	W	_a
��	f)
D�	�+B½�+H+�)�	
 
��$
)( ' -�f)
 ' ��µj(�\TNjW]
�¸ . - B½�Ë�
*��]�Z�	
X
)(�*ë_ -UB {KB 
6N+W	
Óf�
)_^_a
Ó�]
�'Ä¸ (�¸|'Ó�<H�-�_^_a� � �+] � » � � )A¼R5 _o� �KNjW	-.*[\a����	
�_^-  ��*�*[-�Y	\a_^\a*�� ' �n��()¸
2�_ ' 
)W]* ' -���-��^*���
Ó(�W ' 
��  W1�	
b��
�f)�+B B½
��]f�
��ëW	�	
�*�
�_a_^
Ó�	�LB -���fZ�]
�¸�lm
�W]*/{)*[��
b(�
)�[-�\g*���f�
�_a
�f�-�(×(�\
_������J�	\^( ' ��(�-�\a*�����W	� f��j�	
h�]
çf¥-._^f�W]_ó�	� [?5÷\YB ' _^�KB 
)��*[�<PeB -�\a(�f)
h����
�(�* ' -�(b_a
�f�-�(�¸V2�_í
�(�*D�	���]fkqiZC�Hj°¥°)NPl3MOH P]�Ë*É-���*&�]���	�	�b_a
�*�
LB ' ( N+W	\�(�
���- ' -�(�(��D(�W]�`_���\YB ' _^�KB 
)��*É-.*�\^���æ�	W1f)�Z�]
b�	
bf�-�_^f)W	_ P
N+W	
1�	��W](æ��f���\a,j\^���	(h��\TH���W	��
�W	(�
LB½
���*æ_a
�(h�KNjW	-.*[\a���	(h( ' 
)f)*[��-�_^
)(æ�	
1_ -9*[W	��Y	W	_^
)�	f�
%�	�+B½�+H+���]

YP-����Zf)_^\a�	
�¸ � ��W	(Ó-�_a_^���](`f��+BAB½
��	f)
�� ' -��X
yM ' ��\YB½
��&�]
�(Xf����]�	\a*�\^���	(&(�W	�X_^
DfZ�P-JB ' B½�Oµ�
���¸

� s �`s � 4��z�{ � {}� � | � z@�b{}wy�Z�jw��bxy|
@b-��	(çf�
�N+W	\�,�-J(�W	\g,Z��
÷�	��W](h-�_a_^���	( �	�Ë,�
�_a� '	' 
��h_^-J��
�_ -�*[\^��� N+W	\ë
�(�*h([-��	(ç�	��W]*�
¬_ - ' _^W](

\YB ' ����*[-���*[
V�	
$f)
»fZ�P- ' \a*[��
J,���\^��
»�	
Jf�
)*�*[
»*?����(�
�¸ � 
)*�*�
$��
)_ -.*�\^��� 
�(�*1_ -ª��
)_ -.*�\^��� �	W<,�
���*
*��]
��?B½\YN+W	
.¸ � 
)*�*[
D��
�_ -�*[\^���÷
�(�*�W]�	
Df����]�	\a*�\^���÷�]
 ���¥-�_a\^(�-�Y	\^_a\a*��&�	WkB½��W],�
LB½
���*�B½�Oµ�
���¸ � �+B�
B½
���p)���	( ' -.��
��]_^
),�
��b_o� \a�  W	
)�	f�
��	W»*�
��	(�
�W	�D�	
)(bf��������)_ -.*�\^���](��	��W	Y	_^
)(��	
)(  W	fË*[WP-�*[\^���	(�(�W	�
_^
�B½��W],�
LB½
���* B ��µ�
)��
)�<W]*�\^_a\^([-.�+*h_ - ' ��� ' ��\a�)*[�V�����	�+B½�+H��)�	��\g*[�1�P-.�	(_����LN+WP-.*�\^��� ' ��W	�_^
)(
 W	fË*[WP-�*[\^���	(�¸
BDn�pqN]LOl¢EGkó°��öEGpqM1F3Hj°ç«qlÆL�Hj°¥°�Hj°

. 
�(¬�]��W],�
)_^_a
�(¬�KN+WP-.*[\a���	( ' ��W]� _a
*B½��W],�
LB½
���*�B½��µ�
)� ' 
)W],�
)��*�{)*���
»����(���_^W	
)(¬\a�	�	� ' 
��j�
�P-<BAB½
���*��]W$fZ�P-<B ' �	
)(  W	fË*[WP-�*[\^���	(��	
 ,j\a*[
)(�(�
�(�¸ . 
ç(�µj(�*��LB½
 ' ��W	�Ó_^
WB ��W],�
KB 
)�+*�B ��µ�
��
(���
#M ' ��\YB½
�W	�]\YN+W	
LB½
���*&
)��G¢���	fË*[\^���¬�	W�B½��W],�
LB½
���*/B½��µ�
�� Ui

P]�	
�_ - ' ��
�(�(�\a����B ��µ�
��	�	
�B �.�

��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú � �



����� ��� ÌZÅK��ÌI�^ÇËØ�ÈÉÇbÎPð�å¬ð?hjÏËØ�Ç

�	\i�P��
 P 
Ë*X�	
Ä_ -  ��*�*É-�Y	\a_^\g*[��B½��µ�
)�	�	
 B ¸R(Z���J
yM ' ��
�(�(�\a���J
)(�*
∂Ui

∂xi

= 0 $ � ¸ � ��-�4
∂Uj

∂t
+

∂

∂xk

(UkUj) + εjklfkUl = − 1

ρ0

∂P

∂xj

+ ν
∂

∂xk

∂Uj

∂xk

+ Bnj
$ � ¸ � ��Y-4

∂B

∂t
+

∂

∂xk

(UkB) + N2niUi = χ
∂

∂xk

∂B

∂xk

$ � ¸ � ��f 4
ló��W	� *�����WZ,�
���W	�	
½(���_aW]*[\a��� 5Jf)
�(ç�KN+WP-.*[\a���	(Ä�	��W](h-�_a_^���	(D�]��W	( ��
�(�*[��
�\^�]�	��
 5JW	�]
 f)_ -�(�(�
½�	

(���_^W]*�\^����¸ � 
)*�*[
fB �Ë*��	�j�	
&
�(�*�\^��*[���Z�	W]\a*[
 ' ��W]�ö_ - ' ��
KB \T����
 G¢��\^(ö�	-��	(@�	
�(�f��j�	
)(��]
Ó(�\YBhW]_ -.*�\^���
�+W�B½����\TN+W	
`�	\a��
�fË*[
 ' -.��' ¸ (�¸<'Ó�+H�-�_^_a�_$ � �����	P<» � ��� ¼uP ' � ]mPY$ 1 � 4n4 ' ��W	�í�]
�(@�)*�W	�	
�(ö�]
`*[W	��Y	W	_^
)�	f�
)(
�	�+B½�+H+�)�	
�(æ\a������*É-.*�\^���]�	
�_a_^
�()¸ � ��W	(½-�_a_^���]( G3-�\a��
÷_o� ��µ ' �.*����)(�
ON+W	
V_ -»,j\a*�
�(�(�
kB½��µ�
)�	�	
V
)*_^-
 ��*�*É-�Y]\^_^\g*[�oB½��µ�
)�	�	
×(�����*�W	�]
×f��<BhY	\^�	-�\^(����Ä_^\^�]�¥-�\a��
ö�	
�_ - ' ��(�\a*�\^����¸¥��\a�	(�\+_ -&,j\a*�
�(�(�
 B½��µ�
��]�	

(���
#M ' ��\YB½
���-½
)�*G¢���]f)*[\a���V�	W*H��[-��]\^
���*X�	
Ä,j\a*�
�(�(�
 B½��µ�
)�	�	
 Aij(t)


Ë*Ó_ -  ��*�*É-�Y	\a_^\g*[��B½��µ�
)�	�	

(���
#M ' ��\YB½
���-
)�*G¢���	f)*�\^���V�	W*H��[-.�	\^
)�+*X�]
  ��*�*[-�Y	\^_a\a*�� Gj(t)

(�W	\g,.-���*X_^
�(X��
�_ -�*[\^���	(
Ui(x, t) = Aij(t)xj

$ � ¸ � � -�4
B(x, t) = Gj(t)xj

$ � ¸ � � Y-4
ló��W	�¬*[����W],�
��1_^
)(÷f����	�	\a*�\^���](¬��� -���B½\^(�(�\^Y]\^_^\g*[�1�	WvfZ�	-<B ' fZ�]��\^(�\�\^_Ó
�(�* ' _^W](÷(�\TB ' _a
J��� W]*�\^_a\g�
(�
)�D_����LN+WP-.*�\^���»�	W *[��W	��Y	\^_a_^���kB ��µ�
���¸v@�-��	(Df�
jN+W	\ö(�W	\a*b�	��W	(Ä-�_a_^���](���- '	' 
�_^
)�b_����LN+WP-�*[\^��� �	W
*[��W	��Y	\a_^_a����B½�Oµ�
���¸
BDn�pqN]LOl¢EGk �öEGpmM¬F3N «GE�M�LOloC�lÆL�i

. -,�����*�\^f�\g*[� B½��µ�
)�	�	
%$3��W1*[��W	��Y	\a_^_a����B½�Oµ�
��-4`
)(�*Ó�	�K�	�	\^
 ' -��

Wi = εijk
∂

∂xj
Uk

$ � ¸ � �+4
. � �KN+WP-.*[\a��� ' ��W	�q_ -×,�����*[\af�\g*[�f$3��
�_^-.*[\g,�
 4 B½��µ�
)�	�	
�(���
#Mj*[��-�\a*m�	
 � ¸ � ��YÄ
�� ' ��
��P-���*ó_^
ö����*É-.*�\^���]�	
�_
�	
Ä_����LN+WP-�*[\^���1
���*[\T����
.¸ . ���LN+WP-�*[\^���9�]W9*���W	��Y]\^_^_a���¬()� 
yM ' ��\TB 


∂Wi

∂t
+ Uj

∂Wi

∂xj

= (Wj + fj)
∂Ui

∂xj

+ εijk
∂Bnk

∂xj

$ � ¸ � � 4
� ��W	(æ-�_a_^���	(�B -�\^��*�
��P-���*çf����	(�\^�	�)��
)�hW	�¯�)f���W	_a
LB½
���*æf)\^([-.\^_^_a�h,�
)��*[\af¥-�_a
LB½
���*h�	-��	(h_a
 f � ' _ -.�
)*WB½����*[��
��Ä-¥,�
)f _o� �KNjW	-.*[\a��� � ¸ � � NjW�� \a_íµª-1�	
�(Äf)���	�	\g*[\^���	(DY	\^
)� ' ���)f�\^(�
�( 51��
�( ' 
)f)*�
�� (�W	�Ä_^

fZ�P-<B ' �	
  ��*�*[-�Y	\a_^\a*���¸
BDC�EGpmF3Hj® Hjk�L®¤E��GHjk<¦óN]M�E�C�Fol3kmH

ló��W]�Ó_a
bf¥-.(&f����	(�\^�	�)���Ä������f)��W	_^
KB 
)��*XYP-����jf�_a\^�	
�(�
)W	_^
D_^-hf��+B ' ��([-���*[
 A13
�]WV*�
��	(�
�W	�X�	
)(

H���-��	\^
)��*[(×�]
�,j\a*[
)(�(�
�(&
�(�*X�	���÷�+W	_a_^
_$¢,j\^(�\^Y	_a
�(�W	�`_ -��eH�W	��
 � ¸ � 4Ë¸	@�
 ' _^W	(`_a
�(�,�
�fË*[
)W	��(&*É-.W	M �	

���.*É-.*�\^���1
Ë*��]
  ��*�*[-�Y	\^_a\a*���(�
������+* ' ��\^( ' W	��
LB½
���*X,�
)��*[\af¥-�WIM�¸. � �)f���W]_^
LB½
���*fB½�Oµ�
��9
�(�*��]�K�P�	\ ' -��Ä�

Aij = Sδi1δj3
$ � ¸ ��� -�4

fi = fδi3
$ � ¸ ��� Y-4

ni = δi3
$ � ¸ ��� f 4

��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú ���



����� ��� ÌZÅK��ÌI�^ÇËØ�ÈÉÇbÎPð�å¬ð?hjÏËØ�Ç

. -¬,j\a*[
)(�(�
jB ��µ�
)�	�	
(���
#M ' ��\YB½
hf��<B B½
hf�
)_^_a
ç����W	�ª��f)��W	_^
KB 
)��* ' W	��
LB½
���*Äf�\a([-�\a_^_^�Ä,�
)��*�\^f¥-._^
Ë�
B½
���*

Ui = Sδ1iδ3jxj
$ � ¸ � )+4

2�_�
)(�*&\TB B½���]\ -.*�
��1(�W	Y	(�*[\a*�WP-���* � ¸ � )��	-��	(`_^-ç�	�K�	�	\a*�\^��� �	
b_ - ,�����*[\^f)\a*�� � ¸ � ���	
�B ����*���
��0N+W	

(�
)W	_^
Ä_^-hf��+B ' ��([-���*[
D*��[-��	(�,�
)��(�
 �	
D,�����*[\af�\g*[�UB½�Oµ�
��	�]
�
)(�*Ó�	���9�+W	_^_a


W2 = S $ � ¸ � "+4
'ö������\a�9[�
�fË*É-���*_ -�G¢���?B½
÷�	W7fZ�P-<B ' �	
1,�����*[\^f)\a*�� � ¸ � "$�P-��	(_o� �KNjW	-.*[\a��� ' ��W	�h_^
÷*���W	��Y	\^_a_^���
B½�Oµ�
�� � ¸ � � ���V��Y]*[\a
���*Ó_^
)(&f����	�]\a*[\a���	(&��� -���B½\^(�(�\aY	\^_a\a*[�X(�W	\a,.-���*[
)(

G1 = 0 $ � ¸ � ��-�4
G2 = −Sf $ � ¸ � �.Y-4

. -��
)_ -.*�\^���1�	��W	Y	_^
KB 
)��*�
)�	f¥-.�	���)
 � ¸ � �.Y9
�(�*Ó_ -h,�
)��(�\a��� ' ��W	�&W]�»��f)��W	_a
LB½
���*f�	�+B½�+H+���]
D�	

_ - ��
�_^-.*[\a���$�	W ,�
���*Ä*��	
)�?B½\YN+W	
�¸���\a�	(�\ ' ��W]�b_���\^_a_^W	(�*[��
)�LP�W	�ª��f)��W	_a
LB½
���* � ���	-�_í(���W�� -���*D,�
)��(
_��('ö(�*gG3-�\g* ' ��W	(�(�
��@W	�AH��[-��]\^
���*@�	
  �.*�*É-.Y	\^_a\a*[�ë�P-��	(@_^-Ä�]\^��
)f)*�\^��� � �����,�
)��( (ZW	��¸ � ��*[���](3N+W���\^_
-�W	��-�\a*b�)*[�½�LN+W	\g,.-�_^
)�+*Ä�]
½f)���	(�\^�	�)��
���-�Wª�	� ' -���* W	� H���-��	\^
)��*�B ��µ�
)� �	
  �.*�*É-.Y	\^_a\a*[���P-��	(Ä_^-
�	\a��
�fË*[\a��� � ����� ,�
)��(g(ZW]� ' W	\a(ó�]
 B½����*[��
)�XN+W	
ëf�
)_ -X\YB ' _^\TNjW]
öW	�DH���-��	\a
���*í�]
ë,j\a*�
�(�(�
 B½��µ�
��]�	

,�
)��*�\^f¥-._^
�¸

(Z\q_ -��
)_ -.*�\^���1�	W9,�
)�+*�*��	
)�?B½\YN+W	
Ä����
�(�* ' -�(Ó��
)( ' 
�f)*���
�_�����f���W	_^
KB 
)�+*fB½��µ�
��J�	
 ' 
�WZ* ' -.(

#MZ\a(�*[
)��¸	�ó��W]*[
#G¢��\^(�f�
)��*É-.\^�	(�fZ�	
���fZ�	
�W]��(Xf��+BAB½
�Cë¸ F ¸ ´ -�f���Y]\a* � $��.��� "mP{» "�)$¼ 4@(�
�(�����*`\^��*�����
)(�(���(
-�W	Mçf¥-.(���� G2 = 0 
��æ\a�+,��	N+WP-.�+*�W	�_G¢���?p�-<H�
0NjW]\ ' ��W	����-�\a*�-��	�+W	_a
��í_a
ë*�
��?B½
×
)� −Sf ¸<(Z\Zf�
)*�*[
- '	' ���jfZ�	
1
�(�*�	\ �½f�\a_^
%5%[�W](�*[\i�P
�� ' ��µZ(�\YN+W	
KB 
)�+*½����W	� ' ��\^��*h�	
÷,jW	
 ' W]��
LB½
���*�]µj�P-JB \TNjW]


�_a_^
 ' 
�W]*���f)_ -�\a��
)�&(�W	�Ó_���\^�  W	
��	f)
Ä�	
�_^-æ����*[-.*[\a���QP	(�*[�[-�*[\T�	f¥-.*�\^���V
)*Óf)\^([-.\^_^_a
LB½
���*¥¸mlí-��Ó_ -æ(�W	\a*�

�	
)(9(�\YBhW]_ -.*�\^���	( �P-��	(V_^-¯f����m��H�W	�[-�*[\^���v�	
 C×¸ F ¸ ´ -�f)��Y	\g* � $o����� "mP0»("�)A¼ 4÷(�
������+*9
 �
)f)*[W]��
�()¸
löW	\^(nN+W	
D_ - ' ��µZ(�\YN+W	
D
)(�*&�	\ �½f�\^_a
�56[�W	(�*�\T�P
)�`�	��W	(×�	��(�\YH��	
)�����](`f�
Ë*�*[
�f����m��H�W	�[-�*[\^��� ' -�� kmEGk 	NP©m®¯l3°¥°¥l¢¦íF¢H �	W ' ��\^��* �	
»,jW	
 �	W B½��W],�
LB½
���*�B½�Oµ�
��v�	��� G¢����f)��¸×¶»-�\^��*�
��P-���*�N+W	
 �]��*[��

fZ�P-<B ' B ��µ�
)� 
)(�*��	�#�P�	\��	��W	( ' ��W],����	(��	�K�P�]\^�ö�	
)(�*�
LB ' (öf¥-���-�f)*�����\^(�*�\YN+W	
)(05 ' -���*[\a���	
�(@*[����\^(

��
)*�( ' ���)(�
���*�(�N+W	\K(����+*�_^
�f�\^(�-�\^_a_^
KB 
)�+* S PP_ -h���.*É-.*�\^��� f 
Ë*�_^-h(�*��[-.*�\T�Pf�-.*[\a��� N ¸

� s �`s�� /h|K� �Z|q{ �b�6xyw � �Kz@w��	|K� ��zö�	z@�G�Z���]w����Zwy�`u�|K�
@b-��	(1f)
)*�*[
 (�
)f)*�\^���v�	��W	(V-�_^_a���	(½�[- ']' 
)_^
��½*[����\^(½*[
LB ' (1_a\^�	��-�\^��
�(½f�_ -.(�(�\TN+W	
�(KP`W	�c*[
KB ' (

YP-����Zf)_^\a�	
h�	� [?5VWZ*[\^_a\^(��ç
)* �	
)W	M *�
LB ' (DYP-����Zf)_^\^�]
�(b�	��W],�
�-�W	M�¸ � 
�(Ä*[
LB ' (D(�����*��]\a*[(D_a\^�	��-�\^��
�(
f¥-.�Ó\a_^(&- '	' -���-�\^(�(�
���*X*[��W	(X�P-��	(Ó_^
)(&�LN+WP-.*�\^���	(X�	
 _ -h�ZµZ�	-<B \TN+W	
Ä_^\^�]�¥-���\^(��)
 N+W	
 �	��W	(X,�
)�������	(
' _aW	(X
��»�]�)*É-.\^_��P-.�	(�_a
DfZ�P- ' \g*[��
 (�W	\a,.-���*�¸-ló��W	�Ó_^
)(X��f���W	_^
KB 
)�+*�(X
��»f)\^(�-�\^_a_^
LB½
���*LPZ����*É-.*�\^���V
Ë*
(�*��[-.*�\T�Pf�-.*[\a��� ' W]��
\^_ó
�(�* f)_ -�(�(�\YN+W	
æ�]
æ�	�K�P�]\^�D_^
�*[
LB ' (Df�-��[-�fË*[�)��\^(�*[\TNjW]
æ�	
f�\^(�-�\^_a_^
KB 
)�+* τS

P
_^
b*�
LB ' (&�	
)(Ó��(�f�\a_^_^-.*[\a���	(�\^�	
)��*[\a
�_a( τf


)*X_^- ' �)��\^�j�	
D�	
)(X���	�	
)(Ó\a��*[
����	
�( τN
¸ � 
)(&*[����\^(`*[
KB ' (

_^\a�	�¥-.\^��
)(`f¥-.�[-�fË*[����\^(�*[\YN+W	
)(X(�����*

f)\^([-.\^_^_a
LB½
���* τS = 1
S

����*É-.*�\^��� τf = 2π
f

(�*[�[-�*[\T�	f¥-.*�\^��� τN = 2π
N

$ � ¸ � ]�4

��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú � �



����� ��� ÌZÅK��ÌI�^ÇËØ�ÈÉÇbÎPð�å¬ð?hjÏËØ�Ç

. 
`*[
LB ' (öYP-.���jf�_^\a�	
���
�_^-.*[\iGG-�W	M�*É-�WIMæ�	
&f)����\a(�([-.�	f�
&�	
)(ö���	�	
)(@�	
 '@-��]µæ-b�]�\[?5b�)*��&W]*[\a_^\a(���¹
' -��Ó
#MZ
KB ' _a
 ' -.��@ç¸ (j*[-<B B½
�� $�» � � "$¼uP ' �����	PY$ � 4n4#P�f�
 *[
LB ' (Ó(�
)�[-¬�	�.*[� τB3

¸�¶»-�\^(Ó\^_K����µ»- ' -.(
W	�»*�
LB ' (�Y	-����jf�_a\^�	
JPP\^_Kµ»
)�r5 3 ¸ . 
)(b�	
�WIM -�WZ*[��
)(�*�
LB ' (�YP-.���jf�_^\a�	
�(Ó�	��WZ,�
¥-.W	M$(�����* τB1


Ë*
τB2
¸ . 
)(b*[����\^(�*�
LB ' (bYP-.���jf�_^\a�	
�(��	
æ(�
)������* ' -�(Df)���	(�*[��W]\a*[(Ä-.Wr�P-�([-.���QP�\a_^(�(�
�������* f����	(�*[��W	\a*�(

5 ' -���*[\^�1�]
�(1*[����\^(÷*�
LB ' (Vf�_ -.(�(�\TN+W	
�(V�	�#�P�	\^(Vf)\g���]
�(�(�W	( � ¸ � ]Z¸ . 
 *[
LB ' (1YP-.���jf�_^\a�	
 τB1

�(�*


#M]-�fË*[
KB 
)�+*_a
 ' ���Z�	W]\a*h�]
1_ - ' ����\^�j�	
÷�	
)(æ���	�	
)(æ��� \a�	
���*[\a
÷
)*æ�]
�(���	�	
)(æ�	
�H���-�,j\g*[�¬�]\a,j\^(��
' -�� _^
*[
KB ' (çf¥-.�[-�fË*[����\^(�*[\YN+W	
½�	W¯f)\^(�-�\^_a_^
LB½
���*�¸ . 
 *[
KB ' (�YP-.���jf�_^\a�	
 τB2


)(�*h
yM]-�f)*�
LB½
���*æ_^

' ���Z�	W]\a* �	
¬_^- ' ����\^�j�	
½�	
�(����	�	
)(ç�	
 H��[-¥,j\a*��½
Ë*h�	W¤*[
LB ' ( f¥-���-�f)*�����\^(�*�\YN+W	
½�	W¯f)\^([-.\^_^_a
LB½
���*
�	\g,Z\a(�� ' -��m_ - ' ����\^�j�	
��	
�(����	�	
�(í��� \a�	
���*[\a
�¸ . 
ë*[
KB ' (íYP-����Zf)_^\a�	
 τB3


�(�*ö
#M]-�fË*[
LB½
���*ö_a
 ' ���j�	W	\a*
�	
_ - ' ����\^�j�	
h�	
)(Ä���	�	
)( ��� \a�	
���*[\^
ç
)* �	W *[
KB ' (Df�-��[-.f)*[�)��\a(�*[\TN+W	
�	Wªf�\^(�-�\^_a_^
KB 
)�+*��	\g,Z\a(�� ' -.�
_ - ' ����\^�j�	
D�	
)(����]�	
�(X\^��*�
����]
�(�¸�'ö�9���)(�W�B½��_a
�(`*�����\a(`*[
LB ' (&YP-.���jf�_^\a�	
�(&(�����*Ó�	�K�P�]\^( ' -��

τB1 = 4π2S
Nf

τB2 = f
SN

τB3 = N
Sf

$ � ¸ � ��4

. 
1*[
LB ' (W]*�\^_^\a(�� ' -��;@ç¸3(j*[-<B B½
��*$¢�P-��	(§» � �$"O¼ 4hf�������
)( ' ���	� \^f)\65 τB3
¸g@b-��	(_a
�(;B �j���)_^
�(

�	
 � �P-����	
)µ � � � �»
)*½�	
 '@-��]µ � � � �$_a
÷*É-�W	M6��� -JB ' _a\T�Pf�-.*[\a��� 
)(�* ' ��� ' ����*[\a���	�	
)_`-�W7*[
KB ' (
YP-����Zf)_^\a�	
 τB3

$¢,���\^�ó_ - ' �)��\a�Z�	
�*[
KB ' ����
)_^_a
ö�P-��	(�_a
�(m*É-�Y	_a
¥-�WIM � ¸ � 4Ë¸ . 
)(ó*�
LB ' (>N+W	
`�]��W	(ö-¥,����	(
�	�#�P�	\^( ' ����f��)�	
LBAB½
���*h(�
������+*ç-�W	(�(�\�Y	\^
)�¤WZ*[\^_a\^(���(D�P-��](�_a
�( �)*[W]�	
�(�( ' 
�f)*��[-�_a
�( �	
½�	\^(�*[����(�\^���
�[- ' \^�	
3N+W	
`�P-.�	(í_a
�(í(�\YBhW]_ -.*�\^���	(K�+W�B½����\YN+W	
)(��	\^��
�fË*[
�(ó�	���Z��_^\a�	�¥-�\a��
)(�¸�¶»-�\a��*[
��	-���*��	��W](ö-�_^_a���	(
��
Ë,�
)�	\^�Ó-�W	M1�LN+WP-.*�\^���	(X�	
Ä_^-h�]µj�P-<B½\YN+W	
Ä
)*X�	��W	(X\^��*[�)��
�(�(�
)��-�WIM  W	fË*[WP-.*�\^���](X*�W	��Y]W	_^
)�+*�
�()¸
� s �`s�� 4��z�{ � � u����Zu�z � �
� ��W](�-¥,����	(&,jWkN+W���W	�	
Ä�	
)(Óf)���	(��LN+W	
��]f�
�(��	
Ä_�����µ ' ��*?����(�
 ��� �	�<B �+H����	�)\a*[��
�(�*�N+W	
D*���W]*[
)(

_^
)(�(�*É-.*�\^(�*[\YN+W	
)(X��� �����	��
h�
�� � ' ��\^��*Ó����
�( ' -�f�
h(�����*�\a�	�	� ' 
)�	�P-���*[
)(��	
 _ - ' ��(�\g*[\a���V( ' -.*�\ -�_a
�¸
'ö� WZ*[\^_a\^(�-���*ö_ - ' ��� ' ��\a�)*�� � ¸ �D�P-��](�_a
�(@�LN+WP-�*[\^���	( ' ��W]��W]�	
&*[W	��Y	W	_^
)�	f�
Ó\^�m�	�+B½�+H+���]
&\^_],j\^
)��*��

∂ui

∂xi

= 0 $ � ¸ ����-�4
∂uj

∂t
+

∂

∂xk

(Ukuj + Ujuk + ukuj) + εjklfkul = − 1

ρ0

∂p

∂xj

+ bnj + ν
∂

∂xk

∂uj

∂xk

$ � ¸ ����Y-4
∂b

∂t
+

∂

∂xk

(Buk + Ukb + ukb) + N2niui = χ
∂

∂xk

∂b

∂xk

$ � ¸ ����f 4
'X
LB -��?N+W	���](�NjW]
 _^
$(�µZ(�*��KB 
ªf�\²���	
)(�(�W	( � ¸ �.�¯��� 
)(�* ' -.(1�	��f)��W ' _a� �	
ª_�����f���W	_^
KB 
)�+*%B ��µ�
��
(Ui, Bi)

¸ . 
 fZ�	-<B ' B½��µ�
�� ' ��W	����-æ
#MZ
���f�
��Ó(����J\a�  W	
)�	f�
Ä(�W]��_a
�(  W	fË*[WP-�*[\^���	(6B¬-.\^(`_a
�(  W	fñ�
*[W	-.*[\a���	( �	
 ' ��W	��������* ' -�(DB½�Z�]\T�P
)� _a
 fZ�	-<B ' B ��µ�
)��¸ � 
½*�µ ' 
÷�]
 *[W]��Y	W	_a
��	f)
¬
)(�*jN+WP-�_a\T�P�
�	
 ' -�(�(�\g,�
 ' -�� � ¸ � -<BhYG��� $ � �<]��	P#» � "D¼uP���2É¸ � P ' � � 4Ë¸q¶»-.\^��*[
)�P-���* �	��W	(�-�_^_a���	(b(�W	Y	(�*[\a*�W	
��Ä_^-

��� 7/��Ì]ä�ÊoÃ�ð�Ø]Ð&ïPð�ÌjÅÄÌZØ ÚÉÈÉð�ÌI�^ÇËå¬ÇËØPÊ`ÈËÃ^Ð�ä�Ã � �^Ú��öÊ�ð�ÌZÅñØGä�ØPÊ&ÇËÊ@ÐËÊ3Å�ä�ÊoÃ �`Ú ���



����� ��� ÌZÅK��ÌI�^ÇËØ�ÈÉÇbÎPð�å¬ð?hjÏËØ�Ç

G¢���nB 
D\TB ' ��(��)
 � ¸ � � �	
Ä_�����f)��W	_^
KB 
)��*�B ��µ�
)�J�	-��	(X_^
D(�µZ(�*��KB 
 f�\²���	
)(�(�W]( � ¸ ��� ' ��W	�X��Y]*�
��	\a�
∂ui

∂xi
= 0 $ � ¸ � � -�4

∂uj

∂t
+ Aklxl

∂

∂xk
uj + ukAjk + uk

∂

∂xk
uj + εjklfkul = − 1

ρ0

∂p

∂xj
+ Bnj + ν

∂

∂xk

∂uj

∂xk$ � ¸ � � Y-4
∂b

∂t
+ UkGk + Aklxl

∂

∂xk

b + uk
∂

∂xk

b + N2niui = χ
∂

∂xk

∂b

∂xk

$ � ¸ � � f 4
. 
1(�µj(�*?�LB½
 � ¸ � � ' ����(�
���*[
9W	� ' ����Y	_Y�KB 
¬f¥-��æ\a_0G3-�\g*æ\^��*[
)��,�
��	\a�æ
#M ' _^\af�\g*[
LB½
���*ç_^
�(h,.-���\ -�Y]_^
�(
����
�( ' -�f�
)( xi

�P-��	(ö_a
�(í*�
��?B½
�(ö��� -��Z,�
�fË*[\a����	
�(�N+WP-���*�\a*[�)(  W	fË*[WP-���*�
�( ' -���_^-�,j\a*�
�(�(�
�B ��µ�
)�	�	
.¸
ló��W	�X����(���W	�	��
�f)
 ' ����Y]_Y�LB½
U'Ä¸ (G¸-'Ó�+H�-�_^_a�O$ � �<] � P¸» � � )O¼ 4×
 �
)f)*[W]
�W	�9fZ�P-��mH�
LB½
���*Ó����
�( ' -�f�
.¸
� s �`s�� = ��É�ö�	{}zö�Zwy� � ��|AxË0¢|K� ��z���|"�ju�w��óz � � : s # s : � � z@xyx�� ����� �

@b-��	( f�
Ë*�*[
»(�
�fË*[\a���<�	��W	(÷-�_a_^���](æ�[- '	' 
�_a
��½_^
9fZ�P-���H�
LB½
���*÷�	
V,.-���\^-�Y	_a
9��� 
)( ' -�f)
$W]*�\^_^\a(��
' -���'Ä¸ (�¸R'X�+H�-�_a_^�O$ � �+] � P:» � � )$¼ 4 ' ��W	�Ó��
)�	�	��
�_^
)(Ó�KN+WP-.*[\a���	(Óf��+B ' -.*�\^Y	_a
�(Ó-¥,�
)fçW	�	
�- '	' ���jfZ�	

*[��\g� ' �)��\^�j�	\TNjW]
�¸ � ��*[���	( N+W	
�_^
�(ö,.-���\ -�Y	_a
�(@�	
�' ¸ (�¸	'Ó�<H�-�_^_a� ' 
�W],�
���*6{)*���
�\^��*[
)� ' ���)*[�)
�(ëf��+BAB 

�	
)(�f)�Z�����	���	�]��
�(Ó_ -JH��[-��mH�\^
)�	�	
�(`,j\a(�5h,j\^(X�	
 _�����f)��W	_a
LB½
���*�B ��µ�
��9
)*�(�����*Óf��+B ' -.*�\^Y	_a
�(&-¥,�
�f
_^
)(&f��j�����]���	�	�)
�(Ó( ' 
�f)*��[-�_a
�(XW]*�\^_^\a(��)
�( ' -�� � ¸ � -JBhY���� $ � �+]��IPZ» � "$¼ 4Ë¸� �+BAB 
)��p����	( ' -.��(�W	Y	(�*�\a*�W	
�� t ' -�� τ �P-��](b_����LN+WP-.*�\^��� � ¸ ���Z¸ 'ö�	(�W	\g*[
��	��W	(D-._^_^���	(XW]*[\a_^\^(�
��X_^
fZ�P-��mH�
LB½
���*h�]
 ,.-���\^-�Y	_a
�(Ä�	
 ' ¸ (�¸X'Ó�+H�-�_^_a�1�	�K�P�]\^
�(ç-¥,�
�f _^
)(ç�	��WZ,�
�_a_^
)( ,.-���\ -�Y	_a
�(Ä����
�( ' -�f�
ñ�
*[
KB ' ( (X, t) 
)�*G¢���]f)*[\a���1�	
)(�-��]f�\^
)�	�	
)( (x, τ) ' -��

Xi = Bij(t)xj
$ � ¸ ����-�4

t = τ $ � ¸ ���.Y-4
. - ' -���*�\^f�W]_ -���\a*[�ó�	WçfZ�	-���H�
KB 
)�+*ó�	
ö,.-���\^-�Y	_a
�(K�	
0' ¸ (�¸ 'X�+H�-�_a_^�`
)(�*XN+W	
ë_a
�(q�	��WZ,�
�_a_^
)(q,.-���\ -�Y]_^
�(
����
�( ' -�f�
Ó(�
fB½
�W],�
���*`-¥,�
�fÓ_�����f���W	_^
KB 
)�+*gB½��µ�
)� (�\PY	\^
)�AN+W	
Ó_ -b�]����\g,�� ' -���*[\^f)W	_ -.\^��
ë
��½(�W	\g,.-���*
_^
UB½��W],�
LB½
���*fB ��µ�
��9�	
�(X�	��WZ,�
�_a_^
)(X,.-���\ -�Y]_^
�(×
�(�*��+W	_^_a


dXi(x, τ)

dτ
= 0 $ � ¸ � � 4

. � �KN+WP-.*[\a��� � ¸ � � 
�(�*��KN+W	\a,.-�_a
���*[
 5 _o� W]*�\^_a\^([-�*[\^���¬�	
 *[�[- [�
�f)*���\^��
�(Xf¥-.�[-�fË*[����\^(�*[\YN+W	
)(�
)� �6�	�)����\a

�	
6@�\^(�*�����(�\^���D'�- ' \^�	
��	
 � ¸ � -<BhYG���O$ � �+]��IP�» � "$¼ 4Ë¸J@b-��](�_^
ë��
 ' ����
0�mMZ
`�]�K�P�	\a(�(����	(ö_ - ' ��(�\a*�\^���
����W	�	
 ' -���*�\^f)W	_^
 ' -�� x : t 7→ x(t) ¸ . - �	�)��\a,���*�
LB ' ����
�_a_^
D�	
�_ - ' ��(�\a*�\^��� ' -���*[\af�W	_a
 
)(�*��	�K�P�]\^
' -���_ - ,j\a*�
�(�(�
;B ��µ�
��	�	
 ẋi(t) = Ui

¸���\^�	(�\í_^- *[��- [�
�fË*[��\a��
hf�-��[-�fË*[�)��\^(�*[\TNjW]
h�	
�( ' -.��*[\af�W	_a
�(�NjW]\
f����	(�*�\a*[W]
������+*Ó_a
D�	��W],�
¥-�W9��
 ' �)��
 
�(�*Ó�	�#�P�	\a
 ' -��&_����LN+WP-.*�\^���V�	\ ��)��
)�+*�\^
)_^_^
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ρ0
ıKlBlj p̂ + b̂nj − νKlBlkKmBmkûj
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|ĉ|2
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<KJ$LML+JNL $PO$Q�R
�SJNTUO$LONO���T��VQ�RO�JGWXT�REY �I" T�Z-$P[]\ < � <�T/)��VQ�^ E`_ ����c %�� b�b&a&� ' �I6 J*3bT�[cLedgfhTji�Q�[SR
dPJ$klL+Ja)mWPkGZ�[S^POjT�[SRJ$k)n$Q�oPRpL+kld"J$i	T�^qLNZ�J$k)LJ:)rWPkl^"Q�^�stZS[�^PO�T�[�RMJ�ka%#^PQ�oPkGWVJ$R^)rJ$LLR+T7dPJUZ�[S^POjT	R[�kMJ�R
Z�J7k � kpL 9:)rJudgfvO:5woXT	L[�Q�^ E�b � _�x ' � YyWPR^9$kzL+RT�^Pk�3{Q�R^)mT	L+[SQ�^|dPJ~}XQ�oPRM[�J$RmQ�^�Q��"L+[SJ�^qLmoP^�k � kML^9:)rJ
dgfvO:5woXT	L[�Q�^"k�dP[S�VO�RMJ�^qL+[SJ�Z�ZSJ�k�Q�RdP[S^XT�[SRJ�kKZ�[�^"OjT�[SRJ�k�WPZ�o"k�k[-)mWPZSJ�kw5woPJ;E�b � _�a ' n�T�R�Z�J$kKL+J$R^)rJ�k�^PQ�^�s
Z�Q�njT	o+

̂[u ⊗ u]
J$L

[̂bu]
^PJ@kQ�^wL�WPZSoPk�WPRO$kJ$^wLk �

6 J)k � kML 9a)mJ)dPJ@dP[SkML+Q�Rk[SQ�^IdXT�^"k�ZSJEnjT�k�ZS[�^PO�T�[�RMJ�i�[�k^5woPJ$o+7k�fvO�n$R[cL

kiûi = 0
E�b �dc b&T '

∂ûj(K, t)

∂t

∣∣∣∣
K

+ Ajkûk + εjklfkûl = −ıkj p̂ + b̂nj − νklklûj

E�b �dc bj� '

∂b̂(K, t)

∂t

∣∣∣∣∣
K

+ ûkGk + N2niûi = −χkikib̂
E�b �dc bjn '

_ Z � Tlo"^PJ�n$Q�)mW"ZD9$LJeT�^PT�Z�Q�R�[�J�J�^qLRJEZ fvJ�kMWXT�n$J�kW�J�n9L+RT�Z�J9L�Z fvJ�kMWXT�n$J�k�W.$ � k[-5woPJ � i ^UW�J�o�L>)m�a)mJ
RJ$n�Q�^"kML+RMoP[�RMJ�Z�J�kEOa5woXT	L+[SQ�^PkEkMWVJ$n$L+RT�Z�J$k@Jq+�WPR[-)mO$J�kEdXT	^Pk@Z�JNRJ$W`9$RJ ] oPZ�O$R[SJ�^udPJ�dPO$WXT�RML � e Q�oPR
n�J$Z�Te^PQ�oPk]o"L[�Z�[SkQ�^"kBZ�T 3{Q�R^)loPZ�J�dPJ�k�dPO$R[ci�J�k�WPT�RML[�J�ZSZ�J$kBko"[Si	T�^qL+J$k�T&i�J�n

û(K, t) = ûE(k(K, t), t)

∂û(K, t)

∂t

∣∣∣∣
K

=
∂ûE(k(K, t), t)

∂t

∣∣∣∣
k

+
∂kj(K, t)

∂t

∣∣∣∣
K

∂ûE(k(K, t), t)

∂kj

∣∣∣∣
t

E�b �dc _ '
WPoP[Sk�J�^7koP�PkpL+[cL+oXT�^qLyZ�T*3{Q�RG)�oPZSJfb � c _NdPT�^PkBb �ON J9LyJ$^�RMJ:)rWPZ�T���T�^qL

ûE
WXT	R

û
dXT�^"k�Z�TN^PQ�o"i�J�Z�ZSJ

O:5woXT�L+[�Q�^7Q�^�Q���L+[�J$^qL�Z fvO:5woXT	L[�Q�^IkMWVJ$n$L+RT�Z�J ] oPZSO�R[SJ�^P^"J

kiûi = 0
E�b �dc�� T '

∂ûj(k, t)

∂t

∣∣∣∣
k

+ k̇j
∂û(k, t)

∂kj
+ Ajkûk + εjklfkûl = −ıkj p̂ + b̂nj − νklklûj

E�b �dc�� � '

∂b̂(k, t)

∂t

∣∣∣∣∣
k

+ k̇j
∂b̂(k, t)

∂kj
+ ûkGk + N2niûi = −χkikib̂

E�b �dc�� n '
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� Q�oPkKW�Q�o"i�Q�^Pk�i�Q�[�R�5woPJ�ZSJ�k � kML^9:)rJen�[ stdPJ$kko"kKJ�kpL�J +"W"R[D)rOyT&i�J�nyZ�J�i�J�n9L+J$oPR�dgfvQ�^PdPJ$k ] oPZSO�R[SJ�^ �
] +"T/)m[S^PQ�^PkX5woPJ�Z-5�o"J�k�WPRMQ�WPR[SO$LO�kKd"oUi�J�n9L+J$oPR�dgfvQ�^PdPJ$k _ ZVJ$kMLw3bT�n$[�ZSJydPJ
)mQ�^qLRJ�R�J�^Io"L[�ZS[�k+T	^wL Z�T
dPOq0X^P[SL[�Q�^�dPounA$XT�^.R�J:)rJ�^qLEdPJ�i	T�RM[�T��PZSJFE�b � _�_ ' J9LEZ fvJq+�WPRMJ�kMk[�Q�^udPo~i�J$n$L+J$oPR@dgfvQ�^PdPJ$k ] oPZ�O$R[�J$^
J�^ 3{Q�^Pn9L+[SQ�^2dPoIi�J�n9L+J$oPR�dgfvQ�^Pd"J�k 6 TQR�R+T�^LR�[�J$^�E�b �d��� ' 5woPJ

kixi(t,X) = Ki(t,k)Xi

E�b �dc�� '
� J:)mT�R^5woPQ�^"k=5woPJeZSJ�k�i�T	R[�T	�PZ�J$k

(X,K)
o"L[�Z�[SkO$J�k�J�^ j�� � WXT�Rw< � <�TQ)��VQ�^UJ$L�T�Z � E�b&a P�N %�� b&a	� 'kQ�^wLUJq+"T�n$LJ:)rJ�^qLIZSJ�k )r�:)rJ�k;5woPJ~n$J�Z�ZSJ�kmdPJ � �O"`� � Q�RqT�ZSZ�Q dXT�^PkmZ�J$k " � � E�b&a P b�%��4b�b N � ' �X_ Z

� T�oP^PJmn�Q�)rWPZ-9$L+JrO:5woP[ci	T�Z�J$^Pn�JmJ�^qL+RMJUZ�T7d � ^XT/)r[D5woPJrJ�^ J�kMWXT�n$JUW.$ � k[D5woPJzJ$L�Z�T�d � ^XTQ)m[-5�o"J
J�^�J$kWXT	n�J kW�J�n9L+R+T	Z �X6 fhT�^XT	Z�Q�R�o"J�dPJ~Z`fhOa5woXT	L+[SQ�^ E�b � _ � ' kMoPRIZ�J$kzn�Q�Q�RMdPQ�^P^PO$J�kIW.$ � k[-5woPJ�k2J�kpL
Z fvO:5woXT�L+[�Q�^IJ�[��	Q�^XT�ZSJEWVQ�oPR�Z�J�i�J�n$LJ�oPRydgfvQ�^PdPJ$k�5woP[#k$fhJ +"W"R[D)rJ

∂ki

∂t
+ kpApi = 0

E�b � c�N '
6 fhOa5woXT	L+[SQ�^ E�b � N ' ^PJykJ$R+TlWXT	kKo"L[�Z�[SkO$JydP[SRJ$n$L+Ja)mJ$^qL	��^"Q�oPk�T	Z�Z�Q�^Pk�dgf T	�VQ�RMdU[D)rWPZS[�n�[cL+J$R]Z�J�L+J$R^)rJ
dPJ@WPRMJ�kkM[�Q�^7dPJ@Z fvO:5woXT�L+[�Q�^�E�b � N ' �
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� T�^Pk�n�J$LML+JGkJ�n9L+[SQ�^~^PQ�o"k�WPRMO�kJ$^qL+J�RMQ�^PkEZSJGWPRMQ,SMJ�n9L+J$oPRedPJ��@RT�[�nA$"^XT�^@5woPJl^PQ�oPk�T�WPWPZS[D5woPJ9s

RQ�^Pk�r�Z`fhOa5woXT	L+[SQ�^ E�b � N ' W�Q�oPRGO�ZS[D)r[�^PJ$REZ�J�L+J�RG)mJmdPJzW"RJ�kMk[SQ�^ � _ Z kJ$R+T�d"Oa0X^P[�dPJ�klWPRQ�W"R[�O9L+O$k
WXT�RpL+[Sn�oPZS[D9�RMJ�k85woP[ kJ$RQ�^qL�o�L+[�ZS[�kMO�J�kEW�Q�oPR)O�Z�T���Q�RJ$R)o"^PJ )rO$L^$PQ�dPJmQ�R[DR�[�^XT�ZSJ�dPJ�L+RT�[SLJ:)rJ�^qL)dPo
L+J$R^)rJEdPJ@WPRJ$kkM[�Q�^7dXT�^Pk�ZSJ�k�k[-)�oPZ�T	L+[SQ�^PkK^wo.)rO�RM[D5woPJ$k�d"[�RJ$n$LJ�k � <KQ/) )rJ�^P�$Q�^Pk�WXT�R�o"^PJ@O$L+o"dPJ
dPJ@WPRMQ�WPR[SO$LOEdPo7LJ�^PkMJ�oPR�dPJ@WPRMQ,SMJ�n9L+[�Q�^

Pij

���������������� !�#"!�%$&�('*)+�-,/.!'*.
6 fhQ�W�O�RT	L+J$oPRBd"J�WPRQ SMJ�n$L[�Q�^GkoPRBZ�J WPZ�T�^)L+Q�RMQ�0 d"Q	stW�Q�Z�Q-0 dXT�Z�1Y5woP["J$kML�T	oPkkM[PT�WPW�J�ZSOKWPRMQ,SMJ�n9L+J$oPR

dPJ��ER+T�[SnA$P^XT�^ E{Y ��" [-)mQ�^"J/%2bja�a N %#� b _ � ��%XWPaL%32 � ' k$fhJ +�WPR[-)mJ

Pij(t) = δij −
ki(t)kj(t)

kl(t)kl(t)

E�b �dc�c '
] ^ dPO�RM[Si	T�^qL@Z�JlLJ�^PkMJ�oPR)dPJ4�ER+T	[�nA$P^XT	^uQ�^ Q��"L+[SJ�^qL %gT&i�J�n�oP^.WVJ$o dgf T	ZDR�9$�PRJQ%�oP^PJ�OaRqT�Z�[cL+OM5�o"[
kJ$R+T�o"L+[SZ�[SkO�J�WVQ�o"R�[D)rWPZ�[Sn�[SLJ�R Z�JeLJ�R^)rJEdPJ)WPRJ$kkM[�Q�^ � <KJ9LLJ)OaRqT�ZS[SL+O�k�fvJq+�WPR[-)mJ

dPim

dt
um =

1

ksks
kiklAlmum

E�b �dc x '
e Q�oPRM3bT�[SRJNdP[SkWXT	R+T-5SL+RJ�ZSJrLJ�R^)rJ�dPJzW"RJ�kMk[SQ�^ Q�^.i	T�T�WPW"Z�[D5woPJ$R@Z�JrWPRQ,SMJ$n$LJ�oPRGdPJ6�ERT�[�nA$P^PT�^
E�b � c�c ' r.Z`fhOa5�oPT	L+[SQ�^ d"o )rQ�o"i�J:)rJ�^qL E�b �dc bj� ' J$LrJ$^�o"L[�Z�[Sk+T�^qLNZ`fh[SdPJ�^qL[SL+OId�fh[S^Pn�Q�)rWPRMJ�kkM[��P[SZ�[cL+O
E�b � c x ' O$L�T	�PZ�[SJeWPRO$n�O$dPJ:);)mJ$^qL

kiûi = 0
E�b �dc�P T '

∂ûj

∂t
+ Pijεjklfkûl = Pij b̂nj −

(
δil − 2

kikl

ksks

)
Almum − νklklûj

E�b �dc�P � '

∂b̂

∂t
+ ûkGk + N2niûi = −χkikib̂

E�b �dc�P n '
 T�[S^qL+J�^PT�^qL�[�Z�k�fhT/R�[cLKd"JeRJa)mJ9LL+RMJ�ZSJyk � kpL 9a)mJ;E�b � c/P ' dPT�^Pk�ZSJyn$Q�^qL+Jq+�LJEdPJ�Z`fhO$n�Q�oPZSJ:)rJ�^qL��PT�RQ	s
n�ZS[�^PJ �
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e Q�o"R�Z�J@n�T�k�dPJGdP[�kpL+Q�RMk[SQ�^�RT�WP[SdPJ@WPZ�Q�^LR�OGdPT�^Pk�oP^~O�n$Q�oPZSJ:)rJ�^qL
)rQ � J$^~�XT�RMQ�n$Z�[�^"JEn�Q�);)mJ

dPOq0X^P["W"RO�n$O�dPJa) )rJ�^qL>b � b � J$LBi�[Sk[��"Z�J koPR]Z�T 07R�oPRJmb � bQ%�^PQ�o"k]Tji�Q�^"k]i�of5wogfv[�Z�3bT�o"L4L+J$^P[�R n�Q�)rW"LJ
dPJ�Z�TERMJ�Z�T�L+[�Q�^NdPori�J�^qL L $PJ$R^)r[D5woPJHb � b x ��6 J�k O:5woXT�L+[�Q�^Pk>b �dc�P kMJ�k[D)rWPZS[-0XJ$^wLY)zT�[Sk�J�ZSZ�J�k R�T�RdPJ$^qL
J�^"n�Q�RMJKoP^PJXR�R+T	^PdPJ n�Q�)rWPZ�J +�[SL+O � 6 JK^PQ�)l�PRJ dPJKWPT�R+T/);9$LRJ$kwE{n�[�kT�[�ZSZ�Ja)mJ$^wL:%�RMQ�L�T	L[�Q�^)J$L4kMLR+T	L[-0"s
njT�L+[�Q�^ ' d"o�WPRQ��PZD9a)mJ O$L+T�^qL]dPO�S^reT�kkMJ:n�O$Z�J$i�OKQ�^ln�Q�^PkM[�dPO$RJ$R+TeoP^P[-5woPJ:)rJ�^qL]ZSJ�n�T�k]^PQ�^�s i�[�kG5woPJ�o+
W�Q�oPR�ZSJ�)rQ�o"i�Ja)mJ$^qLEJ$L�^PQ�^�s dP[S�VoPk[43�W�Q�oPReZ�Tr�XQ�LML�T��"[�Z�[cL+O � ] ^ J9��J$n$L+oPT�^qLEZ�TzkMoP�PkpL+[SLo"L+[SQ�^~dPJ$k
O�ZSO:)rJ�^qL+k�W"RO�n$O�dPJa) )rJ�^qL�n$[SL+O$k�^PQ�oPk�RMJ$LRQ�o"i�Q�^Pk�Z�J$k�O:5woXT	L[�Q�^"k j�� � �XT�RMQ�n$Z�[S^PJ�k�O$L�T	�PZ�[SJ�k�WXT	R
Y �." T�Z-$P[�J9L�< � <�T/)���Q�^�E`_ ����c %V� b�b&a	�h%hW N % E � _ ' J9LBE �/� '^'�s n�fvJ�kpLMs�r stdP[SRJeZSJ�k�Oa5�oPT	L+[SQ�^Pk�dPJEd"[�kMLQ�Rps
k[SQ�^2R+T�W"[�dPJE�XT	RQ�n�Z�[S^PJedXT	^Pk�Z�JERJ$W`9$RJ80L+�J)dXT�^Pk�Z fvO�n$Q�oPZSJ:)rJ�^qL�dPOa0P^P[#koPR�Z�Tf0.R�oPRJ b � b

kiûi = 0
E�b �dc a�T '

dûi

dt
= −S(δi1 − 2

kik1

ksks
)δj3ûj − fPinεn3jûj + Pi3b

E�b �dc a�� '
db

dt
= (Sfδi2 − N2δi3)ûi

E�b �dc a�n '
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� T�^PkKn�J$LML+JekMJ�n9L+[�Q�^U^PQ�oPk�T�Z�ZSQ�^Pk Jq+�WPR[-)mJ$R�ZSJ�k�O:5woXT	L[�Q�^Pk�dPJeZ�TGd � ^XT/)r[D5woPJydXT�^PkKZ�J�RJ�W�9�RMJ

dPJ�<KRT � T�s�g�J�RMR[�^LR�n$J 5woP[qWVJ$R^)rJ$L�dPJ�RMO�dPo"[�RJ�ZSJ]^PQ�)l�PRJ�dPJ�n$Q�)rWVQ�kT�^qL+J$k#J$L�Z�T�d"[D)rJ�^PkM[�Q�^P^PT�Z�[cL+O
dPo7WPRQ��PZD9a)mJ � <KQ�);)mJ$^P��Q�^"k:%PWXT	R�RT�WPW�J�ZSJ�R�Z�T�d"Oa0X^P[cL+[SQ�^IdPo7RJ�W�9�RMJGZSQ�n�T�Z�d"J*<KRT � T�s�gyJ�RMR[S^.R �
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6 JzRJ$W`9$RJUZSQ�n�T�Z�J�kpLN[�^"[SL+[�T�Z�Ja)mJ$^qLE[�^qL+RMQ�d"oP[SL)WXT�R�<KR+T � TtE�b&a N x% � _�x ��%vW � aL% 07R � ' WPo"[�kld"O$i�JAs

Z�Q�WPWVOKWXT�R g�J�RRM[�^.R;E�b&aqx � %"� N x�� ' � � J:)mT�RG5�o"Q�^PkY5woPJ�Z fvQ�^�W�J�o�L�L+Q�o,SMQ�oPRk]d"O�n�Q/)mW�Q�kJ$R�oP^�nA$XT/)rW
dPJ�i�[SL+J$kkMJy[SkQ&i�Q�ZSo.)rJ�dPJ 3bT	��Q�^�L+Q�RMQ�0 dPT�Z�JAstW�Q�Z�Q�0 dXT�ZSJKTji�J$n�dPJ$o+rkn�T�Z�T	[�RJ$k�J$L oP^PJ�dP[�RMJ�n9L+[�Q�^rW"R[cs
i�[�ZSO:R�[SO�J ��6 fvoP^rkJ$R+TGW�Q�ZSQ�0 dXT	Z

spol

Z fhT�o"LRJ�kMJ�R+T)dP[SL�LQ�RQ-0 dXT�Z
stor

J9L�Z�TEdP[�RMJ�n$L[�Q�^�n�T�R+T�n9L+O$R[�kpL+[-5�o"J
kJ$R+T

n
E "`� <=$PT�^PdPRT�kJM��$PT�R:%4b&a P b/%��h_ � �h%hW c _ � %DE�b ' J$L E _ 'G' � � T�^"kzZ fvJ�kMWXT�n$J�W.$ � k[-5�o"J~Z�J7nA$XT/)rW

W�J�o"L��$LRJ)T�[S^Pk[gJ +�WPR[-)mOEWXT	R

u = ∇∧ (storn) + ∇∧ [∇(spoln)]
E�b � x � '

� T�^"kGZ`fhJ$kWXT�n$JmkMWVJ$n$LR+T�Z�Q�^.dPOa0P^P[SL)Z�JNRMJ�W�9�RMJmdPJ <KR+T � T�s�g�J�RRM[�^.RKr2WXT�RML[�REdPJ�dPJ$o+.i�J$n$L+J$oPRk �
6 fho"^ J�kpL~ZSJ i�J�n9L+J�o"R~dgfvQ�^PdPJ$k

k
%�Z fhT�o"LRJ J�kpL�o"^ i�J$n$LJ�oPR@0+"J RJ$WPRO$kJ�^qL+T�^qLuoP^PJ.dP[�RMJ�n9L+[�Q�^

njT	R+T�n9L+O�RM[�kpL+[D5woPJ�dPo.WPRMQ��PZD9a)mJ � e Q�oPRGZSJNnjT�k@dPJ��XoP[SdPJ�k@kpL+R+T�L+[-0PO�k@Q�^ i�TIWPRMJ�^Pd"RJrZ�TIdP[�RMJ�n9L+[�Q�^
[�^qi�J�RkMJ=r�Z�TwR�R+Tji�[SLO�kQ�[cL�Z�T�dP[SRJ�n9L+[SQ�^Ei�J�RpL+[SnjT�ZSJ�T�kn$J�^PdXT	^wLJ

ni = δi3
s n � 6 T�i�J�RMk[�Q�^MR�O$^PO�RT�Z�[SkO$J

dPo7RJ$W`9$RJ@dPJM<KR+T � T s�gyJ$RRM[�^.Rrk�fvJq+�WPRM[D)rJ@T�[�^PkM[ s

e(1) = k∧n
‖k∧n‖ ≡ TOROÏDAL

e(2) = e(3) ∧ e(1) ≡ POLOÏDAL

e(3) = k
k

≡ COMPRESSIBLE

E�b � xb '

�q�[uwv:xLy/zh{�|,}L~>�7|,x�`Hx}C�A�A|,x���a � aq}7zw�q{D~:y/{(�(�D��� z�|,x�` }�y/}7zDaqz�~qz+`Gy/zh{ �w� ���
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e Q�oPRmkMJK0L+�J$RmZSJ�kr[�dPO$J�k:%�ZSJ7RMJ�W�9�RMJ�dPJ@<KR+T � T s�gyJ$RRM[�^.R WVQ�o"Rro"^�O�n$Q�oPZSJ:)rJ�^qLzkpL+RT	L+[40XO2Q���Z�T
dP[SRJ�n9L+[SQ�^InjT�RT�n$LO�RM[�kML[D5woPJ@J�kpL�nA$PQ�[�kM[�JEkMJ�Z�Q�^7Z�T�i�J�RpL+[SnjT�ZSJ@T�kn$J�^PdXT	^wLJ/% k�fvJq+�WPRM[D)rJ)T�[�^PkM[ s

e(1) = 1
k⊥




k2

−k1

0




e(2) = 1
kk⊥




k1k3

k2k3

−k⊥
2




e(3) = 1
k




k1

k2

k3




E�b � x�_ '

6 JIRJ$W`9$RJ2dPJK<KR+T � T s�gyJ$RRM[�^.R dXT�^"krZ`fhJ$kWXT	n�J2kW�J�n9L+R+T	Z�Tji�J�n7n�Q/) )rJUdP[SRJ�n9L+[SQ�^ WPR[ci�[�Z�OaR�[�O$JzZ�T
i�J$RML[�njT	Z�JGT�kn$J�^PdXT	^wLJNJ�kpLei�[�k[S�PZ�J@kMoPReZ�Tf07R�o"RJFb � N E{� ' ��_ Z J�kMLedP[��rn�[SZ�J@dPJ)L+RQ�o"i�J$ReoP^PJ�n$Q�RRMJ�k s
W�Q�^PdXT�^"n�JrJq+"T�n$LJzTji�J�nzZ`fhJ$kWXT	n�JrW.$ � kM[D5woPJ )zT�[SkEWXT�R@Jq+�Ja)mWPZSJ�dXT�^Pk)Z�JNn�T�kGd�fhoP^ O�n$Q�oPZ�Ja)mJ$^qL
n � ZS[�^PdPRM[D5woPJ)Z�JGZ�[�J$o�dPJ$k�i�[SLJ�kkMJ�k�LQ�RQ-0 dXT�ZSJ�k*Ebn$Z�T�[SRJ�k ' J9LeZSJlZ�[SJ�o7dPJ�kyi�[cL+J$kkJ$kEWVQ�Z�Q�0 dXT�Z�J$kME�3{Q�^�s
n�O$J�k ' J$kML�i�[�k[S�PZ�J�koPR�Z�T*07R�oPRJ b � N E`T '

� ?����
	��������������	����������^O+CUGFQ�X[CUQ(GF: ��Q�?B>YWNL
C ? CFWN]M: J�! Q(A#"PXVEHQ(>Y:%$�:PAMC/CUEHGFEHIKJ(?H> � XV>Y?HWNG&�
:VC3<�EH>YEHIKJ(?H> �(' EHA�X%"��\J(?BA�O3Q(A�:9XVEHA*),+MQ(G ? L
CFWNEMA ?.-�W@O0/1$�"[CFGUW2��Q(: :PA X[EMAMCFGF?BL�GFEBC ? CFWNEMA
CFWNG3"V: J�:54�6,73EMGUEMA�O08 W �:9�9��<;>=+��?

n

K

�(@ �A�1	���,���B	%�C�
��D%E.�FG�D]H:^X_L
CU:PQ(G J�: >Y? @ ?MO+: J�:IH\G ?J/M?BL
K :PGUGFWNA,+ � = 6ML = �9?HQ*- CU:�$ <-O t =
0
X[EMA�O CFGUQ�W C Z <�?HG+CFWNGSJ(: >Y? J�WNL

GU:^X_CFWNEMA XP?BG ?HX_C3"VGFWYO+CUW2��Q(:3:PO+C
n =

g

‖g‖
:^O C >N:\]H:^X_CU:PQ(G J�! EMA�J�:^O

k(0)

NPORQTS b�U N %WV n�Q�oPZSJ:)rJ�^qL+k=rlnjT	R+T�n9L 9�RMJyLQ�RQ�0 dPQ	s WVQ�ZSQ�0 dPT�Z s r*RqT	oPnA$PJ�o"^UJq+�J:)rWPZSJ�dgfvO�n$Q�oPZ�Ja)mJ$^qL
r�ZS[DR�^PJ$kGd"JUn�Q�o"R+T�^qLlLQ�RQ-0 dPQ	s WVQ�Z�Q�0 dXT�Z�J$kEdXT�^PkGZ fvJ�kMWXT�n�JzW.$�X�kM[D5woPJIJ9Lfr�dPRMQ�[SLJzdXT	^PklZ`fhJ$kWXT�n$J
kW�J�n9L+RT�Z"ZSJ�RMJ�W�9�RJKdPJ><KRT*X�T�s�g�J�RMR[�^LRm5woP[�d"O�n�Q/)mW�Q�kJ�Z�J$k]T/)rWPZ�[cL+oPd"J�k�kW�J�n9L+R+T	Z�J�kBJ�^�oP^"J�WXT�RpL+[�J
L+Q�RQ�0 dXT�Z�J�J$L�oP^PJ@WXT�RpL+[SJEWVQ�ZSQ�0 dPT�Z�J

�q�[uwv:xLy/zh{�|,}L~>�7|,x�`Hx}C�A�A|,x���a � aq}7zw�q{D~:y/{(�(�D��� z�|,x�` }�y/}7zDaqz�~qz+`Gy/zh{ �w� ��N
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� +!.!'�� )��R /� "/' .���	+� �(����;�(�%"!�*) �('(+ '-, .&�;�(��)U. 0
] ^ WXT�RpL�T�^qL�d"o k�X�kML^9:)rJ@b�U c a7WPoP[�klTji�J�nz�VJ�T�oPn�Q�oPW dPJmnjT�ZSn�oPZSk)LJ�^PkMQ�R[SJ�Z�k)Q�^ T�RRM[Si�JzT�o+

O:5woXT�L+[�Q�^Pk�dPJ@Z�T�d�X�^XTQ)m[-5�o"JEdPJ�k�n�Q/)mW�Q�k+T	^wLJ�k�J +"W"R[D)rO�J$k�dXT�^Pk�ZSJERJ�W�9�RMJ@dPJB<KR+T1XqT s�gyJ$RRM[�^.R�U
6 J�k�njT	Z�n�o"Z�kg[S^wLJ�RG)mO$dP[�T�[SRJ$k�^PJ�kQ�^wL�WPT�k�R+T�WPW�J�ZSO�k#W�Q�oPRg^"J WPT�k�T�Z�Q�oPRdP[SR�ZSJ]nA$XT�WP[cL+RMJ U 6 J�k�X�kML^9:)rJ
5woPJ�Z fvQ�^mQ��"L+[SJ�^qL�J�kpLKWPZSoPk k[D)rWPZSJ�njT�R�[SZ TB)mT�[�^qLJ�^XT�^qL � n�Q�)rW�Q�k+T�^qLJ�k�T�omZS[�J$ord"J � dXT�^Pk b�U c a U
6 J@^PQ�o"i�JjT�o7k�X�kML^9:)rJGk$fhJ +�WPR[-)mJ)T�[S^Pk[ s

du(1)

d t
= (S

k2

k
+ f

k3

k
)U (2) E�b�U x � T '

du(2)

d t
= −f

k3

k
u(1) + S

k1k3

ksks

u(2) − k⊥
k

b
E�b�U x � � '

db

dt
= −Sf

k1

k⊥
u(1) + (Sf

k2k3

kk⊥
+ N2 k⊥

k
)u(2) E�b�U x � n '

Y�0P^IdPJ�RMO�dPoP[SRJyZ�J�^"Q�)��PRMJ�dPJeWPT�R+T/);9$LRJ$kKdPoUW"RQ��PZ-9:)rJ�^PQ�oPk�T�ZSZ�Q�^"k�J9��J$n$L+o"J�R�oP^"JeRJ$dP[D)rJ�^�s
k[SQ�^XT�ZS[�kT	L+[SQ�^�J$^ o"L+[SZ�[�kT�^qL�ZSJ�WXT�RT/);9$L+RMJ�dPJN�XT	RQ�n�Z�[S^P[�n$[SLO

ε
J9LEZ�J�^"Q�)��PRMJ�dPJ � [�nA$XT�RMdPkQ�^udPJ

R�RT�dP[�J$^qL
Ri

U 6 J@WXT�RT/) 99L+RMJEdPJ@�XT�RQ�n�ZS[�^P[Sn�[cL+O�J�kML�dPOq0X^P[�WXT�R

ε =
Sf

N2

E�b�U x � '
J$L�ZSJE^PQ�)��PRMJEdPJ � [SnA$XT�RMdPkQ�^7dPJHR�RT�dP[�J$^qL�J�kML�dPOq0X^P[#WXT	R

Ri =
N2

S2

E�b�U x N '
j Q�o"L+Jq3{Q�[�k�W�Q�oPR RqT�RMdPJ�R�oP^~J9��J9L
)rO:)rQ�[�RMJEdPJ�kyWXT�RT/) 99L+RMJ�k�[�^P[cL+[�T	o+I[SZ#J�kML�[�^qL+RMQ�d"oP[SL

ζ1

%
ζ2

J9L
ζ3

<KJ�k)WXT�RT/) 99L+RMJ�k)kQ�^qLGdPOa0X^"[�k)WXT�R s kQ�[cL
ζ1

LJ�Z�5woPJrk[
S 6= 0

T�ZSQ�Rk
ζ1 = 1

k[S^PQ�^
ζ1 = 0dPJ )m�a)mJrTji�J$n 3�J$L � WVQ�o"RGRMJ�kW�J�n9L+[ci�J:)rJ�^qL

ζ2

J9L
ζ3

U!<KQ�) )rJr[�^PdP[-5woPO�WXT�R)Y U " T�ZD$"[�J$L�< U
<�T/)���Q�^ E _ ����c %�� b�b&a���%gW N ' %#Q�^ 3bT�[cLEoP^.nA$XT�^.R�Ja)mJ$^qLldPJNi	T�RM[�T��PZSJ�kEW�Q�oPReLR+T�[cL+J�REZSJ�L+J$R^)rJNdPJ
�XQ�LML�T��"[�Z�[cL+O

u(3) =
S

N2
b

E�b�U x c '
] ^L0X^ koP�PkpL+[cL+oPQ�^"k

t
WXT�R

t∗
dPT�^Pk;b�U x � W"oP[�k@J$�VJ�n9L+oPQ�^PkGZSJNnA$XT�^.R�J:)rJ�^qLld"Jri	T�RM[�T��PZSJ

t = St∗ko"R�Z�J�L+J:)rWPk�J$L�Tji�J$nEZ�JynA$XT�^.R�Ja)mJ$^qL�dPJ�i	T�RM[�T��PZSJ�k dPOa0P^P[�WPRMO�n$O�dPJa) )rJ�^qL�W�Q�oPR�Z�TG�XQ	LL�T	�P[�ZS[SL+O U
6 J@^PQ�o"i�JjT�o7k�X�kML^9:)rJGd"J$i�[�J$^wL

du(1)

d t
= (ζ1

k2

k
+ ζ2εRi

k3

k
)u(2) E�b�U x�x�T '

du(2)

d t
= −ζ2εRi

k3

k
u(1) + ζ1

k1k3

ksks
u(2) − ζ3Ri

k⊥
k

u(3) E�b�U x�x	� '
du(3)

dt
= −ζ1ζ2ε

k1

k⊥
u(1) + (ζ1ζ2ε

k2k3

kk⊥
+ ζ3

k⊥
k

)u(2) E�b�U x�x	n '

 T�[S^qL+J�^PT�^qLX5woPJ�^PQ�o"kKTji�Q�^Pk�RMO�dPo"[SL Z�J�^PQ/)��PRJ�dPJ�n�Q/)mW�Q�k+T	^wLJ�k�J$L ZSJ�^"Q�)��PRMJ�d"J�WPT�R+T/);9$LRJ$k
EbZSJ�k

ζ1

%
ζ2

J$L
ζ3

^PJlkMQ�^qL�WXT	kyi�R+T�[-)mJ$^qLyd"J�k�WPT�R+T/);9$LRJ$k:% n�fvJ�kpL�SMoPkpL+Jld"J�k��t[�^qL+J$RRMoPW"L+J$oPRk��B5woP[
kJ$RQ�^qL o"L[�Z�J$k�WVQ�oPR�Z fv[D)rWPZ�Oa)mJ$^qL�T	L[�Q�^GdPo�n�Q�dPJ�dPJ�dP[�kpL+Q�RMk[�Q�^rRT�WP[SdPJ ' [SZPJ�kpL J�^Pn$Q�RJ�WVQ�kk[S�PZ�JKdPJ
k[-)mW"Z�[-0PJ�R�Z�Jyk�X�kML^9:)rJ UPY U " T	ZD$P[�J$L < U.<�T/)���Q�^ E`_ ����c %�� b�b&a	� ' Q�^wLw)mQ�^qLRO
5wogfv[�Z�O$L+T�[SLKWVQ�kk[S�PZ�J
dPJ@RO$dPoP[SRJ@Z�T�dP[-)mJ$^Pk[SQ�^P^XT	Z�[SLOyd"o�k%X�kpL 9a)mJ)J�^7kJ@WPZ�T��jT�^qL�J$^�n�Q�Q�RMdPQ�^P^PO$J�k�kWL$PO�RM[D5woPJ�k�U

�q�[uwv:xLy/zh{�|,}L~>�7|,x�`Hx}C�A�A|,x���a � aq}7zw�q{D~:y/{(�(�D��� z�|,x�` }�y/}7zDaqz�~qz+`Gy/zh{ �w� ��c
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x1

x2

x3−→
g

−→
Ω

−→
U

(K1,K2,K3)�

θ
�������	��
�������

φ
����
�����

N�ORQTS b�U c % � J�W�9�RMJ@kW.$PO$R[-5�o"JGW�Q�oPR�Z�T�W�Q�kM[SL+[SQ�^UdPo2i�J$n$LJ�oPRydgfhQ�^PdPJ�k

) �R� ��"/� ./.�&;���� �9, &;�-)��R !��
<KQ�^PkM[�dPO$RQ�^Pk@ZSJ�RJ$W`9$RJ�kW.$"O�R[-5woPJ�dPOa0X^"[]koPR@Z�T 07R�oPRMJ b�U c U 6 Tzi�[SL+J$kkMJ;n$Q�^XT�ZSJ�J�kpL)WVQ�RpL+O$J

WXT�R Z�T@dP[SRJ�n9L+[SQ�^
x1

%wZ�TBR�RTji�[cL+O�J$L�Z�T@RQ�L+T	L+[SQ�^�kQ�^qLKQ�R[SJ�^qL+O$J�kKkMoP[Si	T�^qL�Z�T@dP[�RMJ�n9L+[�Q�^
x3

U 6 f T	^.R�Z�J
θ

J�kpL�Z�Ten�Q�Z�T	L+[cL+oPd"J�J$L
φ

RMJ�WPRMO�kJ$^qL+J�Z`f TQn�[D)lo"L1U � T�^Pk Z�J�^"Q�o"i�J�T�orRJ�W�9�RMJ�Z�TEkoPR�3bT�n�J�O$Z�O:)rJ�^qL+T�[�RMJ
ko"R�o"^PJ@kW.$.9$RJ)[�kMQ	s[� J�kpL�dPOq0X^P[SJ)WPT�R s

{
Kdθ
K sin(θ) dφ

E�b�U x P '
6 J�k�T�^Pn$[�J$^P^PJ�k�i	T�R[�T��PZSJ�k�J$^p3{Q�^"n$L+[SQ�^IdPJ$ky^PQ�o"i�J$Z�Z�J$k�k�fvJq+�WPR[-)mJ$^qL s

K1 = K sin(θ) cos(φ)
E�b�U x�a�T '

K2 = K sin(θ) sin(φ)
E�b�U x�a�� '

K3 = K cos(θ)
E�b�U x�a�n '

J$L�Z fvJq+�WPRMJ�kMk[�Q�^mdPori�J$n$L+J$oPRKd�fhQ�^"dPJ�k ] o"Z�O�RM[�J$^mJ$^ 3{Q�^Pn9L+[SQ�^�dPJy^"Q�o"i�J$Z�ZSJ�k n�Q�Q�RdPQ�^P^PO�J$k 6 T/R�R+T�^�s
R�[SJ�^P^PJEk$fhJ +�WPR[-)mJ)T�[S^Pk[ s

k1 = K sin(θ) cos(φ)
E�b�U P�� T '

k2 = K sin(θ) sin(φ)
E�b�U P�� � '

k3 = K cos(θ) − ζ1 t sin(θ) cos(φ)
E�b�U P�� n '

6 Jmk%X�kML 9a)mJrJ�^�3{Q�^Pn9L+[�Q�^.d"J E
θ
%
φ ' J�kpLlQ��"L+J$^�o J�^ koP�PkpL+[cL+oXT�^qLGZ�J$k)n$Q�Q�RdPQ�^"^PO�J$k ] oPZSO�R[SJ�^P^"J�k

dXT�^"k*E�b�U x � ' U " Q�^7Jq+�WPRJ$kkM[�Q�^7J�kpL s

du(1)

d t
= (ζ1

sin θsinφ

k∗ + ζ2εRi
k∗

3

k∗ )u(2) E�b�U P b&T '
du(2)

d t
= −ζ2εRi

k∗
3

k∗u(1) + ζ1
sin(θ) cos(φ)

k∗2 u(2) − ζ3Ri
sin(θ)

k∗ u(3) E�b�U P bj� '
du(3)

dt
= −ζ1ζ2ε cos(φ)u(1) + (ζ1ζ2ε

sin(φ)k∗
3

k∗ + ζ3
sin(θ)

k∗ )u(2) E�b�U P bjn '

�q�[uwv:xLy/zh{�|,}L~>�7|,x�`Hx}C�A�A|,x���a � aq}7zw�q{D~:y/{(�(�D��� z�|,x�` }�y/}7zDaqz�~qz+`Gy/zh{ �w� � x
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Q��

k∗
3 = cos(θ) − ζ1 t sin(θ) cos(φ)

E�b�U P _�T '
k∗ =

√
1 − 2 sin(θ) cos(θ) cos(φ) t + sin(θ)2 cos(φ)2 t2

E�b�U P _	� '
i ^ RJa)zT	R^5woPJ�RTo5woPJ ZSJ k%X�kpL 9a)mJ J$kML@)zT�[S^qL+J�^PT�^qL�[S^PdPO�W�J�^"dXT�^qLudPJ Z�T ^"Q�R^)rJ d"o i�J$n$L+J$oPR
dgfvQ�^PdPJ$k

K
U _ ZgkMo���L )zT�[S^qL+J�^PT�^qL�dPJeRMO�kQ�oPdPRJ@dXT	^Pk�Z fvJ�kMWXT�n�JEn$Q�Z�T�L+[SLoPdPJAs T/n$[D)�o"L
U�<�fhJ$kMLps�r�s dP[�RMJ

5woPJzZSJ�WPRQ��"ZD9:)rJ;r7LRQ�[Sk)d"[D)rJ�^PkM[�Q�^Pk@J$kMLGR+T/)rJ�^PO r�o"^ WPRMQ��PZD9a)mJ;r2dPJ�o�+ d"[D)rJ�^PkM[�Q�^Pk@dXT	^Pk
Z fvJ�kMWXT�n$JNkW�J�n$LR+T�ZBkW.$PO$R[-5�o"J U 6 JNWPRQ��PZD9a)mJGO:5woP[Si	T�ZSJ�^qL@dXT�^"kEZ fvJ�kWPT�n�JNW.$�X�k[-5woPJ�RJ�kpL+J;rzL+RMQ�[�k
dP[-)mJ$^Pk[SQ�^PkH)zT	[�k)T�oP^"Jzk�X�)rO$LR[�JmdgfvO�nA$PJ$Z�Z�J U�Y WPRMQ�WVQ�kGdPJ$k�k�X�)rO$LR[�J$k:%�R+T	WPWVJ$Z�Q�^"kGZ�T7n$Q�^PkOAs
5woPJ�^"n�JIdPJUZ�T�k%X)rO$LR[SJ $PJ$R^)r[SL+[SJ�^P^"JmdPJ$kNT/)rWPZ�[cL+oPd"J�k)kW�J�n$LR+T�ZSJ�k�U 6 T�k�X�)rO$LR[�J $PJ�RG)m[cL+[SJ�^P^PJ
dPJ$k�T/)rWPZS[SL+o"dPJ�k�kMWVJ$n$LR+T�ZSJ�k�k�fvJq+�WPRM[D)rJEWXT�R

û(k) =
n$Q�^,S

(û(−k))
E�b�U P�� '

6 J�k�X�kML^9:)rJ�E�b�U x�x ' J�kpL�^"Q�^�s i�[Sk^5woPJ�o�+rdPQ�^Pn�Z�J$k T/)mW"Z�[SLoPdPJ$k]kW�J�n9L+R+T	Z�J�k�kMQ�^qL�d"J�k ^PQ�)��PRMJ�k�RO$J�ZSk
WPoPRMk
U 6 T�n�Q�^Pd"[SL+[SQ�^�E�b U P�� ' dPJ$i�[SJ�^qL�o"^PJ@n�Q�^Pd"[SL+[SQ�^IdPJ@WXT�RM[SLOEkoPR�Z�T�WPT�RML[�JERO$J�ZSZ�J

uR(k) = uR(−k)
E�b U P�� '

J$L�J$^�RMJ�W�9�RJ@kMW.$PO�RM[D5woPJ)Z�T�n$Q�^PdP[cL+[�Q�^ b�U P	� k$fhJ +�WPR[-)mJ

uR(k, θ, φ) = uR(k, π − θ, φ − π)
E�b�U P�N '

 T�[S^qL+J�^PT�^qLIWVQ�oPRUnjT	W"L+oPRMJ�RUZSJ�^PQ*X�T�o dPO$LJ�R^)r[�^"[�kMLJ�WPRMO�kMJ�^qL7dXT�^PkUZSJ�k%X�kpL 9a)mJ E�b�U P b ' ^PQ�oPk
T�ZSZ�Q�^PkKZ fvJq+�WPR[-)mJ$R>rNWXT�RpL+[�R�d"J�k>3{Q�^Pn9L+[�Q�^Pk�dPJ��@RMJ�J$^ U

��
 ��
�� ����� !
	�� ������ W��oU.WIW �
� T�^PkBn�J$LML+J�kJ�n9L+[SQ�^�^PQ�o"k]T�ZSZ�Q�^Pk�O$n�R[SRJ�Z�J k�X�kML^9:)rJKdP[c��O$RJ�^qL[�J�Z�W�Q�oPR Z�J�k 3{Q�^Pn9L+[SQ�^PkBd"J��ERJ�J$^

WPoP[SkyW"RO�kMJ�^qL+J$Rm5woPJ�Z-5woPJ�kekMQ�Z�o�L+[�Q�^Pk�Jq+"T�n$LJ�ked"JGWPRMQ��PZ-9:)rJ�k�n�Z�T	kk[-5woPJ�kyJ$LyJ�^L0X^�Z�T�kQ�ZSo"L+[SQ�^2J�^
K1 = 0

dPJ�Y U " T�ZD$P["J$L=< U�<�T/)���Q�^�dPozW"RQ��PZ-9:)rJ��XT�RMQ�n$Z�[�^"J�n�Q�)rWPZSJ$L1U�<KQ�) )rJ�^"��Q�^Pk�WPT�R 3bT�[�RMJ
Z�JmZ�[SJ�^ J$^qL+RJzZ�J�klT/)rWPZ�[cL+oPdPJ$kGkMWVJ$n$LR+T�ZSJ�k�J9L�Z�J$kM3{Q�^"n$L+[SQ�^PkGdPJ��ERJ�J$^ U 6 TK3{Q�^Pn$L[�Q�^ dPJ��ERJ�J$^
J�kpL�[S^PdPO$WVJ$^PdXT�^qL+JGdPJ�k�n�Q�^PdP[SL[�Q�^"k�[S^P[SL[�T�ZSJ�k�n�fvJ�kMLps�r�s dP[�RMJH5�o"JlZ�J$k�n�Q�^Pd"[SL+[SQ�^Pk�[�^"[SL+[�T�Z�J$kKW�J�o"i�J�^qL
�$LRJmoP^PJrROjT	Z�[�kT	L+[SQ�^ WXT�RpL+[�n$oPZ�[-9�RMJNdPJmi	T�RM[�T��PZSJ�k@T�ZSOjT	LQ�[�RMJ�kH)mT�[�k@Z�J�ZS[�J�^.J�^qLRJzZSJ�k)n�Q�^"dP[SL[�Q�^Pk
[�^"[SL+[�T�Z�J$k�J9L@Z�J�nA$XT/)rW.T�o+uLJ:)rWPk

t > tI
ZSoP[]J$kMLGJ�^qL+[-9�RJa)mJ$^qLGd"O$L+J$R^)r[�^P[SkMLJ U 6 TF3{Q�^Pn9L+[�Q�^udPJ

�ERJ�J$^2WVJ$R^)rJ$L�dPJEL+RMQ�o"i�J�R�Z�JenA$PT/)mW7T�ZSOjT	LQ�[�RMJ
u(i)(k, t)

T	o+ULJ:)rWPk
t

J$^ 3{Q�^Pn$L[�Q�^2dPo2nA$XT/)rW
u(i)(k(tI), tI)

T�Z�O�T	L+Q�[�RJeT�o+ULJ:)rWPk
tI

U <KJ9LLJGn$Q�RRMJ�kW�Q�^PdPT�^Pn�J)k�fvO�n$R[cL

u(i)(k, t) = gij(k, t, tI)u
(i)(k(tI , tI)

E�b�U P�c '
_ Z5X.T7o"^PJzRMJ�Z�T�L+[�Q�^uZ�[�^"OjT�[SRJNJ�^qLRJrZ�T 3{Q�^Pn$L[�Q�^.dPJ��@RMJ�J$^ Jq+�WPRM[D)rO�J�dXT�^"kGZSJmRMJ�W�9�RJ 0L+�J

GijJ$LyZ�Tf3{Q�^Pn9L+[SQ�^�d"J��ERJ�J$^�J +"W"R[D)rO�J)dXT�^"k�Z�J@RMJ�W�9�RJGdPJf<KRT1XqT�s�gyJ�RMR[S^.R
gij

U e T�R�Jq+�J:)rWPZSJlk[�Z�T
�XQ�LML�T��"[�Z�[cL+OyJ�kML�[-R�^PQ�RMO�JEn�J9LLJ)RMJ�Z�T	L+[SQ�^Ik�fvO�n$R[SL

Gij =
∑

n=1,2

∑

m=1,2

e
(n)
i (k)gnme

(m)
j (K)

E�b U P x '

6 JKL+J$^PkJ$oPR]dPJ��@RMJ�J�^NJ$kML]LR^9$k][D)rWVQ�RML�T	^wL dXT	^Pk]Z�J$kY)rQ�dPO$Z�[Sk+T	L[�Q�^Pk#kMWVJ$n$LR+T�ZSJ�k]dPJKZ�T�LoPR�"oPZ�J$^Pn�J U
e T	R4J +"Ja)mW"Z�J Z�J�L+J�^"kJ�o"RBdPJ��@RMJ�J$^lZ�[S^POjT	[�RJ�J$kMLB^PO�n$J�kkT�[�RMJKW�Q�oPR O$i	T�ZSoPJ�R�Z�T>3{Q�^Pn9L+[SQ�^)LJ:)rWVQ�RJ�ZSZ�J

�q�[uwv:xLy/zh{�|,}L~>�7|,x�`Hx}C�A�A|,x���a � aq}7zw�q{D~:y/{(�(�D��� z�|,x�` }�y/}7zDaqz�~qz+`Gy/zh{ �w� ��P
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�
φkpq(t, t

′) =
∫ t′

t
G(τ)G(τ)G(τ)dτ

d"J�k;)mQ�d.9�ZSJ�kNkMWVJ$n$L+RT�o+|dPJ2L&X�WVJ 6 T/R�RT�^.R�[SJ�^[gy[SkMLQ�R�X
� [SRJ�n9L _ ^qL+J�RT�n$L[�Q�^IYyWPWPRMQ +�[-)zT	L[�Q�^ E 6 g �
_ Y ' Q�o ] dPd�X � T/)mW�J�d � oXT	k[ � Q�R^)mT�Z���T�R^�	Q i�[�T�^
E ] �E� � � ' U 6 fvO�n$R[cL+oPRMJmdPo k�X�kML^9:)rJUkoPRGZ�J$klT/)rWPZS[SL+o"dPJ�k@kW�J�n9L+RT�Z�J$klJ�kpL�[-) )rO�dP[�T	L+J r7WXT�RpL+[�R
dPo7k�X�kML^9:)rJFE�b�U P b ' J9Lyd"J)Z�TNdPOa0X^"[SL+[SQ�^IdPJ$k 3{Q�^"n$L+[SQ�^Pk�dPJ��ERJ$J�^ E�b�U P�c '

dg1j

d t
= (ζ1

sin θsinφ

k∗ + ζ2εRi
k∗

3

k∗ )g2j

E�b�U P�P T '
dg2j

d t
= −ζ2εRi

k∗
3

k∗ g1j + ζ1
sin(θ) cos(φ)

k∗2 g2j − ζ3Ri
sin(θ)

k∗ u(3) E�b�U P�P � '
dg3j

dt
= −ζ1ζ2ε cos(φ)g1j + (ζ1ζ2ε

sin(φ)k∗
3

k∗ + ζ3
sin(θ)

k∗ )g2j

E�b�U P�P n '
6 JGk%X�kML 9a)mJGn�[ stdPJ$kko"kyJ$kMLyoP^�k%X�kpL 9a)mJGdgfhOa5woXT	L+[SQ�^�ZS[�^PO�T�[�RMJm$PQ�)rQ�R�9$^PJBrmn$Q�J��mn$[�J$^wL�i	T�R[�T��PZSJ U
6 J�k@k�X�kpL 9:)rJ�k)dP[c��O$RJ�^qL[�J�ZSkeZ�[S^POjT	[�RJ$keT�o�L+Q�^PQ/)mJ$k;E ] � i kY ' kMQ�^qL83bT�n�[SZ�J$k8rIRO�kMQ�oPdPRMJrT�^XT�Z�X�L[cs
5woPJ:)rJ�^qLB)mT�[�ky[�Z ^gfhJ +�[�kMLJ�WXT�kEdPJf)mT	L $"O:)mT	L+[-5�o"J�k�W�Q�oPR�RO�kMQ�oPdPRMJ�Z�J�kEk%X�kML 9a)mJ$k@dP[S�VO�RMJ�^qL+[SJ�Z�k
Z�[S^POjT	[�RJ$k�^PQ�^�stT�o"L+Q�^PQ�)rJ�k@E ] � i k � Y ' U � Q�^Pn�[�Z�kJ$R+T ^"O�n�J$kkT�[�RMJ~dgfvo"L+[SZ�[�kMJ�R�oP^PJ�[�^qL+OaR�R+T	L[�Q�^
^wo.)rO�R[-5woPJeW�Q�oPRKRMO�kMQ�oPdPRMJeZ�Jyk�X�kML^9:)rJ;E�b�U P�P ' U 6 Jek%X�kML 9a)mJEn$[cs dPJ�kMkoPkHE�b�U P�P ' J$kML�n$J�ZSoP[`5woP[VkJ$R+T
[D)rWPZSO:)rJ�^qL+O�dPT�^Pk Z�J�n�Q�dPJ�dPJ�njT�ZSn�oPZPd"JydP[SkMLQ�RkM[�Q�^�R+T	WP[�dPJ U���T�[S^wLJ�^XT	^wL W�Q�oPR�[D)mT/R�J$R]Z�TEd�X�^XT s
)r[D5woPJ n�Q�^qL+J$^woPJ�dXT�^"k4ZSJ�k%X�kpL 9a)mJ�^"Q�oPk4T�Z�ZSQ�^Pk�O$LoPdP[�J$R4d"J�kBkMQ�Z�o�L+[�Q�^Pk T�^XT�Z�X�L[D5woPJ$k4WXT	RML+[Sn�oPZS[D9$RJ�k
dPo7k�X�kML^9:)rJFE�b�U P�P ' U

��� ��� 	+' ��� 	+ !��)+� . �
�	' ����� � �  /�
k1 = 0

"!� ���
	 ' 	+,/) � � ) � )�' � � � .������
Y U��"T�Z��P[qJ$L�� U���T��l�VQ�^�� _ ����c�� � b�b&a���� Q�^wL4RO$kQ�ZSolZSJ�n�T�kBWXT	RML+[Sn�oPZS[�J$R#dPolk%X�kpL! "�mJ�d�fhO"#�oPT	L+[SQ�^

��b U P�P �rZSQ�Rk$#�o"J
k1 = 0

U%�KJ9LLJ�kQ�Z�o"L[�Q�^ n�Q�^Pd"oP[SLmdXT�^PkmoP^PJ~n$J�RpL�T�[S^PJKn$Q�^PJ~kMWVJ$n$LR+T�ZSJ r d"J�k
dPO9i�J�ZSQ�WPW�J&�rJ�^qL+kGJ('�W�Q�^PJ�^qL[�J�ZSkGZSQ�Rk$#woPJ

0 < Ri < 1
n�J)#woP[�J�kMLln�Q��"O�RJ$^qLNTji�J$nzZ�J$kGRMO�kMoPZSL+T	L+k

L+RMQ�o"i�O�k�Tji�J$n�ZSJ*�rQ�d� �Z�JKT/R�O$Q�kMLRQ�W+�"[,#woPJ�dPJ e U g U-��LQ�^PJ�k.��b&a c/c�� � b _�/ ���b&aqx ��� � b _�a����Lb&a�x�_ � �4b ��� ���
i�oIWPRO$n�O$dPJ&�0�mJ$^qL1U��KQ��0�rJyQ�^IW�J�o�L�Z�J�i�Q�[SRKkMoPR�Z�T21�3�oPRMJ*b�U x � Z�TGWXT	RML+[SJ�kMWVJ$n$L+RT�Z�JydPJeZ�TMn�Q�^PJ
[�^"kML�T	�PZ�J]i�Q�[SL�kT�n$Q�Z�T	L[SLoPdPJ]dP[��m[S^woPJ�RgZSQ�Rk$#woPJ

ε
dP[��m[S^woPJ U � T�^Pk�Z�T>n�Q�^PJ�dgfh[S^PkML+T��P[SZ�[SLOBZSJ]L�T�o4'EdPJ

n�RMQ�[�kMk+T�^"n�J�J5'�WVQ�^"J�^qL+[SJ�Z�ZSJyd"Q�^P^PO�WXT�R Y U��"T�Z��P[XJ$L.� U+��T��l�VQ�^6� _ ����c�� � b�b&a�� � W c � � a7�8��k�fvJ('�WPRM[,�rJ

ωTDRK1=0
= ε

√
(Ri (1 − Ri)S

��b�U9/�a7�
� Q�oPkITji�Q�^"kUi�o�#woPJuZSJ�L�T	o4'�d"Jun�RQ�[�kkT�^Pn$J��zT:'"[���o+� dPo��rQ�d"J�dPJ ] T�d X�J�kpLIdPO(1X^P[eWXT	R
ωEady1947

= S 2Ω
N

ω∗ kMQ�[SL�T&i�J�nGZ�J�k�WPT�R+T��0 $LRJ$k
ε

J9L
Ri

ωEady1947
= ε

√
Riω∗S

��b�Uha � �
��T�[S^qL+J�^PT�^qLz[SZ�J$kMLm[,�0�mO$dP[�T�LNdPJ�n$Q��rWXT�RJ$R�Z�J�krdPJ$o4'|L�T�o4' dgfhT��rWPZ�[;1XnjT�L+[�Q�^ U � O(1X^P[SkkQ�^PkUZ�J
n�RM[SL8 �RJEd"J)n$Q��rWXT�R+T	[�kQ�^

υ
WXT�R

υ =
ωTDRK1=0

− ωEady1947

S

��b�UhaLb:�
#woP[�k$fhJ5'"W"R[,�rJIoP^P[�#woPJ&�rJ�^qL�J�^=<{Q�^"n$L+[SQ�^ dPo ^PQ��l�PRJIdPJ � [�n>�PT�RdPkMQ�^

Ri
� dPo WXT�RT��) 9L+RMJUdPJ

�XT�RMQ�n$Z�[S^P[�n$[SL+O
ε

J$L�dPozL+T�o4'rdgfhT��rWPZ�[;1XnjT�L+[�Q�^?�zT@'�[��zT�ZSJ�T�dP[��mJ$^Pk[SQ�^P^PO$J�dPJ�k�Q�^PdPJ$kKdPJ ] T	d�X
ω∗kQ�oPk�Z�TA<{Q�R8�rJ

υ = ε
√

Ri (
√

1 − Ri − ω∗)
��b�Uhaq_��

B�4*?BG9: -�:%$�<(>Y:�<�EHQ(G X[:PG+C ?BWYA $ E�JDCP>N:FE�G�HJILK >@? ' EMA�X_CFWNEMA CU:�$ <�EHGF:V>Y>Y: ?B<�<�?BG ?BWNC/<�EHQ(G=>N: XV?B>@X[Q�> J�:^O/XVEHGUL
G3"V>@? CUWYEHA-O CFGUWY<(>Y:PO	:PA ' EMA�X_CFWNEMA J�: X[EHGFG3"V>@? CUWYEHA-O3J(EHQ @ >Y:PO

< uuu > (t′) =
∑

< uu >< uu > φkpq(t, t
′)

�q�[uwv:xLy/zh{�|,}L~>�7|,x�`Hx}C�A�A|,x���a � aq}7zw�q{D~:y/{(�(�D��� z�|,x�` }�y/}7zDaqz�~qz+`Gy/zh{ �w� � a
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π
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Ri Richardson Number.
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3
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ε=0.020

ε=0.040

ε=0.060

ε=0.080

ε=0.100

Stable.

NPORQTS b�U x % �KQ�oPR��J�kB^PJ�o"LRJ$k�WXT�R+T �mO9L+RO$J�k4WXT�R
ε

T&i�J�n�J$^NQ�RdPQ�^P^PO�J�Z fhT�^+3�ZSJ�d"oli�J$n$L+J$oPR�dgfvQ�^PdPJ$k
WXT�R�RT�WPW�Q�RML r�Z�Tli�J�RpL+[�n�T�Z�J

θ
J9L�J�^~T	�Pkn$[�kkMJ

Ri

� Q�Rk$#woPJ
υ > 0

n�J$Z�TU[,�rWPZS[,#woPJ #woPJNZSJ�keL+T�o4'ud�f T��rWPZS[�1Xn�T	L+[SQ�^�W"RO�d"[SL+kEWPT�ReZ�T j�� � kQ�^qL@WPZSoPk
[,�rW�Q�RML+T�^qL+k%#woPJ@n�J$o4'2WPRMO�dP[cL+k�WXT	R ] T	d�X b&a � x U i ^2WVJ$o"L�i�Q�[�R�ko"R�Z�T 1�3�o"RJ b�U9/A#�o"JGW�Q�oPR�o"^PJ
3qT��0�rJ�d"J�^PQ��l�PRJ$k�dPJ � [Sn>�XT�RMdPkQ�^

Ri
J9L�dPJyWXT�RT��) 9L+RMJ�k dPJ��XT	RQ�n�Z�[S^P[�n$[SLO

ε
Z�T j�� � WPRO9i�Q�[cL

dPJ$k�L�T�o4'zdgfhT��rWPZ�[;1XnjT	L[�Q�^rWPZSoPk�[,�rW�Q�RML+T�^qL+k #�o"JEn�J�o�'IdPJ ] T�d�XKb&a � x U ] ^2ko"�PkML[SL+oPT�^qL�Z�J�L+T�o4'
dgfhT��rWPZ�[;1XnjT	L[�Q�^ �mT@'�[,��o�� dPJ�k�Q�^PdPJ$kedgf ] T	d�X #�o"[BkJGL+RQ�o"i�JGdXT�^PkeZSJ)L+T��PZSJjT�o b�U-bGQ�^�LRQ�o"i�J
#woPJ�ZSJGdPQ��zT�[S^PJ)dPJlkpL+R+T�L+[�1PnjT	L[�Q�^7kML+T��PZ�JGQ��~ZSJGWPRMO�kMJ�^qL �rQ�d+ $Z�J j�� � TzoP^PJ�n$RQ�[SkkT�^Pn�JGWPZ�o"k
[,�rW�Q�RML+T�^qL+J #woPJ@Z�J �rQ�d+ �ZSJEdgf ] T�d X b&a � x�J$kML

0 < Ri . 0, 91
��b�Uha � �

i ^�RMJ&�mT�R8#woPJ$R+T #woPJGWPZ�oPk�Z�J)WXT�RT��0 $L+RMJGd"Jl�XT�RMQ�n$Z�[S^P[�n$[SL+O
ε

J�kpLe[,�rW�Q�RML+T�^qLyW"Z�oPk�Z�T�dP[S�VO�RMJ�^Pn$J
J�^qLRJIZ�J$k�dPJ$o4'=�rQ�d� �Z�J$k�J�kpLN[,�rW�Q�RML+T�^qL+J U � T�^"kNZ�T�WXT	RML+[SJzdPJIZ`fhJ$kWXT	n�JIkW�J�n9L+RT�ZKQ�o

K1 = 0Z�J �mQ�d+ �ZSJUdPJ ] T�d�X b&a � x�W�J�o"L?1PZSL+RMJ�RNn$J�RML+T�[�^"kNW+�PO�^"Q��) $^PJ�k #woPJ2Z�JzWPRO$kJ�^qL)�mQ�d+ $Z�J j�� �
n�Q�^wL[�J$^wL
U ��T�[S^wLJ�^XT	^wLr[SZ�k�fhT�3�[cLNdPJ2k+Tji�Q�[�R�k�fv[�Z�J5'�[�kMLJ�d"J�k �mQ�dPJ$kNJ�^Pn$Q�RJ7WPZ�o"kN[�^PkpL�T��PZSJ�kNkMoPR
dgfhT�o"LRJ�kmWXT�RpL+[�J$kmd"J�Z�T.kMW+�+ �RMJ�kMWVJ$n$L+RT�Z�J U � J$kmLJ�^qL�T	L[Si�J�kzd"J�RO$kQ�ZSo"L+[SQ�^Pk�dPo k�X�kML8 &�rJ�^PQ�^�s
T�o"LQ�^PQ��rJrJ�^ kMO�R[SJzdPJrL+Q�o�L+J�kGkQ�RpL+J$k�T1XqT�^qLNO9L+Om[�^�<{RMoPn$LoPJ�oPkMJ�k�[SZ�kJ�RT�[,�rWPZSO&�rJ�^qL+O�oP^ n$Q�d"J
^wo+�rO�R[�#woPJ #�o"[XnjT�ZSn�oPZSJ�Z�J$k <{Q�^Pn$L[�Q�^"k�dPJ��@RMJ�J�^ U e Q�o"R J5'�L+R+T	[�RJ�o"^PJ�[�^�<{Q�R$�zT�L+[�Q�^lW+��X�k[�#�o"JydPJ$k
RO$koPZcL�T	Lk�[�Z�kMJ�RTrn�T�Z�n$oPZ�OEZSJ�k�n�Q�RRO$Z�T	L[�Q�^"k�dPQ�oP�PZSJ�k�J$^ b)WVQ�[�^qL�dPJEL+J"�mW"k�J9L�dgfhJ$kWXT	n�J U

) � ��� &	 ' �() �\.
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� JEn�Q�dPJedPJed"[�kMLQ�RkM[�Q�^zR+T�WP[SdPJ&¶U·�¸2J$kML�oP^In$Q�d"JEWPoPRJ"�mJ$^qL�kW�J�n9L+R+T	Z3U � Jek%X�kML! "�mJEd�fhO"#�oPT�s
L+[SQ�^PkmdP[S�VO�RMJ�^qL+[SJ�Z�ZSJ�k�Z�[S^POjT	[�RJ$km^"Q�^�s T	o"L+Q�^"Q��mJ$k��~ �34 k � Y �A©�U9/�/��$�rJ�kpLIRO$kQ�ZSo�W�Q�oPRrn>�XT�#woPJ
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dP[��mJ$^Pk[SQ�^P^PJ$Zx� o"^ W"RQ��PZ� &�rJ��"[�dP[��mJ$^Pk[SQ�^P^PJ$Z3UU²BT�Rzn�Q�^qL+RMJ~Z�J�WPRQ��"Z, &�rJ�RMJ�n$Q�^PkMLRoP[cLUdXT	^Pk
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% det g = K
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K,t)% EcC−H = EcF% EpC−H = EpF
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% n�[Sk+T�[SZ�Z�J"�mJ$^qL�WPoPR
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% kMLR+T	L[�1Xn�T	L+[SQ�^�stRMQ�L�T�L+[�Q�^mi�J$RML[�njT	Z�J
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O$LoPdPJ$k)kMoPReZSJlL+J$^PkJ$oPR@dPJ � J�X�^PQ�ZSdPk 3�O�^"O�R+T	Z�[�kMOlQ�^ukMJNdPQ�^P^"J�R+TIn>�XT �mWu[S^P[SL[�T�Z U � Jln>�XT��rWudPJ
i�[SLJ�kkMJ�[�^P[cL+[�T	Z�J kJ�RTE[�kQ	L+RQ�WVJ�T	[�^PkM[+#woPJ�Z�J�n>�XT �mW�dPJ��XQ�LML�T��"[�Z�[cL+O U µ Z"kJ�RT@LQ�o"LJ"<{Q�[Sk]WVQ�kk[S�PZ�JKdPJ
n>�PQ�[Sk[SR�ZSJ@R+T�WPW�Q�RpLyJ$^qL+RJ)Z fvO�^"J�R83�[�J@n�[S^PO$L[,#woPJEL+oPRM�PoPZSJ�^qL+JGJ$L�Z fvO�^PJ$R83�[SJ@WVQ�LJ�^qL+[SJ�ZSZ�J�k�LoPR�"oPZ�J$^wLJ
[�^"[SL+[�T�Z�JlWXT�RlZ`fh[S^qL+J�R$�mO$dP[�T	[�RJNd"J

ξ = Ep
Em

U � T7WXT�RML[SL[�Q�^.dPJzZ`fhO$^PJ�R$3�[�JmT�oPRT�oP^ R+T	L[�Q
ξ = 0.2Q�o

ξ = 0
U � J �zT�[SZ�Z�T�3�JIdPJ�Z�T kMW+�+ $RJ~kMJ�R+T T�o �r[�^P[���o+� dPJ

64
WVQ�[S^qL+kzdPT�^PkzZ�T dP[SRJ$n$L+[SQ�^

n�Q�Z�T	L[SL+o"dP[�^XT	Z�J�J$L�dPJ
64

W�Q�[�^qL+k�dPT�^Pk�Z�TNdP[SRJ�n9L+[SQ�^2T���[���o"L+T�Z�J U
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ε
a �

Ri

��(�� D >�/u-�= �2?)=��K-��
ε

-!�
Ri

�KJuWXT�RT�3�R+T	W+�PJ~T W�Q�oPRm�Po"LId�fhJ$kML+[��mJ$RUZ�T.dPO�W�J�^"dXT�^Pn$J.d"o�k�X�kML8 &�rJuZ�[�^"OjT�[SRJ�T�o4'�dPJ�o4'
WXT�RT��0 $L+RMJ�k #woP[BkQ�^qL@Z�JG^PQ����"RJ�dPJ � [�n>�PT�RdPkMQ�^

Ri = N2

S2

J$LeZ�J�WXT	R+T��0 $LRJ�dPJl�XT�RQ�n�ZS[�^P[Sn�[cL+O
ε = Sf

N2

U � T	^PkKoP^mWPRJ"�m[SJ�R�L+J"�mW"kK^PQ�o"k�O9L+oPdP[SJ�RMQ�^PkKZSJ�njT�k Z�[��m[cL+J�dPJyZ�T@kMLR+T	L[�1Xn�T	L+[SQ�^�[�^PkpL�T��PZSJ U²�oP[�kE^"Q�oPkEWPRMO�kJ$^qL+J�RMQ�^Pk)Z�TUZS[,�r[SL+J@WXT	RML+[Sn�oPZS[, $RJ�k
Ri = 1

J9L@WVQ�o"R 1X^P[SRe^PQ�oPkEJ$^qi�[Sk+T�3�J�RQ�^Pk@Z�T
WPRMO�kJ$^Pn�JGdgfvoP^PJ@n�Q�o"R��J)n$R[cL+[,#woPJEdPT�^Pk�Z fvJ�kMWXT�n�J@dPJ$kyWPT�R+T��0 $LRJ$k

(Ri, ε)
U

��
	� 
p� 
 	 )��(' �2'  ! 0 + 	 '  ��0 + 0 � # 	 + � � )2'  �(0 +��� ��� ���  ) !�! '   � . 
� J�kIn�T�Z�n$oPZ�krko"RUZ�T.kW+�+ $RJ �

S ∈ R2 �rJ9LUZ`fhJ$kWXT�n$J~dPJ$kUWXT�RT��) 9L+RMJ�k �
P ∈ R2 ��Q�^qLUO$LO

J$�VJ�n9L+oPO$k
U �^7L+J$^XT�^qL�n$Q��rW"L+J)dPJ)Z�TNk�X��rO$L+RM[�J)dPJ�kyT��rWPZ�[cL+oPd"J�k�kW�J�n9L+R+T	Z�J�k�Q�^7WVJ$o"LyRO�d"oP[�RMJGZ�T
L�T	[�Z�ZSJ�dPo��mT�[SZ�Z�T 3�JKkMW+�PO�RM[,#woPJx�

64
WVQ�[�^qL+k J�^mn�Q�Z�T	L+[cL+oPdPJ�J9L

32
W�Q�[�^qL+k J�^zT���[���o"L
U � J �zT	[�Z�Z�T�3�J

dPJ@Z fvJ�kMWXT�n$J)d"J)WPT�R+T��0 $LRJ$k�J�kML�T�o �r[�^P[���o+� J$�VJ�n9L+oPOGTji�J�n
10

W�Q�[�^qLk�dXT�^Pk�Z�T�d"[�RJ$n$L[�Q�^2dPJ
εJ$L�dPJ

10
WVQ�[S^qL+k dXT�^Pk Z�T@dP[�RMJ�n9L+[�Q�^mdPJ

Ri
U � T)kQ��0�mJ�dPJ�Z fvJ�kMWXT�n$J�kW�J�n9L+RT�Z�J�J$L�dPJ�Z fvJ�kWPT�n�JydPJ�k

WXT�RT��0 $L+RMJ�k.<{Q�R$�mJ@oP^�J�kWPT�n�JGdPJGd"[,�rJ�^PkM[�Q�^
4
�
T ∈ R4

�:U K[�J$^6#woPJ)Z�J�k��rQ�dPJ$k�^PJGkMQ�[�J$^qL�WXT	k
n�Q�oPWPZ�O$k�njT	R�Z�JyWPRQ��"Z, &�rJ�n$Q�^PkM[�dPO$ROe[Sn�[�J�kML�ZS[�^PO�T�[�RMJ��XT�Z�T1X�J�R�Tji�J$nEoP^PJ 1X^"JeRO$kQ�ZSo"L+[SQ�^zZ`fhJ$kWXT�n$J
T

dPJ&�mT�^PdPJ$R+T�[cLl��JjT	oPn�Q�o"W dPJURJ$kkMQ�oPRn$JIdPJUn�T�Z�n$oPZ�k�U � T	^Pk�n�J #�o"[�koP[cL�^PQ�oPklL+J$^qL+J�RMQ�^Pk�o"^PJ
J('�WPZSQ�R+T�L+[�Q�^�dgfvoP^PJ 3�R+T�^"dPJ 3qT �)�rJ@dPJlWXT	R+T��0 $LRJ�kyWPoP[Sk�^PQ�o"k�^PQ�o"k�n�Q�^Pn�J$^wLRJ$RQ�^PkEdPT�^Pk�o"^PJ
��Q�^PJuRJ$kML+RMJ�[S^wLJ

(ε, Ri) ∈ [0, 1] × [0, 1]
Q���Z`fhO9L+oPd"J T�^XT�Z�X�L[,#woPJ�J�^

k1 = 0
T �mQ�^wLRO~d"J�k

n�RMQ�[�kMk+T�^"n�J�k�J('�W�Q�^PJ$^wL[�J$Z�Z�J$k
U
� T WPZ�T�^Pn>�PJ~_ U�ª.^PQ�oPkm[�^Pd"[,#woPJ #�o"J�ko"RzdPJ$k � a� x¡�¢³£r¤d¥�` � ¢ Z�J$kmWPZSoPk)<{Q�RML+J$kri	T�ZSJ�oPRMkmkMQ�^qL

Q��"LJ�^woPJ$k)W�Q�oPREd"J�k
ε

J$L@dPJ$k
Ri

3�R+T�^"dPk
U � f T�W"R8 �k@Z�T 1�3�oPRMJm_�U�ª��bT7�yQ�^ W�J�o"L@d"[�RJ?#woPJNZ�TUWPZ�o"k
<{Q�RpL+J T��rWPZ�[;1XnjT	L[�Q�^�J�kML4Q��"LJ�^woPJ WVQ�oPR

(ε ≈ 10, Ri ≈ 10)
U � T.1+3�oPRJ�_ U¬ª��b���#J9LB_ U�ª+�bnD�g[S^PdP[,#woPJ�Z�T

WPRMO�kJ$^Pn�JGdPJ �ti	T�ZSQ�^Pk ��dXT�^"k�Z�T�dPO�W�J�^"dXT�^Pn$JGdPo �mT@'�[,��o+� �
(ε, Ri)

U � oPT�^Pd7Q�^2kJ@R+T�W"WPRQ�n>�PJ
dPJ

(ε = 0, Ri = 0)
ZSJ�kli	T�ZSJ�oPRMk�Z�J$k�WPZSoPk <{Q�RpL+J�klkJIk[cL+oPJ$^qL�i�J$Rk

Ri = 0.1
U � J <bT�[cLA#woPJIZ�J$k

�rQ�dPJ$k�Z�J$k�WPZ�oPk%<{Q�RML+k�kMQ�[�J$^qL�Z�Q�njT�ZS[�kO$kKi�J$Rk�dPJ$k 3�RT�^PdPk
ε

J$L
Ri

kMoPR�dPJ$k�� a� x¡�¢}£r¤d¥�` � ¢ J�kpL�oP^PJ
n�Q�^PkO"#�o"J�^Pn$JldPJ)Z fv[�^"�PoPJ�^Pn$JEdPJ@Z�T�kpL+R+T�L+[�1PnjT	L[�Q�^IdPo2�XoP[SdPJ@J$L�dPJ)Z fhT �MoPkpL+J"�mJ$^wL�[S^P[SL[�T�Z U

� T~WPZ�T�^"n>�PJ7_ U��~^PQ�oPkN[S^PdP[�#�o"J�#woPJIkoPRldPJ�k � a� x¡�¢� C¤d¦ a�§�¢ ZSJ�kA�rQ�d"J�k�ZSJ�k�WPZSoPk <{Q�RpL+k�kMJ
k[cL+oPJ$^qLzi�J$Rk

Ri = 0.5
U µ Z<X T.oP^�J$�VJ$LzdPJ�kMQ�oPk stRO$kQ�ZSo"L+[SQ�^PkrdPo �mT�[�ZSZ�T�3�JzdPJ�Z fvJ�kWPT�n�J�dPJ�k

WXT�RT��0 $L+RMJ�k�U � J�njT�ZSn�oPZBJ$�VJ�n$LoPO�koPREZSJA�mT�[�ZSZ�T�3�JEd"JNWXT�R+T �) 9L+RJ
(ε = 10, Ri = 10)

^gfhJ$kML)WXT�k
njT	WXT��PZSJ�d"Jyn�T�W"L+o"RJ�R�ZSJ�k
<{Q�RMLk �rQ�dPJ�k
#woP[ kQ�^qL k[cL+oPO$k i�J�RMk

Ri = 0.5
ko"R�Z`fh[��zT�3�J�_�U����{nD�.U µ ZX^gf X

TNWXT�k�oP^"J)d"O�W�J�^PdXT	^Pn�J@Z�[S^POjT	[�RJydPJ
g
�

(ε, Ri)
U � TA1�3�o"RJ)_ U����bd��Kn$Q�^�1XR$�mJ #woPJ@Z�J$k%�rQ�dPJ$k�Z�J$k

WPZSoPk.<{Q�RMLk�kMQ�^qL�k[SLoPO�k�i�J$Rk
Ri = 0.5

U � TrZSQ�n�T�Z�[Sk+T	L[�Q�^ri�J$Rk�Z�TNdPRQ�[SL+JEd"J�k���Q�^PJ$k�<{Q�^Pn�O$J�k�^PQ�oPk
[�^4<{Q�R8�rJ�#woPJ7WPZ�oPkNZSJIWXT�RT��) 9L+RMJIdPJ2�XT�RQ�n�ZS[�^P[Sn�[cL+OzJ$kMLr[,�rW�Q�RML+T�^qLNWPZ�o"kNZ�J�k�n$RQ�[Skk+T	^Pn�J$krkMQ�^qL
[,�rW�Q�RML+T�^qL+J�k �{i�Q�[�RyZ�J$k 1�3�oPRMJ�ked"J�Z�TrWPZ�T�^"n>�PJ�_ U��-��U K[SJ�^~k��PRE[�Z�kJ$R+T�[cLe[S^wLO�RMJ�kkT�^qL@dPJ��XT	Z�T1X�J$R
L+Q�o"LeZ`fhJ$kWXT�n$JldPJ$keWXT�RT��0 $L+RMJ�k

P
Tji�J$n�oP^PJ�RMO�kMQ�Z�o"L[�Q�^ 1X^PJldPo �zT	[�Z�Z�T�3�J �mT�[Sk�n$J�Z�TzdPJ&�mT�^Pd"J

oP^PJELRQ�W 3�R+T	^PdPJEWPoP[SkkT�^Pn�J)dPJ@njT	Z�n�o"Z�k
U

��
	� 
�� � 0 � ��� � 	 '
Ri < 1

� T 1�3�oPRMJ�_ U¬«zRJ$WPRO$kJ�^qLJrZ�TmdPO$WVJ$^PdXT�^"n�J�dPJ�Z�Tm^PQ�R$�mJGdPo~L+J$^PkJ$oPREdPJ �ERJ$J�^uT�ou^"Q����PRMJ
dPJ � [�n>�PT�RdPkMQ�^ Um²4Q�o"Ren�J�n�T�Z�n$oPZ Z�J)WXT�R+T �) 9L+RJGdPJ��XT	RQ�n�Z�[S^P[�n$[SLOEJ�kML 1�'�O��

ε = 0.5
U � T)1�3�o"RJ

_ U¬«2T�[�^PkM[�#woPJ�Z�T�1�3�oPRMJm_ U����bnD��[S^PdP[�#�o"J�^qL)Z�TIWVQ�kk[S�P[�ZS[SLOldgfvoP^PJ�Z�[��m[cL+JlT�o4' <{Q�RpL+J$k)n$RQ�[SkkT�^Pn�J$k
k[cL+oPO$J�k�J�^

Ri = 1
U
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ε
a �

Ri

��
	� 
�� � ��)�+���' ! + � 	���� )('
� T�ko"R$<bT�n$JzRJ$WPRO$kJ$^wLO�JUkMoPRlZ�T 1+3�oPRJz_ U �2J$kMLlZ�TIi�T	Z�J�o"R)d"J

max[k∈S t∈[0,30](‖g]‖)(ε, Ri)
U

��oPRmZ�J7WPZ�T	^ �PQ�RM[��$Q�^qL�T�Z�kQ�^wLzWPRQ �MJ$L+O$kUZ�J$kzn$Q�oPR��J�km[�kMQ	s i	T�ZSJ�oPRMk
UU²4Q�o"RzZ fvO�n$Q�oPZSJ&�rJ�^qLzn$[�kT�[�ZSZ�O
J$L�kpL+RT	L+[;1XOIoP^P[�#�o"J&�rJ�^qL�[�Z�J('�[�kpL+J2oP^PJUi	T�ZSJ�oPRNn$R[SL[,#woPJUd"o|^"Q����PRMJIdPJ � [Sn>�XT�Rd"kQ�^ �

RiC ∈
[0.1, 0.3]

kMJ�ZSQ�^�ZSJ�k�O$LoPdPJ$k>��U ��[#ZSJ)^"Q����PRMJ)d"J � [�n>�PT�RdPkMQ�^7n�R[cL+[�#�o"J)J$kML
RiC = 0.1

Z�T ���  !� � �
) kMoPRGZ�T 1+3�oPRJ�WXT	RGdPJ

RiC
J$L)O$i�Q�Z�o"JmdXT	^PkGZ`fhJ$kWXT	n�JrdPJ�kGWXT�R+T �) 9L+RJ$k

P
U µ Z�J�kpLln$Q�^ �MJ�n9L+oPRMO

#wogfv[�ZPJ5'"[SkMLJ�oP^PJ�n�Q�oPR��J�n�RM[SL+[�#woPJ�Tji�J�n�Z�T �m�"�mJ�T�Z�ZSoPRJF#�o"J�Z�T ���  /� � �') dPO$Z�[��m[cL�T�^qL4oP^PJ ��Q�^PJ
kML+T��PZSJEJ$L�oP^PJ���Q�^PJ@[�^PkpL�T��PZSJEWVQ�oPR�Z fvO�n$Q�oPZ�J"�mJ$^qL��XT�RQ�n�ZS[�^PJ U
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NPORQTS _�U�ª % ��T@'�[���o+�rk d"JKZ�T�^PQ�R$�mJ dPo)L+J�^"kJ�o"R]dPJ��@RMJ�J�^lJ�^�kMJF<{Q�njT�ZS[�k+T	^wL�kMoPR
(Ri = 0, ε = 0)W�Q�oPR

tS = 3
U � J$k 1+3�oPRJ$kBn$[cstd"J�kkMoPk RJ�W"RO�kMJ�^qL+J$^qL�Z�J
�zT:'"[���o+� L+J&�rW�Q�RJ$ZcstkMWVJ$n$LR+T�Z�d"J�Z�T�^PQ�R8�rJ

dPo�L+J$^PkJ$oPR�d"J �ERJ$J�^ U?�^mT��PkMn�[�kMkJ�J�kpL�RMJ�W�Q�RMLO�Z�J�WXT�RT��0 $L+RMJ�dPJ��XT�RMQ�n$Z�[�^"[�n�[cL+O J$L J�^rQ�RMdPQ�^P^PO$J
Z�JE^"Q����PRMJ)d"J � [�n>�PT�RdPkMQ�^ U � J@njT�d"R+T�3�JL�PQ�R[��$Q�^qL�T�Z#J9L�i�J�RpL+[SnjT�Z#RMO$L+RMO�n$[SL�dPJ2�XT�o"L�J$^��XT	k�J9L�dPJ
3qT�o"n>�PJ��rdPRMQ�[SLJ U



 1
 1.5
 2
 2.5
 3
 3.5
 4
 4.5
 5
 5.5
 6
 6.5

 0  2  4  6  8  10
 0

 2

 4

 6

 8

 10

log(max(||g||))

ε=(Ri*Ro)-1 
 Spanwise isopycnal slope

Ri=N2/S2 
 Richardson

log(max(||g||))

� ?
�3]�Q�: ×0.1

 0

 2

 4

 6

 8

 10

 12

 14

 0  0.5  1  1.5  2
 0

 0.5

 1

 1.5

 2

log(max(||g||))

Logarithm of Green tensor statistics in ε-Ri plane

ε=(Ri*Ro)-1 
 Spanwise isopycnal slope

Ri=N2/S2 
 Richardson

log(max(||g||))

�(@ �3] Q(:
×0.5

 2
 3
 4
 5
 6
 7
 8
 9
 10
 11
 12

 0  0.2  0.4  0.6  0.8  1
 0

 0.2

 0.4

 0.6

 0.8

 1

log(max(||g||))

ε=(Ri*Ro)-1 
 Spanwise isopycnal slope

Ri=N2/S2 
 Richardson

log(max(||g||))

� X��R] Q(:
×1

� EHGFW>+MWNA�:��

 2
 2.5
 3
 3.5
 4
 4.5
 5
 5.5
 6
 6.5
 7

 0  0.1  0.2  0.3  0.4  0.5
 0

 0.1

 0.2

 0.3

 0.4

 0.5

log(max(||g||))

ε=(Ri*Ro)-1 
 Spanwise isopycnal slope

Ri=N2/S2 
 Richardson

log(max(||g||))

� J �R] Q(:
×2

NPORQTS _ U�� % ��T@'�[,��o+�rk�dPJEZ�T�^PQ�R$�mJed"o2LJ�^PkMJ�oPR�dPJ��ERJ$J�^2J�^2kJ <{Q�njT�ZS[�kT�^qL�ko"R
(Ri = 0, ε =

0)
WVQ�oPR

tS = 30
U � J�k)1+3�oPRJ$kUn�[ stdPJ$kkMoPkURJ$WPRO$kJ$^wLJ�^qL7Z�J �zT:'"[���o+� LJ&�rWVQ�RMJ�Z stkW�J�n9L+RT�Z�Z�J

Z�Q�3qT�R[cL!�+�rJ�dPJIZ�T�^PQ�R8�rJUdPo LJ�^PkMJ�oPR�dPJ��ERJ$J�^ U=�^|T��"kn�[SkkMJIJ�kMLrRMJ�W�Q�RMLOUZ�JUWPT�R+T��0 $LRJmdPJ
�XT�RMQ�n$Z�[S^P[�n$[SL+OEJ9LEJ�^uQ�RdPQ�^"^PO�J�ZSJl^PQ����PRJGdPJ � [�n>�XT	RdPkMQ�^ U � J�n�T�dPRT�3�J �"Q�R[ ��Q�^qL�T	Z4J9Lei�J$RML+[SnjT�Z
RO9L+RMO�n�[cL�dPJL�XT�o"L�J$^��XT	k�J9L�dPJL3qT�oPn>�PJ��NdPRMQ�[SLJ U
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NPORQTS _ U � % ��T@'�[���o+� J9L2n�Q�o"R��Jun�R[cL+[�#�o"J~dXT�^Pk2Z`fhJ$kWXT�n$JudPJ�k2WXT	R+T��0 $LRJ�k�U � T 1�3�oPRMJun�[cs
dPJ$kko"k)RMJ�WPRMO�kMJ�^qL+J�Z�J �zT@'�[���o+� L+J"�mW�Q�RMJ�Zcs kW�J�n9L+R+T	Z4dPouZSQ�3qT�RM[SL8�+�mJ)dPJ�Z�Tz^PQ�R$�mJGdPouL+J$^PkJ$oPR
dPJ �ERJ$J�^ U �^.T��"kn�[SkkMJNJ�kML@RMJ�W�Q�RMLONZ�JGWXT�R+T �) 9L+RJldPJN�XT�RMQ�n$Z�[�^"[�n�[cL+O � J�^ Q�Rd"Q�^P^PO$J�Z�J�^"Q����PRMJ
dPJ � [�n>�XT�RMdPkQ�^ J9LmJ$^ W�Q�kM[SL+[SQ�^ i�J$RML[�njT	Z�J2[�Z�k$f T 3�[SLNd"o ZSQ�3qT�RM[SL!���mJmdPJ�Z�T~^PQ�R$�mJ2dPo L+J$^PkJ$oPR
dPJ �ERJ�J$^ U � T~i�o"J�J$kMLr[�kMQ��mO9L+RM[,#woPJ U���oPRNZ�TukMoPR$<bT�n$J �PQ�R[ ��Q�^qL+T�Z�J

z = 0
J$kMLrRJ$WPRO$kJ�^qLO�J�Z�T

WPRMQ �MJ�n9L+[�Q�^7d"J�k�n�Q�oPRM�VJ$k�[�kQ�s i	T�Z�J$oPRkKdPJ@Z�TNkoPR <bT�n�J U
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NPORQTS _ U¬« % � T�ZS[,�r[SLJyRMJ&�mT�R8#woXT��"Z�J
Ri < 1

U � TNn�Q�oPRM�VJ@n$[cstd"J�kkMoPk�RJ$WPRO$kJ�^qLJGZ�T�dPO�W�J�^PdPT�^Pn�J
dPo7Z�Q�3�T�R[cL!�+�rJ�dPo �mT@'�[,��o�� dPJ@Z�T�^"Q�R8�rJEdPo2L+J�^"kJ�o"RydPJ��ERJ$J�^P�

Ri
W�Q�oPR

ε = 0.5
U
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� J�k O�n�Q�oPZ�J"�mJ$^wLk
3�O�Q�kpL+RMQ�W+�P[�#�o"J�k�<{Q�^qL�T�WPWXT�RT-5�LRJ�d"J�k ^PQ����PRMJ�k�dPJ � [�n>�XT�RMdPkQ�^mdPJ�Z`fhQ�RMdPRJ
dPJ

2
L�T�^"dP[�kL#woPJrZ�JNWXT�RT��0 $L+RMJNdPJr�XT�RQ�n�ZS[�^P[Sn�[cL+O)J�kMLlT�kMkJ�� <bT�[S�PZ�J

ε ∈ [10−3, 10−1]
U � JrWPT�R+T�s

�0 $L+RMJ�dPJ��PT�RQ�n�ZS[�^P[Sn�[SLO T	LLJ�[�^qLBdPJ�k]i	T�ZSJ�oPRMkBWPZSoPkJ<{Q�RpL+J�kBdXT�^Pk�ZSJ�kBn$Q�oPn>�PJ$k�Q�n$OjT�^P[�#woPJ�k�Un²4Q�o"R]Z�J$k
O$LoPdPJ$ke^wo+�mO$R[�#�o"J�k�d"J�o4'�^PQ��l�PRJ$k

ε
kMQ�^qLeJ�^qi�[�kT�3�O$k
U

ε = 10−3
kJ$R+Tzd"O�k[�3�^POGWXT�R������� J9L

ε = 0.2
kMJ�R+TGdPO�kM[,3�^PO�WXT�R���������� U � TldPO�kM[,3�^PT	L+[SQ�^�������� ��� �� ��! J$L�� � ��!�� <{Q�^wLKRO(<{O9s

RJ$^Pn�JyT@Z�Tei	T�Z�J$oPR�dPor^PQ����PRMJ�dPJ � [�n>�PT�RdPkMQ�^ U?²�oP[Sk8#woPJ�Z fvO�n�Q�oPZ�J"�mJ$^wL
3�O�Q�kpL+RQ�W+�P[,#woPJ�dgfvO�n>�PJ$Z�ZSJ
k�X�^PQ�W"L+[�#�o"JP�uoP^"JUi�T	Z�J�o"R�dPo|^PQ����PRMJUdPJ � [�n>�XT�RMdPkQ�^ dPJ2Z fvQ�RdPRMJUdPJ

2
[SZKJ�kpLrZ�Q�3�[�#woPJzdPJ2ZSJ

dPO$k[,3�^PJ�R)WXT�R"������� U � T2WXT�RpL+[cL+[�Q�^.d�fhO$^PJ�R$3�[�J�[�^"[SL+[�T�Z�JGJ�kpLGLJ�Z�ZSJ?#woPJ
ξ = 0

W�Q�oPR@ZSJ�k)njT�ZSn�oPZSk
ko"[Si	T�^qL+k�U 4 ^UW�J�o"L�i�Q�[�R�dXT�^PkKZ�JyL+T��PZSJjT�o2_�U/©eZ�T)i	T�ZSJ�oPR�dPJ�k�WXT	R+T��0 $LRJ�k�WVQ�oPRKZSJ�kKn�T�Z�n$oPZ�k�dPJeZ�T
kO$R[SJ�#�$&%('&)+*(, O�-(.0/ U&1eT	^Pk�n�J$LML+J@kJ$n$L[�Q�^7^PQ�oPk�T�ZSZ�Q�^"k�O$LoPdP[�J$R�n>�XT�#woPJ@L&X�WVJ@dPJ@kML+T	L+[SkML[,#woPJ �
Z fvoP^PJ�T�WPR$ �k�Z`f T�o�L+RJ �bO$^PJ�R$3�[�J$k � kML+T	L+[SkML+[�#woPJ�k�kMoPRKZSJyLJ�^PkMJ�oPR�d"J �@RMJ�J$^ � LJ�^PkMJ�oPRKdPJ�k�n$Q�^qL+RT�[�^qL+J$k
dPJ � J�X�^PQ�ZSdPk 3�O�^"O�R+T	Z�[�kMO�dXT�^"k)ZSJ�RJ$W  $RJ?1�'�J � LJ�^PkMJ�oPR)dPJ � J�X�^PQ�ZSdPk 3�O$^PO�RT�Z�[SkONdXT�^"kEZ�TU�XT�kMJ
dPJ2�KRT*X�T�s32�J�RMR[�^�3NWPoP[�k�T�^P[�kMQ�L+RMQ�WP[SJ�kW�J�n9L+RT�Z�J � � n$J$LML+J@T�WPW"RQ�n>�PJEJ�kpL�dPo �m�"�mJ�L&X�W�JL#woPJEn�J$Z�Z�J
J$�VJ�n9L+oPO)WXT�R � U � [�J$n>�qL+J�^"kML+J$[�^ � _ ��� � �54 x�a76 � 2 � � W�/lª�© � a7�KdPT�^Pk�k+TNL!�+ $kJ@dPJ�1�Q�n$LQ�R+T	L
U

"�&� ) 0 ./'��()+� .
ε Ri

� O�8+9 %:�<;>=�%
10−3 0.5�@? ; /A9 �<;>=�%
10−3 0.99��* ? %:�<;>=�%
10−3 2� O�8+9 %B� 8 $�C ?
0.2 0.5�@? ; /A9 � 8 $�C ?
0.2 0.99��* ? %B� 8 $�C ?
0.2 2�@? ; /A9 �@? ; /&9
0.01 0.99

DCFE S _ U'© % ²4T�R+T��0 $LRJ$k�d"J)Z�T�kO$R[�J"#�$&%('&)+*(, O�-(.F/ WVQ�oPR�Z fvO$LoPdPJG1 � �

��
 ��
IH � '  # �(',+ $ � ' 

� Q�o"k%�mQ�^wLRJ$RQ�^PkKdXT�^Pk�n$JEWXT�RT�3�R+T	W+�PJ #woPJEkMoPR�dPJ$k&� a� x¡�¢�£r¤d¥�` � ¢ ZSJeWXT�RT��) 9L+RMJ�dPJe�PT�RQ	s
n�ZS[�^P[Sn�[cL+O�^gfhTGWPT�k�d�fh[S^KJXoPJ$^Pn�Jyk[,3�^P[�1Xn�T	L+[ci�J U-��oPR dPJ�k�� a� x¡�¢�£r¤d¥�` � ¢(� Q�^rWVJ$o"L i�Q�[SRt�)WXT�RpL+[�R�d"JyZ�T
WPZ�T�^Pn>�PJ�_ U x #woPJ�[�^P[cL+[�T�Z�J"�mJ$^wL Z`fhO$^PJ�R$3�[�J%�rO�n�T�^P[�#�o"J�n�RQ�[SL�W�Q�oPRBLQ�o"LJ�k�Z�J$k]RO�T�Z�[Sk+T	L[�Q�^Pk%� _ U x+�bT7� �
_ U x+�bn � � _ U x+�bJ � � _ U x��b��� � _ U x+�{d��)J9Lr_ U x+� <!�$�:U=² Q�oPRlZSJ�k�n�T�k}�

Ri = 0.99
J9L

Ri = 2
�bd"J�o4'�[, "�mJ

Z�[�3�^PJEJ9LyLRQ�[Sk[, "�mJ�Z�[,3�^PJEdPJ)Z�T�WPZ�T�^"n>�PJ�_�U xNn�fvJ�kpLMsA� stdP[SRJG_ U x+�bn � � _ U x+�bJ � � _ U x+�bd���J9L�_ U x�� <!�8��WPoP[Sk
Z fvO�^"J�R83�[�J �rO�n�T�^P[�#�o"JyL+o"R�PoPZSJ�^qL+J�J�^qL�T��rJeoP^"JeW+�XT�kMJEdPJedPO$n�RMQ�[�kMk+T�^Pn$J U��L�Q�^IWVJ$o"L�dPO"3qT�3�J$RKZ�T
L+J$^PdXT�^"n�J0#�o"JzWPZSoPk@Z�JN^PQ��l�PRJ�dPJ � [Sn>�XT�RMdPkQ�^.J�kpLlO$Z�J9i�OrWPZ�oPk@Z�T2W��XT�kJrdPJrdPO�n$RQ�[SkkT�^Pn�JrJ�kpL
T��rQ�Rn$O�JKLML�L���i�J�RMk

St = 2
W�Q�oPR

Ri = 0.99
J9L

St = 1.4
W�Q�oPR

Ri = 2
��UN1lf T	WPR8 $k�Z�TeWPZ�T�^Pn>�PJ�_ U x

L+Q�o"L+JGZ�J�k�O�^PJ$R83�[SJ�ken$[�^PO9L+[,#woPJ$kyLoPR�Po"Z�J�^qLJ�kEkQ�^wLe[�^P[cL+[�T	Z�J&�rJ�^qL�dPO$n�RMQ�[�kMk+T�^qL+J$k � �r�&�rJlW�Q�oPRyZ�J$k
njT	k��

Ri = 0.5
_ U x+�`T7� � _ U x��b���KQ��2Z�T�d"O�n�RMQ�[�kMk+T�^"n�J@J�kpLx��W�J�[�^"JEWVJ$Rn�J$W"L+[S�PZ�J ��U � fvO�^PJ$R83�[SJEWVQ	L+J�^�s

L+[SJ�ZSZ�JeJ$kML�[�^P[cL+[�T�Z�J"�mJ$^wLK^woPZ�ZSJ U�² Q�oPR�L+Q�oPk�ZSJ�k�njT�ZSn�oPZSk�dPJ@Z�TNkO$R[SJ�#�$&%('&)+*(, O�-(.0/ �{i�Q�[�Ry_ U x+�bT7� �
_ U x+�bn � � _�U x+�{JD� � _ U x+�b��� � _�U x+�{d��lJ$Lm_�U x+� <>� �GZ`fhO$^PJ�R$3�[�JUW�Q�LJ�^qL+[SJ�Z�ZSJzJ$kMLrdgfhT��VQ�Rd n�RMQ�[�kMk+T�^qLJIWVQ�o"R
k�fhT �MoPkpL+J$R��mZ�TrWPT�RML[SL+[SQ�^2^XT	LoPRJ$Z�Z�J@dgfvO�^"J�R83�[�J UF² Q�oPR�ZSJ�k�njT�ZSn�oPZSk�T&i�J�n�o"^�^PQ��l�PRJ)dPJ � [�n>�PT�Rd�s
kQ�^.d"J

Ri = 0.99
J$L

Ri = 2
Z fvO�^PJ$R83�[SJlW�Q�L+J$^qL+[�J$Z�ZSJGL+o"R�PoPZSJ�^qL+J�i	TUWXT	kkJ$REWXT�REoP^ �mT@'�[,�lo+�

WPoP[Sk@dPO�n$RQ�5SL+RJ �`_ U x��bnD� � _ U x+�bJ � � _ U x+�{d��eJ$Ll_ U x+� <!�$�:U � T2ZSQ�n�T�Z�[Sk+T	L[�Q�^7L+J"�mW�Q�RJ$Z�ZSJ�dPo �zT@'�[���o+�
dgfvO�^PJ$R83�[SJlW�Q�L+J$^qL+[�J$Z�ZSJGn$Q�RRMJ�kW�Q�^Pd±�mZ�TmZSQ�n�T�Z�[Sk+T	L[�Q�^Id"o �zT@'�[���o+� dgfvO�^"J�R83�[�JlLQ�L�T�ZSJ U �KQ��0�mJ
WPRMO�n�O$dPJ&�0�rJ�^qL � WPZSoPk�[�Z X2T�dPJ@Z�T�kpL+RT	L+[;1XnjT	L[�Q�^zWPZ�oPk�ZSJ �zT:'"[���o+� T�RMR[Si�JeL@L�L�dPT�^Pk�Z�JeLJ&�rWPk
U
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�^un�Q��rWXT�RT�^qLeZ�Tmn�Q�Z�Q�^P^"JldPJA3�T�oPn>�PJ �

ε = 0.001
_ U x+�`T�� � _ U x+�bn �yJ$LE_ U x��bJD�$��J9LEZ�Trn�Q�ZSQ�^P^PJGdPJ

dPRMQ�[SLJ0�
ε = 0.2

_�U x+�{��� � _ U x��bd��KJ9Le_�U x+� <>� ��Q�^2k�fhT�W�J�R�$Q�[SL #woPJ)Z�J$k�n�Q�o"R��J�k�kQ�^qL�L+R$ �k�k[��m[SZ�T�[SRJ�k�U
1�[SkQ�^Pk2#woPJrkoPRGdPJ�k@L+J"�mWPk)n�Q�oPRMLkGZ�TIi	T�ZSJ�oPR@dPJ$klWXT	R+T��0 $LRJ�k@dPJr�XT�RMQ�n$Z�[S^P[�n$[SL+OG^gfhT #woPJ�L+R8 $k
W�J�oudgfv[�^KJPoPJ�^Pn$J�J$L #�o"J�koPR�dPJ�k�� a� x¡�¢ £r¤d¥�` � ¢ Q�^~Q��PkMJ�Rpi�JNoP^ T �Mo"kML+J"�mJ$^qLEdPJ�kEn$Q��rWVQ�kT�^qL+J$k
W�Q�oPR�WXT�RpL+[cL+[�Q�^P^PJ�RKZ fvO�^PJ$R83�[SJEn�[�^"O$L+[�#woPJeL+oPRM�PoPZSJ�^qL+J@J$L�Z`fhO$^PJ�R$3�[�JEW�Q�L+J$^qL+[�J$Z�ZSJ�L+oPRM�PoPZSJ�^qL+J U

��T�[S^wLJ�^XT	^wL@^"Q�oPkET�ZSZ�Q�^"k �rQ�^qL+RMJ�R #woPJNWPZSoPkeZ�Tz�XT�RMQ�n$Z�[�^"[�n�[cL+OEJ$kML <{Q�RpL+J�WPZSoPkeZ`fhO$^PJ�R$3�[�JGWVQ	s
L+J$^qL+[�J$Z�ZSJ@LoPR�"oPZ�J$^wLJlJ$kMLy[,�rWVQ�RpL�T�^qLJ)J9L #woPJGZ�J@L+J"�mWPk�dgfhT �MoPkpL+J&�rJ�^qLEd"JGZ`fhO$^PJ�R$3�[�J)WVQ	L+J�^qL[�J�ZSZ�J
L+o"R�PoPZSJ�^qL+J�n$Q�RRMJ�kW�Q�^Pd T�WPWPRMQ '"[��zT�L+[Si�J&�rJ�^qL@T�o L+J"�mW"k)n�T�R+T	n$L+O$R[SkML+[�#woPJ�dPJ�Z�TIkMLR+T	L[�1Xn�T	L+[SQ�^ U
1lfhT�WPR$ �k]Z�TyWPZ�T�^Pn>�PJ�_�U xyQ�^�WVJ$o"L]Q��PkJ$RMi�J$R�#wogfhJ$^qL+RJ

t = 0
J$L

t = 5
Z`fhO$^PJ�R$3�[�J �rO�njT	^P[,#woPJ L+oPRM�Po�s

Z�J$^qL+J�WXT	kkJKWXT�R]oP^?�mT@'�[,�lo+� RJ$Z�T	L[�<PW�Q�oPR4L+Q�oPk4Z�J$k]njT�ZSn�oPZSkBdPJKZ�TykMO�RM[�J #�$&%('&)+*(, O�-(.F/ U � Q�oPk
dP[SkML+[S^+3�oPQ�^PkKdPJ$o4' 3�RMQ�oPW�J�k�U�1lfvoP^PJ@WXT�RpL�oP^ 3�RMQ�oPW�JeQ��IZ`fhO$^PJ�R$3�[�J �rO�n�T�^P[�#�o"JeJ�kpL�dPO�n$RQ�[Skk+T	^wLJ
#woP[ J�kML�n�Q�^PkpL+[cL+oPO$JzdPJzLQ�oPkGZ�J�k)njT	Z�n�o"Z�k��

ε = 0.001
J$LldPo n�T�Z�n$oPZ �K* ? %B� 8 $�C ? d"O"1X^P[�WXT�R

ε = 0.2
J$L

Ri = 2
��i�Q�[SR�[,�mT�3�J$ky_ U9/��`T�� � _ U9/��{nD� � _ U /+�bJD��J9Le_�U /�� <>� ��U&1Gf T�o�L+RJ)WXT�R�oP^ 3�RMQ�oPW�JEdPJ

njT	Z�n�o"Z�k�Q���Z`fhO$^PJ�R$3�[�J
�rO�njT	^P[,#woPJ�L+oPRM�PoPZSJ�^qL+J�koP[cLBoP^"JKO$i�Q�Z�o�L+[�Q�^Gn$RQ�[Skk+T	^wLJ ��i�Q�[SR [��zT 3�J�k4_ U9/��b���
J$L@_ U /+�bd��$��U��KJ?3�RQ�oPW�J�J$kML@n�Q�^PkML[SL+o"O�dPJNZ�TmROjT	Z�[�kT	L+[SQ�^ � O�8+9 %B� 8 $�C ? �bd"O"1X^P[SJ�WXT�R

ε = 0.2J$L
Ri = 0.5

��J$LrdPJ2Z�T RMOjT�ZS[�kT	L+[SQ�^ �@? ; /&9 � 8 $�C ? �{dPO"1X^"[�J7WXT�R
ε = 0.2

J$L
Ri = 0.99

�:U
� JUnjT	Z�n�o"Z�� O�8+9 %B� 8 $&C ? J�kML�n�J�ZSoP[*#woP[�T�Z�JmWPZ�oPk <{Q�RMLGL�T�o4' dPJUn$RQ�[SkkT�^Pn�J �{WPRO$kJ$^wL�kMoPR�Z�T
1�3�o"RJ _ U9/��{���8�:U 1�JuZ�T �r�&�rJ��zT	^P[, $RJ #�o"JuZ fvO�^PJ$R83�[SJ6�rO�njT	^P[,#woPJ�LoPR�"oPZ�J$^wLJuWXT�kMkJuWXT�RzoP^
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WPRMQ �MJ�n9L+[�Q�^�n�X�Z�[S^PdPRM[,#woPJ�d"o�Z�Q�3�T�R[cL!�+�rJ2dPo �zT:'"[���o+� dPJ�Z�T ^"Q�R8�rJ�d"o�L+J�^"kJ�o"RIdPJ �ERJ�J$^
�
log(MAX‖g‖) = log(maxt∈[0,1000](‖g(k, t)‖)) �:U � J)�mT@'�[,��o�� J$kML�O9i	T�Z�oPO�kMoPRGd"J�k@L+J&�rWPk
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� Q�o"kETji�Q�^Pkyi�o�WPRO$n�O�d"J&�0�mJ$^wL #�o"J�Z�J$kyRMOjT�ZS[�k+T�L+[�Q�^Pk � O�8+9 %:�<;>=�%�J$L �@? ; /&9 �<;>=�%�Q�^qL
O$LOmkMoPRld"J�k�� a� x¡�¢� C¤d¦ a�§�¢ dPO�n$RQ�[Skk+T	^wLJ�kA�mT�[SkEdPJ$i�J�^XT�[SJ�^qL�n$RQ�[SkkT�^qL+J�kGkoPR)dPJ$kC� a� x¡�¢ � ` � ¢¨)¤d§ �d¢ U�² Q�oPR�[�^qi�J$kML+[�3�oPJ$Ryn$J)W��PO�^PQ��) $^PJG^"Q�oPkyT�Z�ZSQ�^Pk�O$LoPdP[SJ�R�oP^PJ@i	T�Z�J$oPR�Q��7Z�J@WXT�RT��) 9L+RMJEdPJ
�XT�RMQ�n$Z�[S^P[�n$[SL+O

ε
WPRJ$^Pd�o"^PJEi�T	Z�J�o"R�[�^qL+J$R8�rO�dP[�T�[�RMJ�J$^wLRJ@Z�J$k�njT�ZSn�oPZSk�dPJ@Z�T�kMO�R[SJG�<;>=�% �bdPO(1X^P[SJ

WXT�R
ε = 0.001

�UJ9L � 8 $�C ? �bdPO(1X^P[�J WXT	R
ε = 0.2

��U � T i	T�Z�J$oPR2dPo WXT	R+T��0 $LRJ
ε

W�Q�oPR2Z�T
RO�T�Z�[Sk+T	L[�Q�^ �M? ; /&9 �@? ; /A9 kMJ�R+T

ε = 0.01
U ��^lkn$O�^XT	R[�Q�dgfvO$i�Q�Z�o"L[�Q�^)dPJ$kFJXoPn9L+oXT�L+[�Q�^Pk��XT�RQ�n�ZS[�^PJ$k

J�kpL�O�Z�T	�VQ�RMOEJ�^
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W+�XT�kMJ�k'+
©�U � TNdPO�n$RQ�[SkkT�^Pn�J)[�^"[SL+[�T�Z�J
_ U � TNWPRJ"�m[� �RMJEn�RQ�[�kkT�^Pn$J
ª�U � J�k�dPO9i�J$Z�Q�WPW�J&�rJ�^qLk�LQ�RQ�0 dXT�o4' +XZ fv[�^KJPoPJ�^Pn$JEdPJ@Z�TNRQ	L�T	L[�Q�^
��U � fvJ('�WPZ�Q�k[�Q�^ +"Z�TNkJ$n�Q�^Pd"JGn$RQ�[Skk+T	^Pn�J
� U � TNk+T	LoPR+T�L+[�Q�^

� J�k
5

W+�XT�kMJ�k�O�^wo+�rO�RMO�J$k�n�[ stdPJ$kkMoPk�kQ�^qL�njT�RT�n$LO�RM[�kO$J�k�n�[ stdPJ$kkQ�oPk
U
¶ ' " &������ ) � ��'*./���%)+.=) �() ' 	 �

��oPR�dPJ�k�� a� x¡�¢� C¤d¦;a�§�¢
tS = 30

[�Z X7TNJ9��J$n$L+[ci�J"�mJ$^wLydPO$n�RQ�[�kkT�^Pn$J U � TA1�3�oPRJ�_�U _�_��`T7�KJ9L
_ U _lª��bT7� [S^PdP[,#woPJ #�o"JEZ fvO�n�Q�oPZ�J"�mJ$^wLKJ�kpL�kJ&�l�PZ�T��"Z�J���Z`fhO$n�Q�o"Z�J&�rJ�^qL�W"oPRJ"�mJ$^wL�n�[�kT�[�ZSZ�OAstkMLR+T	L[�1XO U
� f T��MoPkMLJ&�rJ�^qL@[�^P[cL+[�T�Z#dPJ�Z`fhO$^PJ�R$3�[�JGJ�kMLedPO"1X^"[]WXT�ReZ�Tri	T�ZSJ�oPRydPou^PQ����"RJ�dPJ � [Sn>�XT�Rd"kQ�^ � WPZ�o"k
Z�JE^"Q����PRMJEdPJ � [Sn>�XT�Rd"kQ�^7kJ$R+T 3�R+T�^"d7W"Z�oPk�Z fhT �MoPkpL+J"�mJ$^wL�kMJ�RTrRT�WP[�d"J U
¶ '*�/�(� � ) �;�(� ���(� ) � ��'*./���

� Q�Rk$#�o"J.ZSJ~L+RMQ�[�kM[, &�rJ�LJ&�rWPkI�XT�RMQ�n$Z�[S^PJ�J$kML7dPO�WPT�kkMO Q�^ Q��"kJ�Rpi�J oP^PJ n$RQ�[Skk+T	^Pn�J dPJuZ�T
n�Q��mW�Q�k+T	^wLJ�LQ�RQ-0 dXT�ZSJ �bn�Q�oPR��JyRMQ�o+3�J � J9LKdPJyZ�T@n�Q��rW�Q�k+T�^qLJydPJ JXQ�L+T��P[�ZS[SLO2�bn�Q�oPR��Jy�"Z�J�o���kMoPR
Z�T21�3�oPRMJ)_ U _-ª��b���:U � T�WPW�J�Z�Q�^Pk%#woPJEZ�JyL+RQ�[�k[� &�rJyLJ&�rWPk��XT�RMQ�n$Z�[�^"J�J�kpL�dPO"1P^P[#WXT�R

τB3 = N
Sf

#�o"[
n�Q�RRJ$kW�Q�^Pd�T�o2L+J&�rWPk�n�T�R+T�n9L+O$R[�kpL+[�#�o"J)d"J��T�d X³©&a �qa U
¶ �-� " & � �	 � ��� � � ��.\� � ��� �(���B"!'* �	��	�
 )U.�9 /��./��� "!� 	 ' �(�*��' ��)+� .

� Q�Rk$#�o"JrZSJ�L+J"�mWPkEn�T�R+T	n$L+O$R[SkML+[�#woPJ�dPJ$k)Q�^PdPJ�k@dgfv[�^"J�RML[�J�d"O"1X^P[SJNWXT�R
τf = 2π

f

J$kML@dPO$WXT�kMkO
Q�^.WVJ$o"L@i�Q�[SREoP^.dPO$i�J�Z�Q�WPWVJ"�mJ$^qLGd"JrZ�TIn�Q�RMRO�Z�T	L+[SQ�^un�RMQ�[�kMO�kEL+Q�RQ�0 dPQ	stW�Q�ZSQ�0 dXT	Z�J)�bn$Q�oPR��J��PZ�J$o
n�Z�T�[�RMJD�KT	[�^PkM[ #woPJGd"o JPo4'7dPJ�JXQ�L+T��P[�ZS[SLOyL+Q�RQ�0 dXT�Z�J?�bn�Q�oPR��JERQ�kMJD��ko"R�Z�TA1�3�oPRMJl_�U _lª+�b���.U
¶ 
 �
����	 � ��)+� .���	 ' ������� .="!� ���(� )�� �M'*.=���

� T 1�3�oPRMJ@_ U _�_+�{��� RMJ�WPRMO�kJ$^qL+JEZ fvO$i�Q�Z�o�L+[�Q�^zdPJ$k�O�^PJ$R83�[SJ�k�kMoPRKd"J�k&� a� x¡�¢ a�� � `��� 6a� 6a�§ � ¨)¤d§ �d¢
�
tS = 100 000

��U���oPR�n�J$LML+JL1�3�oPRMJGQ�^�W�J�o"L�RMJ&�mT�R8#woPJ$R #woPJ)Z�Q�RMk8#woPJ@Z�J@WPRMJ&�r[, $RJeL+J"�mW"ky�XT	RQ	s
n�ZS[�^PJ0�

τB1 = 4π2S
Nf

��J�kpL�dPO�WXT	kkO)[�ZCX2TNoP^PJ � J5'"W"Z�Q�kM[�Q�^ ��dPJ$kyO$^PJ�R$3�[�J$k
U
¶ ' ��'��( /�(' ��)+� .
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#wogfh[SZX^gfMX�T�[SL
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Tji�J$n�dPJ$k�Q�o�L+[�ZSk�dPJ�L&X�W�J �rQ�dPJ�^PQ�R$�zT�o�' U 4 ^mRJ&�mT�R$#�o"J�R+TL#woPJ�Z fvO�^PJ$R83�[SJ�n$[�^PO9L+[�#�o"J�LoPR�"oPZ�J$^wLJ
J�^~i�J�RpLE^gfvJ�kML@WPT�kekQ�o+�m[SkJ��zdPJ�k�Q�kn$[�Z�Z�T	L+[SQ�^Pk�U � fvO�^"J�R83�[�J�W�Q�L+J$^qL+[�J$Z�ZSJ@LoPR�"oPZ�J$^wLJ <bT�[cL�dPJGL+R8 $k
3�RT�^PdPJ$k�Q�kn�[SZ�Z�T	L+[SQ�^Pk�T	o"L+Q�o"R�dPJ@Z�Tli	T�Z�J$oPR
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NPORQTS _ U _-ª ) ® J�^PkMJ�oPR)dPJ$kln�Q�^wLR+T�[S^qL+J�k@dPJ � J�X�^PQ�ZSdPkL3�O�^PO$R+T�ZS[�kMOrJ5'�WPR[��mONdXT	^PkGZSJ�RJ�W� �RMJ�dPJ
�KR+T1X�T�s32�J�RRM[�^+3@W�Q�oPR]ZSJ�njT�ZSn�oPZ �@? ; /A9 �@? ; /&9 U � J�k 1�3�oPRJ$k W"RO�kMJ�^qL+O$J�k�n�[cs dPJ�kMkoPk�kMQ�^qL�RJ�Z�T	L+[ci�J$k
T�o4'.n�T�k23�O�Q�W���X�kM[,#woPJ&�rJ�^qLNJ$^qi�[Sk+T�3�JjT��PZSJ�k�UJ�KJmkQ�^qLGdPJ�kGO�n$Q�oPZ�J"�mJ$^qL+k)RJ�kMWVJ$n$L+T�^qL�Z fvO&#woP[SZ�[S�PRJ
dPoli�J�^qL]L8�PJ�R$�m[�#�o"J U � Tyn�Q��mW�Q�k+T	^wLJ�LQ�RQ�0 dXT�ZSJ�J�kML]RJ�W"RO�kMJ�^qL+O$J�J�^lLR+T�[cL RQ�o+3�J �

< U (1)u(1) >
�:U

� Trn$Q��rWVQ�kT�^qL+J@W�Q�Z�Q�0 dXT�ZSJeJ�kpL�RMJ�WPRMO�kJ$^qL+O�JGJ�^7L+R+T	[SL�i�J$RMLA�
< U (2)u(2) >

�:U � Trn$Q��mW�Q�kT�^qL+J@dPJ
JXQ�L+T��P[SZ�[SLOKJ$kML�RJ�W"RO�kMJ�^qL+O$JyLR+T�[cL��PZ�J$o6�

Ri < bb >
��U � T@n�Q��rW�Q�k+T�^qLJ�d"J�n$Q�RRMO�Z�T	L+[SQ�^�L+Q�RMQ�0 dPT�Z�JAs

W�Q�Z�Q�0 dXT�ZSJKJ�kpLKRMJ�WPRMO�kMJ�^qL+O$J�J�^�L+RT�[SL�RMQ�kJ �
< u(1)u(2) >

�:U � T)n$Q��rWVQ�kT�^qL+J�dPJ<JXo4'NdPJ JPQ�L�T��"[�Z�[cL+O
L+Q�RQ�0 dXT�Z�JEJ$kML�RJ�W"RO�kMJ�^qL+O$JNJ�^7L+R+T	[SL��PZ�J$o�n$Z�T�[SR �

Ri1/2 < u(1)b >
��U � Tmn$Q��rWVQ�kT�^qL+J)dPJ JPo4'7dPJ

JXQ�L+T��P[SZ�[SLO�W�Q�Z�Q-0 dXT�ZSJ�J$kML�RJ$WPRO$kJ�^qLO�JlJ$^7LR+T�[cL �T�oP^"J �
Ri1/2 < u(2)b >
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Tji	T�^qL�T�3�J$oPkJ U?�Z�Z�J�WVJ$R8�rJ$L�d"J�dPO"1X^"[�R]ZSJ�k]n$Q�oPR��J�k Tji�J$n�WPZ�oPkBdgfhJ5'"T�n$L[SL+o"dPJ.#woPJ�koPR�o"^PJ�kW+�� �RJ U²BT	R�n�Q�^qLRJeW�Q�oPR�Z fv[�^qL+J$RWPRMO$L�T�L+[�Q�^zW+��X�k[�#�o"JE[�Z�<bT�o"L%3�T�RdPJ$R!��Z`fhJ$kWPRM[SLF#�o"JEZ�TGW"RQ �MJ$n$L+[SQ�^Un�X�ZS[�^�s
dPRM[,#woPJ)dP[�Z�T	L+JEZSJ�k�W L�Z�J�k�U���oPR�Z�T�WPZ�T	^Pn>�PJl_ U _ �mQ�^7W�J�o"L�i�Q�[SR�Z�TNRO�T�Z�[Sk+T	L[�Q�^ �@? ; /&9 � 8 $�C ? kMoPR
dPJ$k�� a� x¡�¢� C¤d¦;a�§�¢ �

tS = 30
��U7��oPR�Z�TEWPRMQ �MJ�n9L+[�Q�^mn�X�ZS[�^Pd"R[,#woPJ�i�[Sk[��"Z�J�ko"R Z�T 1�3�oPRMJ�_ U _ ���bT7�BZ�J$k

�rQ�dPJ$k%�mT@'�[,��o+�rk kQ�^qL�Z�Q�njT	Z�[�kMO�k koPR�ZSJ�k*�$Q�^PJ$k�RQ�o+3�J�k�T�o�'IWAL�Z�J$k�^PQ�RMd �bJ�^ �PT�o"L5� J$L�T�oIWAL�Z�J
ko"d��{J�^r�XT�k>�:U��KJ�k ��Q�^PJ�k Q�^qL�oP^PJ�J('�LJ�^PkM[�Q�^zT���[���o"L�T	Z�JKd�f T�W"WPRQ '�[,�mT	L+[ci�J"�mJ$^wL π
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U���T�[S^qL+J�^PT�^qL
k[ Z fvQ�^7RJ"3qT�Rd"JGZ�T 1�3�oPRJ�_ U _ ���b���.#woP[ J�kMLyZ�T #woXT�^qL+[cL+OGRO�J$Z�ZSJ)kMoPR�Z�TrkMW+�+ $RJ � Z�T ��Q�^"JGRMQ�o+3�JGdPo
WAL�Z�J�^PQ�RMdU^gfvJ�kMLKWPZ�o"kKoP^UkMJ&3��rJ�^qL.�mT�[Sk o"^ � W�Q�[�^qL �.U � T��$Q�^PJe^gfhTlWXT	kKdgfhT��rWPZ�[cL+oPdPJ�T��$[,��o�L�T�ZSJ U

� Q�o"k4Tji�Q�^Pk�i�o)WPRMO�n�O$dPJ&�0�rJ�^qL #�o"J Z`fhO$^PJ�R$3�[�J�W�Q�LJ�^qL+[SJ�Z�ZSJBn$[�^PO9L+[,#woPJ�J$kML <{Q�RMLJ&�rJ�^qL�Z�Q�njT	Z�[�kMO�J
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U 1eT�^Pk4oP^�dPJ$o4'�[, "�mJ�L+J"�mWPk4[�Z
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Y�Z fv[�^Pk�����^���[S^P[��[���ZwZ����	�$^Pk��$o! �d"� �# $�%��^&�$k$� Z fv[�d!�$^��+[���'
δij
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(ε = 8, Ri = 6.25)
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�	 $,��+3�3-/.�O]!/��%UCS�U! M/�� 1�3-U! $�W? Ub?�/��L�7�� ��%(" �'%S$�%3��	�W/.�Y/�*�V%�+/.,�S	�2��,.*-3XT!U��C�@'�,,�EU+� S�U! M/��#S�(+�+ 4 ��8T!�
3!*��X]! ��>T�^<*-3"T!� U 4 3g()�%U"�1�+,.3!S$,"V4*-3!S$�	�2�	�4 �#DU!�O/.�F�C*GT!�%#DU!,��%S$�1�� 	�+V4'O�%S��1V%�4/.U!,4#GU",!V%*- $ ��4S�()*-3!T
�+U �C�@'�,,�EU+� U����&/�*�V%�+/.,�S	�2��,.*-3C�%3FV%*-/.�2�	,B�	U!T"�;�%S��Z� �%,,�XU"�9�%S��

(θ = 3.00, φ = 1.54)
V%�L#DU!, �%S��

(! $*�V>�!�CT!�
(θ = π−, φ =

(
π
2

)− U � �FV%*���(6*+S	�+3��	��/��d(!/�U!SKV4 �*-,�S�S��+3��	���%S$�X/��dV%*���()*-S	�+3����
g21���23!T!,.S.#DU!�Y/��EV4*���(6*-S��+3��	�#/��E("/.U!SOT!'4V% $*-,.S$S	�+3��	�Y�%S��\/��gV%*���()*-S	�+3����

g23
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��U! N/�� 1�3+U! ��Z? U¬ª-���L]��0*-3C()�%U���*-]"S��% �i-�4 M/n^<'Ii-*-/�U"�	,�*-3&T!U����%3!S$�%U! NT!� �# $�%�43)��*�T!�+/.�>/�*�V%�+/.,�S�'
(! $*�V>�!�9T!U&(AL-/.��3!*- �T �

θ = 0.103
���W/k^<���%,��EU"�.�

φ = −0.670
��U � � 1�3+U! ��8? U¬ª-���L�7�f,.3"T!,,#DU!�.#DU!�9/.�

��*�T!�8i�,�S�U=�2/.,.S$'W�%S��O�	 8 4S9(! �*GV>�!�#T!U �C*GT!� �C�@'�,,�C�+/3U 4 3d(6�4U"�\*-]!S$�% $i+�% 9S�U" \/.� 1�3-U! $�K? U�ª+���L]��
#DU!��/.�g�	�43!S��4U! XT!���W ��%�43 ���('�(!/.*+S�� �Ei-�% $S

tS ≈ 13
("U!,.S#S	���	U! $�:�+U|3!,�i+�7�+UaT!��/��5i2�+/.�4U! 
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NPORQTS ? Ub?-} ) ®f�43!S��4U! RT"� �# $�%�%3mT"U V%�+/.V4U!/ � %�� / ��, 8 O��G� C ? ; T!'"1=3",;(=�+ 
ε = 8

�
Ri =

6.25
�
θ = 1.60

�I�
φ = 0.46

U�· q�����yz{���{�� s��fp���{ � /�� 1�3-U! $�|T"� 3��+U"V>�!�| $�%(! $'%S$�%3��	� /.�
/.*GV7�2/.,.S��2�	,�*-3[T!U ��*�T!�L#DU!,��%S��8iG,.S$U=�+/�,.S�'WS$U! \/��?1�3-U! $�KT!�YT! $*-,���� U���U! 9/.� 1�3+U! ��YT!�23��+U!V>�!�Y�%S��
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-/.1032 ?54b?�/ ) ®f�43!S��4U! mT!�76# $�%�%3PT!U V7�+/�V%U!/ � %�� / � 9 % . ,7,�C ? ; T!'"1!3!,l(=�2 
ε = 0.2

�
Ri = 0.1

�
θ = 3.00

�I�
φ = 1.54

4]· q��#��yz{8��{9� s���p+��{ � /.��1�3-U! $�FT"� 3��2U!V>�!�F ��%(" �'%S$�%3��	�
/��C/.*GV7�+/�,.S	���	,.*+3FT"U ��*GT!�A#DU!,��4S$�WiG,.S$U=�+/.,�S�'KS�U! W/.�)1�3-U! $�gT!�ET! $*-,����!4 ��U! W/��01�3-U! $�ET!�?3��+U"V>�!�
�%S��8�+U!S�S$,_(! $'%S��43��	'%�K/��X()*-S$,��	,�*-3[*" d/�� �C,�3!,,�XU+� �4�9/.� �:�@'�,��EU+��T!�W/��E3!*+ 8���;T!U5�	�43!S��4U! 9T!�
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ε = 0.01

�4�
Ri = 0.99

4 � �4S)1�3-U" ��%SC ��4(! �'4S��%3����%3��5/k^`'4i+*-/.U��	,.*+3 T"�lV>�=��#DU!�RV%*���()*-S	�+3����RT!U �	�43!S��4U! :T!�
6W ��%�43 �('�(! $,,��'%�CT=�+3!SE/.�R]=�2S��[T!���� 	�;>��z~328�4 � $,.3+3³�RT!,��6'% $�%3��	�[()*-S$,��	,�*-3aS�U! E/.�RS$(+�+ % $�!4 � �4S
V%*��C()*-S	�23D���%S
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-/.1032 ? 4�ª-� ) ®��%3!S$�%U! 0T!�36W ��4�%3ET!UKV7�+/�V%U!/
ε = 10

�4�
Ri = 10

T!'"1!3!,�(!�+ 
θ = 0.103

�
φ = −0.670· q��#��yz{ ��{ �)s?�fp���{ � /�� 1�3+U! ��JT!� 3-�+U!V>�!�J $�%(! $'%S��43��	�A/�� /�*�V%�+/.,�S	�2��,.*-3xT!U���*�T!� #DU!,;�%S��

iG,.S$U=�+/.,�S�'&S�U" E/�� 1�3-U! $�:T!�CT! �*+,��	�+4 ��U! Y/�� 1+3-U! ��CT!� 3-�+U!V>�!�C�%S$�E�+U!S$S�,�(" �'%S$�%3��	'4�[/��F(6*+S�,���,.*-3
*" R/.�2�C,�3!,,�EU��P�4�8/.�2�C�@'�,,�EU+� T!�X/.��3"*- 8���KT"UR�	�43!S��4U! ;T!� 6# $�%�43lS�*+3D�;�2�����%,�3D��S(4 � �XV%�+ � $'
 �*+U+3-�E $�%(! $'%S��43��	�&/���(6*-S$,���,.*-3RT!U �C*GT!� #GU",��%S��;�	 ��+V%'ES$U! ;/.�)1�3-U! $�ET!�ET" �*-,B�	�!4 � �E �*+3!TJ]!/.�4U
 ��4(! �'4S��43D���W/.� �C,�3!,,�EU�� *" [/.�2<H*-3!VI�	,�*-3:T!� 6# $�%�%3:�%S$�O�2�����%,.3��(4 � �8�� �,.�+3+3-/��8]!/��%U[ $�%(! $'%S$�%3��	�W/.�
()*-S�,B�	,.*+3E*" &/.�.�C�@'�,,�EU�� T"�\/.� <H*-3!VI�	,�*-3&T!�<6# $�%�43��4S$�M�2�$�	�%,�3��;4n· q�����yz{ ��{ ��yzv)q�tu{ � /.� 1�3-U! $�
T!�MT! �*-,B�	�� ��4(! �'4S��43D���O/k^`'4i+*-/.U"��,.*-3#T!�MV>�=��#DU!�>V4*���(6*-S��+3��	�NT!UK���%3!S$�%U! 0T!�36W ��4�%3X�5'�(! �,��C'4�MT=�23!S
/��E]!�+S��YT!� �� 	�;>��z~328�4 � $,.3+3?4 � �4S9V%*���(6*+S	�+3��	�4S
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√
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4 � �E $'7�+/�,.S��2�	,�*-3:V>�!*+,.S�,��

()*-U! O/.�4S9V7�+/�V%U!/�S!®�1�� �%S��G� .�8+9 %B� 8 $�C ? T!'"1=3",.�#(=�+ 
ε = 0.2
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Ri = 0.5
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��*�T!�O/��O(!/.U"S1V% �*+,.S�S��+3��N�%S$�NV4*-3!S�,�T!'% $'9V%*.�4�C�OV4�%/�U!,&0DU!,=i2�#T"*.�C,�3!�% 0/k^`'%V%*+U!/.���C�43D�(4E+Z^`�%S$�MV%�4/.U!,
0DU!,f�+Ul])*-U"�ZT_^<U"3eV%�4 $���2,.3R������(!S\S��% ��:*-]!/�,�>����	*-,� ������%3��>iG,�S�,.]"/.�!4&1Z�+3!S;U!3R'%V4*-U!/.���C�43��; �'4�%/�,./
> �&/.�4S\�I���I�	S93!*-3G~�/.,�3!'7�2,. ��4SC0DU!,��%3��	 $�%3��8�%3FV%*-3!S$,.T!'4 	�2��,.*-3d/�*- �SD0GU"�Y/��%S\�?��(!/.,B�	U!T"�%S>S$(6�4V4�	 ��+/.�4S
T!�4S�J=U!V4��U=�2��,.*-3!SXT!'%(=�2S�S��43��:/.�Ri2�+/.�4U! E�+U��	*- $,.S�'4�5(=�+ E/��%SEV4 �,B���% $�%SET"�[i+�2/.,.T",��	'+4GF�U! g/��H1I>-U! $�
?54¬ª�©5/��li2�+/��%U! gT"Ux�	�+U��xT�^b�?��(!/�,!1=V%�2�	,�*-3 T!UJ��*�T"�5/.�[(!/�U!SgV% $*-,.S$S	�+3���T!*-3"3!'5(=�+ g/.�l���!'4*- �,��
T_^¬��+T >P©uc ��cY�%S$�>V%*.��(=�+ $'%�;�7i+�%V;/.�Yi2�+/.�4U! NT!U-�:� �",!�EU&� T"�;/��Y3!*- %���\T!U[�	�43!S��4U! >T!�:6W ��4�%3 4
K *2�	*-3!SZT_^b�2]6*- $TL0DU!�g/.�4S;T!�%UM�ei2�+/.�4U! �SZS�*-3��#V%*?�C(=�2 	�+]!/��%S8V7�+ ;�4/./��%S;S$*-3��W�	*-U"���%S;/��%S;T"�%U��eT!�
/k^`*- $T! ���T!�[/n^b�?��(!/�,��	U"T!�gS�()�%VI�	 	�2/.�:T"�%S�J=U"V4�	U!�2�	,�*-3!SXT"�:iG,��	�4S�S$�!4 � �lV4*-U! $]6��i-�% ��	�5 $�%(! $'%S��43��	�
Aew∗

Cε
√

Rit
0GU",)�4S$�N/k^<�?��(!/.,B�	U!T"��S�()�%VI�	 ��+/.�9T!UN��*�T!�OT"����+T5>&/.�O(!/�U!S1,.3!S����+]"/.�!4 � �;i2�+/��%U! 1T!�9/.�

V%*+3!S$�	�+3��	�
A
�%S��ZS��+3!S\,���(6*+ $���23!V%�WV%�+ 8,�/8"L�+U"�\ ���>��+ $T!�% \/��g()�%3��	�KT!�%S8V%*-U! $])�%S3(Hi-*+,. 9/��#1I>-U! $�

?54¬ª�© * 4 � �FV%*-U! $]6�� �*+U&>-�: $�%(! $'%S$�%3��	�[/��O�C�P��,��XU&� T!�C/��d3!*- %����T!U|���%3!S$�%U! ET"� 6W ��%�43Q(Hi+*-,. 
?54¬ª�© * 4 �\�+(!()�%/�*-3!SR0DU!�XV4�4�����S0DU=�+3��	,B�	'Y�%S��;T!'I�	�% D�C,�3!,.S��	�Y�4�Z,.3!T!'4(6�43!T=�+3����XT!UeS$(6�4V4�� ��E,�3!,���,��+/ 4
4 3R()�%U��8i+*-,. 9S�U" 8/.�#1&>-U! ��X?54¬ª�©T0DU!�X/.�&V4*-U! $]6�Y �*-U�>-�O(~®�1�� * �&U!3!�Y()�%3��	�Y(!/.U"S8,!�C()*- $�	�+3��	�0DU!�#/��gV%*+U! �])�;i-�4 $�	�U( ��+T5>³©uc ��c * 4 � ^<�+3=�+/�>�S$�WT!�#S$�	�+]!,./�,���'Z�%3H��*�T!�W3"*- %�C�+U��[T!��N�2T >³©uc �-c
()�%U"��2I�	 ��O,�3�i+�2/.,.T"'%��V%�+ 1/��\���!'4*- �,��>T!�9T!,.S��	*- $S�,�*-3E 	�2(!,.T!��(! �'Ii-*-,B��U!3g���+U��ET_^<�?�C("/.,!1!V7�2��,.*-3Y(!/.U"S
,���()*- $�	�+3��OS�U! 9T!�4S�� �� x¡�¢� C¤d¦���§�¢ (

tS = 30 * 4

���DV W �YXHZ ��[]\_^��YX
� ^<'I�	U!T!�XT!�KV%�+S`>+'%*-(&� >GS�,!0DU!�����%3��W�43DiG,�S	�?>-�%�+]!/��%S;�4�C*+3D�� �'a0DU_^<,�/�'4���2,��\T!,!b�V4,./.�#T!�YV7�2 	�+V ~

�	'4 �,�S��% �/k^`'4i+*-/.U��	,.*+3 T!�F/��AT!,�S$�	*+ �S�,�*-3 ]=�+ �*GV%/�,.3!�]�!*?�C*.>?�%3!�F'4�	�+3��:T!*+3!3!'l/��c>+ 	�+3!T (=�+3!�4/9T!�
(&�!'43!*.��'%3!*+/.*.>-,��W(6*+S�S�,�]!/.�+4�®f*+U"�	�5"H*-,.S9()*-U! 9/.�4S\ $'7�+/�,.S��2�	,�*-3!S>,�3!S$�	�+]!/.�4S9*-3l*-]"S��% �i-�Y0GU"�X/k^`'%3"�% �~
>-,��O�%3����?���9U!3!�9(&�=�2S��\T!�9S	�2��U! 	�2��,.*-3&�2(! %�4SMU!3"�\V4 �*-,�S�S��+3!V%�\�5��()*-3!�43D��,.�4/./.�+4 �\�+(!()�%/.*+3!S,0DU!�9T!�
"H*- ��	�%S8V% $*-,.S$S	�+3!V4�%S\�	 	�23!S�,B�	*-,� ��%S\3!�KS�*-3��;(!�+SZV%�+("�	U" �'%�4S;(=�+ \U!3!�X�+3=�+/�>GS��XV4/��+S$S�,!0GU"�K�43d�C*GT!�4S
3!*- D�:�2U��-0DU!, S4^<*GV%V4U!(6�43��ZT!UFV%*?�C()*- $�������%3����g/k^`,.3�1!3!,_T!�4S\S$*-/.U��	,.*+3!S(4

� �#V4*.��(=�+ 	�2,.S�*+3&�ui+�%V\/.�4S��	����(!S1/�,.3!'%�+,. $�%S0V%�+ 	�2V4�	'4 �,�S$�	,!0DU!�%SN�W(6�4 %��,.S�T"�R��*-3��	 $�% ,0DU_^`,./ >E�
U!3!�8�5��(!/�*-S�,�*-3CT"�8/n^<'43!�% D>-,.�9/.*+ �S%0DU!�\/k^`*-3�T!'%(!�+S�S$�;/.�9(! $����,.�% 1������(!SM]!�+ �*GV%/�,.3!�OV%�+ 	�+VI�	'4 �,.S��	,!0GU"�
(LT"'�1=3!,��X(=�2 

τB1 = 4π2S
Nf

* �4�60DU!�X/.�X3"*.�E]! $�XT!� �\,�V��=�+ �T"S�*-3e�4S$�W,�3�"H'% $,.�4U! x�
1
4 1;�+3!S;/.� �4*-3!�

,.3"S$���2]!/.�1/��%S�V% $*-,.S$S	�+3!V4�%S�S�*-3���/.�4S�(!/.U!S_"H*- ��	�4S�/�*- �SD0DU!��/.���	���C("S��4S$�fT!��/k^`*- �T" ���T!UY(! ����C,��% _�	���C("S
]=�+ $*�V4/.,�3!�!4�1Z�+3!S\/�� �%*-3"�YS����+]"/.�#/.�4S\V4 �*-,�S�S��+3!V%�4SZS$*-3��Z/��%S9(!/.U"S�"H*+ $�	�4S9/.*- $S\T"�Y/n^b�B�$U!S$�������%3��\T!�
/k^`'%3"�% %>+,.�!4u²�/�U!SO/.�W3"*.�E]! $�YT"� �9,.V��!�+ �T!S$*-3dS��4 	�N>- 	�+3"TR(!/�U!SO/k^<� �$U!S��	���C�43D�\S$�% 	�giG,.*-/��%3��;4

e�f � � �hgji � ���lk ) ��� � � ��� � �Pg ) �������� ��m ��
 � � � ���	�	
 ,,n�� gpoGq.o � i ) ��3rDs�t �Ru r%v�w n r%s

�G�65 � ¥7�G��§�¥� 98I����:,¥=���G�����)¢ � ¤��M¢�� ¤d§e�
	�¡����G� xzy



�G���D���t¤d§ £�¨7¥n¢�� ¤d§
� �# $'%*- D>��+3!,�S	�2��,.*-3gT"�O/k^`'%3!�4 %>-,��OS%^`�4�6�%V4��U!�\T!���:�+3",��% $���	 D�%S�T!,B��'4 ��%3����\S$�%/�*-3&/��;/.*GV7�2/.,.S��2�	,�*-3

T=�+3"SW/k^`�%S�(!�+V%�&T!�4SW(=�+ 	� �O�I�	 ��4S�7���*-U"����"H*-,�S;*-3A�5V%*-3"S$�����	'#0DU!�&(!/.U"S;/.�E(!�+ 	�?�4�4�� ��ET"��]!�+ �*GV%/�,B~
3!,�V%,���'

ε
'4�	�+,��`>- 	�23!TJ(!/.U"S;/k^`'%3!�4 %>-,��X()*+�	�43��	,.�4/./��E�7i2�+,��ZU!3!�Ei2�+/.�4U! Z,!�C()*- ����+3��	�KT=�+3!SW/n^<'43!�% D>-,.�

�	*2���+/��!4s²f*+U! X/��%SXV%�+SXT"�O"H*- ��	��V% �*+,.S�S��+3!V4�[�7i-�4V[U!3 "H*- ��Y(=�+ 	� �O�I�	 ���T!�C]=�+ �*GV%/�,.3!,�V%,B�	'gV+^`�%S��E/.�
V%*?�C()*-S	�23D���#T!��J=*+���2]!,./�,��	'R0DU!,�T!*.��,.3!�+4

� �8V%*+ � �'4/��2��,.*-3��4*-3=�+/��I~��'% $,.T!,�*-3=�+/��f�4S$�0,.3!T!U",��	��(=�2 �U"3!�="H*- ��	��]=�+ $*�V4/.,�3!,.V4,��	'+4BF�U" fT!�4St� �� x¡�¢£r¤d¥G� � ¢ �I�XT"�%SC� �� x¡�¢� C¤d¦���§�¢ �4/./.�&�4S$�E3"'�>��2��,�i+�!4z��E�%/�/.�&T!�Ii�,��%3��E*+]!S��4 $i2�+]!/��CS$U! KT"�%SC� �� x¡�¢¨)¤d§ �d¢ /.*+ �S%0DU!�9/��O(=�+ 	� �O�I�	 ��OT"�8]=�2 �*GV%/.,�3!,.V4,���'M�4S$��"L�+,.]!/��!4 � �WV4*- � $'%/����	,.*+3#�C'4 �,.T",.*-3=�2/.�I~ki-�4 $�	,�V7�+/��
�%S��E/�,.'%���lU"3!�O"H*- ��	��]=�+ $*�V4/.,.3",.V%,B�	'ET"�:/k^`'4�	�2�KT!�:]=�2S��!4w1/./����4S$�g()*-S$,��	,Bi-�&�4�3>��+ $T!�:U!3"�O"L�+,�]!/.�
i2�+/.�4U! (4 � �gS$�%3!S$,.]!,�/.,���';T!�4S\V4*- � $'%/.�2�	,�*-3!S9�+Ud(=�+ ��?�4�4�	 $�

(ε, Ri)
�g/��X���%3!T=�23!V%�YS�U!,Bi2�+3��	��+

• �%*-3!�+/.� ~��'% �,�T!,.*+3=�+/.� uv
+ ∀ Ri > 0

�4� ∀ ε > 0
�+/.*+ �S

uv < 0
�	*-U"����"H*-,�SK/�*- �SD0DU!�

t > τB1 = 4πS
Nf

�2/.*- $S
uv
J=U"V4�	U"�X�+U��	*-U! OT"� �4'% $*?4

• i-�4 $�	,�V7�+/��I~ �%*-3=�2/.� wu
+ ∀ (ε, Ri)

�	�%/60DU!�a/k^`'%V4*-U!/������%3��d�%S��l]=�2 �*GV%/.,�3!,�0DU!���C�43��
S$�	�+]!/�� �+/.*- $S

wv>0
(HV%*-3��� ��I~ >- 	�2T!,.�43D� * 4 ∀ (ε, Ri)

���%/
0DU!�&/k^`'%V4*-U!/.���C�43��#�%S$�Y]=�2 �*GV%/.,�3!,�0DU!���C�43��W,.3!S����+]"/.�g�+/�*- �S
wv<0

(HT!�%S$V%�43D���I~�T!�I~ >- 	�+T",.�%3�� *
• i-�4 $�	,�V7�+/��I~ �C'4 �,.T",.*-3=�2/.� wv

+
wv > 0

(6*+U! Z/�*- �SD0GU"�
ε ≈ 1

48FG,
ε << 1

�+/�*- �S
wv ≈ 0

4
F�,

ε >> 1 wv
J=U"V4�	U"�X�+U��	*-U! OT"� �4'% $*?4

13|V4�#0DU!,1V%*-3"V%�% $3!��/��[V%*+ � �'4/��2��,.*-3R�	*- $*+j�T!*�~�()*-/.*+jkT=�+/��?7
u(1)u(2) ≈ 0

S��+U�"��+UJ�	���C(!S
t = τB1*" d�%/�/.�WV4*.�O���%3"V%����J=U!VI�	U!�4 8S$,�>-3!, 1=V7���	,�i+�����%3��\�+U"��*-U! OT!���4'% �* 4

� � J=U�� ��'% �,�T!,.*+3=�+/ �%S��;()*-S�,B�	, "�S�U" ;T!�%S�� �� x¡�¢�£r¤d¥G� � ¢ �I�;T!�4S}� �� x¡�¢} C¤d¦���§�¢ 4 +���J=U��R�%S��
�+S$S�*GV%,.'!�;U!3!�C"H*- ��	�>]=�2 �*GV%/.,�3!,.V4,���'NT"�>/k^`'4�	�2��T!�O]!�+S��+4E+��%/.�;V%*- $ ��%S$(6*+3!T��;U!3�J=U��E3!*- %�C�+/GS�,!/n^<*+3
V%*+3!S�,�T&�% $�X/.�a>- ��+T!,.�43��`�!*+ �,��4*-3����+/�T!��J=*+�	�+]!,./�,���'W3!'�>����	,!" 4b²�*-U! 8T!�%S;(!�+ 	�?�4�4�� ��4S8T!�K]=�+ $*�V4/.,.3",B~
V%,B�	'Y�	 %�4S`"L�+,�]!/.�4S�7)S�U! ;T"�%S}� �� x¡�¢ � � � ¢�¨)¤d§ �d¢ �4�W()*-U! 8U!3J3!*.�E]" ��XT"� �\,�V��=�+ $T!S�*-3lS�U!()'% $,.�%U" &�
1
*-3d*-]!S$�% �i-�XU"3 J!U��]��'% �,�T!,.*+3=�+/6�+3!*- D�:�+/�T!� J=*+�	�+]!,./�,���'#(LV4*-3��	 $�I~>+ 	�+T!,��%3�� * 4 � � �$U!S$��,!1=V%�2�	,�*-3]=�+S$'%�YS�U! 9/.�ET!,��6'% $�%3!V4�Y�43��	 ��Y/��XiG,�S�V%*+S�,���'#V%,.3"'��C�2�	,!0GU"�;�4�\/��ET",��6U!S�,�*-3dT!�#/���J=*+�	�+]!,�/.,���'Z3_^`�%S��

(=�+Sfi+�2/��+]!/��MV%�+ 03"*-U!S�S$*.�O���%SfT=�+3!S0U!3�J=U!,�T!��(=�2 D"L�+,B�:(HV%,.3"'��C�2�	,!0GU"�����%3����I�0���"�% %��,�0DU!���C�43�� * 4� �E�	�%3"T=�+3!V4�KT!�4S<J=U��F�%S��\/��ES�U",�i2�+3��	��+
• J=U�� �4*-3=�+/ ub

+ ∀Ri ≤ 0
�I� ∀ε

�+/.*+ �S
ub > 0

�C�+,.SYS�,
Ri � 1

�+/�*- �S
ub

*-S$V%,�/./.�
�+U"��*-U! OT!���4'% �* 4

• J=U��H��'% $,.T!,�*-3=�+/
vb

+ �8(! %�4SY/n^b�B�$U!S$�������%3��#,.3!,B�	,.�+/fT"�g/k^`'%3!�4 %>-,��
vb > 0

/.*+ �S%0DU!�
Ri < 1V%� 0DU!,6V4*-3!S��	,���U!�\U!3 J=UM�U��'% $,.T!,�*-3=�+/"T!�%S$V%�%3����I~�T"�I~>+ 	�+T!,��%3��;4^²f*+U! 

vb < 0
/.*- $S%0DU!�

Ri > 1
V%�c0GU",ZV%*+3!S$��,��	U"�lU!3 J!U�� �C'4 �,.T",.*-3=�2/

V%*+3D�� �� ~>- ��+T!,.�43��;4�²f*-U" MT!�4Sx� �� x¡�¢ � � � ¢x¨)¤d§ �d¢
vb

*-S�V4,././��9�+U"��*-U! �T!�
�%'4 �*�T=�+3!S9/��WV7�+S9]=�+ $*�V4/.,�3!,�0DU!���C�43D�>,.3!S����+]!/��!4

• J=U��di+�% $��,.V%�+/ wb
+

wb ≈ 0
��*-U"�	�5"H*-,.SK(6*+U! X/��%SXV%�+SE]=�2 �*GV%/.,�3!,�0DU!���C�43��K,�3!S$�	�+]!/��%S

wb�%S��\S��%3"S�,.]"/.�����%3��9()*-S�,B�	, "fV4�T0GU", ,.3!T!,!0DU!�;U!3 J=U��5i+�% ��	,.V%�+/ V%*+3D�� �� ~
>- ��+T!,.�43��;4

�83 J=UM�AT!��J=*+�	�+]!,�/.,���'Y��*- �*2j�T=�+/��g�+(!(!�+ 	�����;/�*- �SD0GU"�g/.�E(! $����,.�4 Z�	���C(!SW]!�+ �*GV%/�,.3!�E�4S$�#T!'4(=�+S$S�'
�4�MV%�4/��a�O2��C�9/.*+ �S%0DU!�\/.�93!*?�E]! ��\T!� �\,�V��=�+ �T"S�*-3��%S��>S�U"(6'4 �,.�4U! t�

1
4 1;�23!S�/n^<�4S�(=�+V4�8T"�6+� 	�;>-��~

28�4 � $,.3&>&/��ET"'%()�%3!T=�23!V%�K�+UF(=�+ 	� �O�I�	 ��
(ε, Ri)

�%S$�'+
• J=U��d��*- �*+jkT=�+/ u(1)b

+
u(1)b ≈ 0

S��+U�"�/�*- �SD0DU!�
t > τB1 = 4πS

Nf

*" 
u(1)b < 0

• J=U��F()*-/.*2j�T=�+/ u(2)b
+ �Z(" %�%SO/n^b�B�$U!S$�������%3��O,.3",��	,.�+/=T!�;/n^<'43!�% D>-,.�

u(2)b < 0
S	�+U�"�()*-U! 

ε �
1
7
Ri > 1

�4�
t � 1

*" 
u(2)b > 0

4
� ^b�+3!�+/ >GS��JT"�a/n^b�23!,.S$*+�	 $*-(!,.�FS�U" F/.� S�(&���% ��a� ��*-3��	 �' 0GU"�a()*-U! 5/��%S[V%�+/.V4U!/.S5T"�J/�� S�'4 �,��

#�$A%:'A) *(, .�- �F/ /��%S���*�T!�4SM/��9(!/.U!S�"H*- ��	SNS�*-3��M/.*GV7�+/�,.S�'4S1S�U! M/.�4SN(AL-/��%SN(6*-U" N/��%SNV7�+/�V%U!/�S 9 S$�	�+]!/��5;
�4�C�+Uxi-*+,.S�,�3=�?>-�5T"�%S&V%*-U" �])�%S

φ = −π
2

�I�
φ = π

2

(6*-U" g/.�%S&V%�+/.V4U!/.SgT!'Ii-�4/.*-(!(!�+3��:T!�-"H*- ��	�4S
V% $*-,.S$S	�+3"V%�%S\'%3"�% %>+'4�	,!0DU!�%S�4
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 Etor(k,t=0)=Epol(k,t=0)
 Etor(k,t=1.58)
 Epol(k,t=1.58)
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û4 = b̂

N
We{ K ,1@ N (b8:(�/7Ñ�8>(�2.(
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Etor(k, t) = 4π2k2 < φ11 >φ
θ (k, t)
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Epol(k, t) = 4π2k2 < φ22 >φ
θ (k, t)
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Ep(k, t) = 2π2k2 < φ33 >φ
θ (k, t)
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 Ec(k2,t=1.58)
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 -2.2
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t = 1.58
586l.\��=O.0)%$% /.C�/$%&('c~�e4�

z�bGh,�3i4j1_We����Wa��,`/z��,b����t�� �� "�=M94'�$%�#�4.0�
ε = 0.2

p
Ri = 0.99

�M�
Reλ(0) = 75
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Φij/ <

û∗
i (p, t)ûj(k, t) >= Φij(k, t)δ(k − p) ∀i, j ∈ 1, 2, 3, 4

�/.0�G�,��)%&('� TK1<��:)B.>K1<4.C����$%m�-+�:��&(-+��&( �.0'E���X�! ��Q"�=M94'�$%�X��&(-+-+�T����=���=�"���-3?
-+��'1�Q��.0�

û4 = b̂
N

5�6W�X /�����������#"G$%�����M�/$%&('G'���)l"WR =�'�����;($%�A��$%'�=M�/$%K1<��A�� ��T"�=M94'�$W�4.0�
Ec(ki) = 1

2
< Φjj(k, t) − Φ44 >kl∀l 6=i (Ki, t)

� �T)%�: ����!�M�����#"WR =�'�����;($%�#��&0����'1��$%��)%)%�#"G$%�����M�/$%&('G'���)%)%�#�� �� "G=�9�'�$8�4.0�
Ep(ki, t) = 1

2
< Φ44 >kl∀l6=i (ki, t)
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�������cv RMy Ù�� hi:6&)(�@7.3>=/14;,G&):�I /0>1&)(+*l@7.3>0*0.t{X>=JG&):;46*1&B/1465)( � �� "
!� �  "����� � ������� R Í & £�Ð 9+>=.\,�4TI?+.3*0*09O*[>=.�C+>=J�*=.�(�/1.�:^&8@H&):;.�9+> ?+.N:^&���5)/�&HP+46:;4;/1J[o t = 16.6 CE579+>#:^&W>=JG&):;46*1&B/1465)( � �� "
+� �  "�#���
�

� ������� ?+J £ (O46.�C�&)> ε = 0.2
Ú

Ri = 0.5 .�/ Reλ(0) = 49 R Í .�,�9OPz.�.�*l/W,3579+CEJ�*09+4T@)&H(�/Q:;.�*?+4;>0.�,�/14;57(+*$@7.3>=/046,G&H:6.N.3/_/0>1&)(+*l@7.3>0*0.HR
� 57>���& Ð .N:;5�,�&):D.3(r.3*0C�&),3.8C ¡ ]A*=4 Ï 9+. Ú 57(O?+.�*[.3/[C+>=57C�& Ð &B/1465)(b?+.Q:LKMJ�(+.3> Ð 4;. {Y'&)(O*g:;.!��9+4;?+.b*=/0>1&H/04 £ Jb4;:$.�*l/�5)P+*0.3>=@7Jp?+.3*g5)(+?+.�*g46(�/0.�>0(O. Ø�v RMy�} Ø & Û>Û ?O. Ð >1&G@A4;/1Jb.�/g?�&)(+*�:6.��9+4;?+.n/15)9+>0(�&H(�/�?+.3*Q57(+?+.3*8?<KM46(O.�>=/046. Ø�v RMy�} Ø P Û>Û R Í 5)>0* Ï 9+.�:;.%,�46*0&)46:;:6.   .3(�/V.3/Q:6&\*l/1>0&H/14 £ ,G&H/04657(*05)(�/�/15)9O/1.3*�:;.�*Q?+.39 Î C+>0J3*0.3(�/0.�*8:6.�*Q*=9+> Ü &),3.�*�J�(+.3> Ð J�/14 Ï 9O.�*W*=57(�/�J3/1.3(+?+9+.3*W?�&H(+*Q:^&b?+46>=.�,�/1465)(?+.�:LKMJ�,3579+:6.   .3(�/GR�Y'&H(+*a,3.8?O.�>0(O46.�>[,G&H*[:6&%?+46>=.�,3/04657(\?+.3*V>0&k])57(+*[?�&)(+*[:^&%?+4;>0.3,3/14;57(b/1>0&)(+*=@).�>=*0..�*l/%:^&  %Ô�  . Ï 9+.!,3.�:;:6.gCz579O>8:;.�*W5)(+?+.�*W?+. Ð >0&G@�4T/1J�46(�/1.3>0(+.�>0.�CO>0J�*=.�(�/1J3.�*�oq:6&  %Ô�  .g@H&):;.�9+>?+.n:6& Ü >0J Ï 9+.�(+,3.�?+. �#>09O(�/lI ��� 4;* � 4;: � R	YV&)(+*N:6.8,G&)*N?DKS9+(dJ3,�579O:6.   .�(�/NP+&)>05A,�:;46(+.8:^&j?+4;*0CE.�>=*0465)(?+. :�KSJ3(+.�> Ð 46.qCz.3>0?�:^&s*=]   J�/1>=46. C�&H>j>1&HC+Cz5)>=/\&)9�CO:^&)( @).�>l/146,�&):TI :657( Ð 4;/09+?+46(+&): Ø @A4;*046PO:6.q*=9+>!:6&C+:6&)(+, ¡ . v RSy7} Û R&Õ#.3:^&s.3*=/jC+>057P+&)P+:6.   .3(�/j? � &)9 Ð >0&)?+4;.�(�/j?O.r?+.3(+*04T/1J ¡ 57>04 � 57(�/1&):6.HRch-579+>�:6.3*,G&H*%P�&)>05A,�:;46(+4;.�46:2*0.   P+:6.3>1&)4T/ Ï 9<KM46: ]f&)4T/n?+.39 Î ?+4;>0.3,3/14;57(+*8C+>04T@�4;:6J Ð 46J3.�*�Cz579O>n:^&q?O46>0.3,3/04657(s?+.:^&%C+>=57C�& Ð &H/14;57(\?+.Q:LKMJ�(+.3> Ð 4;.)R Í .�*[?+.�9 Î ?+46>=.�,3/04657(O*[*=57(�/[46(+,3:646(OJ�.�*_?�&H(+*a:6&%?+46>=.�,3/04657(CÖ�9O?�I �$&H*.�( � 57>0?�I	�V&)9�/i,�5  %  .$:6.3*i?+J Ü .3>0:6.   .3(�/1*X/15)9+>0P+4;:6:;57(�&)4;>0.i@A9+._C+>0J3,�J�?O.  %  .3(�/�R Í KM46(+,3:64;(�&)46*=57(n?+.3*57(+?O.�* � ?DKS4;(+.�>l/146.I Ð >0&G@�4T/1J_P�&)>=5�,3:64;(+. ¢�Ø ?�&)(+*$:;.VC+:6&)( x1 = 0

Û .3/U:�KS5)>046.3(�/�&H/04657(g?+.�*#?+J Ü .3>0:6.   .3(�/1**0. Ü 57(�/_/15)9+*_:6.�*U?O.�9 Î *=9+4;@H&)(�/_9+(+.Q4;(+,�:;46(�&)4;*057(j?+.�*[Cz.3(�/1.�*_@H&):^&H(�/$.�(�@A46>05)( ε = Sf
N2 R
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	:4GO
IL@ ��R6 ���<9 �
	:4

�������jv RSy�} � � 5)>��G& Ð . ?�&)(+*�:LKMJ�,3579+:6.   .3(�/ *l/1>0&H/14 £ J CO9+> Ú .�( >05)/1&H/14;57( C+9+>�.3/ P�&)>=5�,3:646(O.)R
Ö�9+>t:6.3* Ï 9�&B/1>0. £�Ð 9O>0.�*s?+.�:^& C+:^&)(O, ¡ . *=57(�/�>=.�C+>=J�*0.3(�/1J�.3*�:6.3*s*=9+> Ü &H,�.�*s46*=5HI @H&):;.�9+>=*t?O. :6&(+57>   .�?+.�:6&m@A4;/0.�*=*0.�@)&H:^&)(�/ 10−6 o 10−2% ?+.�:6&m@H&):;.�9+>   & Î 4   &):6. Ø x / wi(x)wi(x) =
10−2 max (wi(x)wi(x))x∈C

Û R Í . Ü 5)>��G& Ð .\Cz57(O,3/19O.�:_*�KM.3`z.�,�/19+.r&)9�,�.�(�/0>0.q?O9 ,39+Pz.HR2h-579+>g:6.��9+4;?+.N*=/0>1&H/04 £ J C+9+>':6&�@A46*09+&):64;*1&H/04657(r.�*=/'.3`z.�,3/09+J�.g&)9 /0.   C+* tf = 12.1 &G@7.�, f = 2 R<h-5)9+>N:6.��9+4;?+.N.�(r>05)/1&H/14;57( C+9+>_:^&%@A46*=9�&):64;*1&H/04657(b.3*=/a.3`z.�,�/19+J3.%&)9\/1.   C+* tN = 9.1 &G@7.3, N = 2 R	h-579+>:6.'�+9+46?+.NP+&)>05A,�:;46(+. :^&�@A4;*09�&):;46*0&H/14;57(\.�*=/'.3`z.�,3/09+J�.g&)9r/1.   C+* tS = 100
Ú
tf = 16 579 tN = 16 RÍ .�*2/1.   C+*#&)?+4   .�(O*0465)(+(+J�.3* *=57(�/U?+J £ (+46.3*#C�&H> tS = t

τS

Ú
tf = t

τf
.3/ tN = t

τN
R Í .[/1.   C+*2,G&H>1&),I

/1J3>04;*=/14 Ï 9+.Q?+9q,346*1&H46:6:;.   .�(�/U.3*=/'?OJ £ (+4FC�&H> τS = 1
S
R Í .�/0.   C+*_,G&)>0&),3/0J�>=46*=/04 Ï 9+.�?+.�:LKM57*0,346:6:6&H/14;57(?+.3*W57(+?O.�*�46(�/1.3>0(+.3*W.�*l/W?OJ £ (+42C�&)> τN = 2π

N
R Í .g/0.   C+*�,G&)>0&),3/0J�>04;*=/04 Ï 9+.�?+.j:�KS5)*0,�4;:6:6&H/14;57(q?+.3*57(+?O.�*'4;(+.�>l/146.3:6:;.�*_.�*l/N?+J £ (+4�C�&H> τf = 2π

f
R Í .W/1&)9 Î ?+.n,346*0&)46:;:6.   .�(�/U@H&)9O/ S = 2

Ú :^& Ü >=J Ï 9+.3(+,�.?+.3*a57(O?+.�*_46(O.�>=/046.3:6*#@H&)9O/ f = 2 .�/_:^& Ü >0J Ï 9+.�(+,3.8?O. � >09+(�/=I ��� * � 46: ��£lÎ J3.Wo N = 2 R
���m�#á'â�ã�
��ä��D�¼äQ���råtã�
��Ææ���äwä��d����
'ç��rèBä��D�¼ä`é���åj�:êrë��Zä | ��Ù
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�������Bv R  �$�� h ¡ 5)/05 Ð >0&)C ¡ 4;.i?<KS9O(�/0579+>lIP+4;:6:65)( " .�/�&):-:6.!| $ ��@A>04;:ix $ $�� 57PO/0.�(�9o�C�&)>=/046>�?+9�*1&H/0.�:;:64;/0. � .3/0.�57*0&H/=I Ù .�//1>0&)4;/0JnC�&)>�h�RoÕ ¡ &)? � 4;, � .3/8�OR � .�> � I  &)(+( If,�5)C�]A>=4 Ð-¡ /�x $%$�� � � � � � I
Ö � �

Í .�*Q>=JG&):;46*1&B/1465)(+*'obJ�(O.�> Ð 46.�,�>=5746*=*1&)(+,3. Ü 57(�/8&)C+C�&BI>0& , /0>0.�?+.�*�*=/0>09+,�/19+>=.�*�?+.!/0579+>0PO46:6:;57(+* " .3/1&)9 Î ?+&)(+*%:6.CO:^&)( ¡ 57>=4 � 57(�/�&):�R!Õ#.�*Q*l/1>09O,3/19O>0.�*�?+.%/15)9+>0P+4;:6:;57(+*V*=57(�/@A4;*046PO:6.�*[*09O>':^& £�Ð 9+>=. v R  | Ï 9+4�.3*=/N9O( C+:^&H( ?+.W,3579+CE.¡ 57>04 � 57(�/�&H:6.b&)9u/0.   C+* t = 16.6 ?O9�,39+PE.p?O.!/19+>=P+9�I:;.�(+,3.�?+9 ,�&):6,39+: � �����#
 �  "����� � ������� R Í .�,G&):;,�9+:� �����#
 �  "�#��� � ������� .�*l/'?+J £ (+4�C�&)> ε = 0.2
Ú

Ri =
0.99 .�/ Reλ(0) = 49 R � R�N4;( .�/ � R � &)( Ð Ø x $%$��1Ú~�| v Ù���Ú C ��Û 57P+*=.�>l@7.�(�/ Ú &G@7.3,!9+(+.g*04   9+:^&B/1465)(dP�&)*0J3.j*=9+>:;.�*�J Ï 9�&H/04657(O* ?+. �#579+*=*046(O.�* Ï & Î 46*l]   J�/1>04 Ï 9+.�* Ú ?+.3**l/1>=9+,3/09+>0.3*d?<KZ&H*0CE.�,3/ *04   46:6&)46>=.�*\o ,3.�:;:6.f?O.f:^& £�Ð 9+>=.v R  |HR Í .3*#J�,3579+:;.   .�(�/1* *=/1>0&H/14 £ J�* 57PO/0.�(�9+*$. Î CEJ�>=4   .�(�I/1&):6.   .3(�/�&G@).�,$9+( Ü 57>���& Ð .c, ¡ &)5)/04 Ï 9+. C�&)> %RSYWR-� Ü &)(�&BI*l]7.�@ Ø x $%$ v Ú ~T| ��Ú C Ù%$lÚ £�Ð | Û 57(�/U?O.�*$>=.�*0*=.   PO:^&)(+,3.�*U&G@).�,,3.�9 Î 57PO/0.�(�9+*X?�&H(+*X:^&aC+>0J3*0.�(�/0.UJ3/19O?+.Uo':^& £�Ð 9+>=. v R  |)RÍ .3*2/0579+>0PO46:6:;57(+*-?+. nRZY8R � Ü &)(�&)*l]7.�@�*057(�/ Ð J�(+J3>1&H/0.�9+>=*?DKS57(O?+.�*-46(�/1.3>0(+.3*�R � (+.2?+4;`zJ�>=.�(+,3.#4;(�/0J�>=.�*0*0&)(�/1. .�*=/ Ï 9+.:;.�*F/1579O>0P+4;:6:65)(+*F?+.#:6& £�Ð 9+>0. v R  |#*05)(�/�/1579+*-&):;4 Ð (+J3*-*=9+4TI@H&)(�/Q:^&j?O46>0.3,3/04657( ÖA9+?�I � 9+.3*=/Q@7.3>0* � 5)>0?�I � *l/GR Í KM4   & Ð . v R  $ .�*l/Q9+(d/1579+>=P+46:;:657(p,3]A,3:657(+4 Ï 9+.�o:LK � 9+.�*l/�?+9�h-57>l/19 Ð &): Ø�, :6.�?+. � &)?+.346>0& Û R Í .!/0579+>0PO46:6:;57(fJ�@757:;9+.b?�&)(O*%:^& ?+4;>0.�,�/14;57( � 57>=?�I � *l/@7.3>0*�Ö�9+?�I � 9+.�*l/W,HKS.3*=/=IeoBIe?O46>0.%*=9+4;@H&)(�/�:^&  %Ô�  .%57>=46.�(�/1&H/14;57( Ï 9+.�:;.�*'/0579+>0PO46:6:;57(+*'?O.g:6& £�Ð 9+>=.v R  |)R

�������'v R  | � hi:^&)( ¡ 57>04 � 57(�/1&):�{a>=JG&):;46*1&B/1465)( � �� "
+� �  "����� � ������� R Í & £�Ð 9+>=.f,�4�Ie?+.3*0*=9+*>0.3C+>0J3*0.3(�/0. :6& @H&):6.39+>d?+.m:^& ��5H/�&)P+4;:64T/1Jso t = 16.6 CE579+>d:^&�>=JG&):;46*0&H/14;57( � �� "
+� �  "�#���
�

� ������� Ø
ε = 0.2

Ú
Ri = 0.5 .3/ Reλ(0) = 49

Û R Í .[,�9OPz.a.�*=/ ,�5)9+CzJa*09+4T@H&)(�/ :�K ¡ 57>04 � 57(�/�&H:6.)R Í &,�5)9+:6.39+>aPO:^&)(+, ¡ .W>0.3C+>0J3*0.3(�/0.%:^&%��5)/1&)P+46:;4;/0JNCz57*=4;/04;@7. ØÝ  & Î 4   9   ≈ 10
Û /�&)(O?+46* Ï 9+.W:6&g,3579+:6.39+>(+574;>0.N>=.�C+>=J�*0.3(�/1.W:6&W��5)/1&)P+46:;4;/0JV(+J Ð &H/14T@7. ØÆ  46(O4   9   ≈ −10

Û R
���m�#á'â�ã�
��ä��D�¼äQ���råtã�
��Ææ���äwä��d����
'ç��rèBä��D�¼ä`é���åj�:êrë��Zä | � }
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�������bv R  x � Õ$&   C�& Ð (+. Õ$&H*0*04;(+4LR� 9+>0P+9O:6.�(O,�. @7.3>=/046,G&H:6. ?+. ÖO&H/19O>0(+.HRÍ KS4   & Ð .X.�*l/�CO>046*=.c:6.2x $ � ,3/15)P+>0. x $%$ yoN9+(+.[?+46*l/�&)(O,�._?+. 5.9 106 km ?O.jÖO&�I/19O>0(+.Q&G@7.3,Q9+( £ :;/0>0.'*=.�(+*=46P+:;.N&)9 Î 46(�IÜ >1&H>0579 Ð .�*�R Í &r>=J�*=57:69O/04657(t?+.�:LKM4   & Ð ..�*l/W?O. 69 km par pixel I`Õ#5)9+>=/0.�*=]� �jÖ ���)�7h Í I�Õ$&):;/0.�, ¡

Y'&H(+*W,3.3/0/0.�*=.�,�/1465)(f(+579O*W&):;:657(O*   57(�/0>0.�> Ï 9+.g:6.3**l/1>=9+,3/09+>0.3*[4;*0*=9+.�*U?+.N(O57*$*04   9+:6&H/14;57(+*2(A9   J3>04 Ï 9+.3*U?+4TI>=.�,�/1.�*[*05)(�/_/0> Ñ *_C+>=5�, ¡ .�*[?+.N,�.3:6:6.N5)P+*0.3>=@7J3.W?�&H(+*_:LKS&H/=I  57*=C ¡.Ñ >=.b?+.�*%CO:^&)( Ñ /1.3* Ð JG&H(�/0.�*n/0.�:6:;.�* Ï 9O.ÒÖO&H/19O>0(+.HR
� (gCz.39O/c@7574;>c*09+>2:^& £�Ð 9+>0. v R  v :^&'/1.346(�/1._?+.[:^&N(+57>   .?O.�*8�+9+,3/09�&H/14;57(+*Q?+.�@A4;/1.3*0*=.j?�&)(O*8:;.gCO:^&)(�@7.3>=/14;,G&):c.�/:;57( Ð 4T/19+?O46(�&):8?+. :6&w>=JG&):;46*0&H/14;57( � ������
 �  "�����������

�

���	
+ "� ?+J £ (+46.bC�&H> ε = 0.2Ri = 0.99 .3/ Reλ(0) =
66 R Í &d>0JG&H:646*0&H/14;57( � �����#
 �  "�#�����%�#������
! "� &d9+((O5   P+>=.q?+. � .3]A(+5):6?+* Ú P�&H*0J *=9+>!:LKMJ�, ¡ .�:6:;.q?+. � &G]A:65)>4;(+4;/04^&):;. Ú C+:;9+*n4   CE57>=/1&)(�/ Ï 9+.\,3.�:69O4#?+.b:6&q>0J�&):64;*1&H/04657(� �����#
 �  "�#��� � ������� R � (uCz.39O/n@)5746>n*=9+>%:^& £�Ð 9+>=.v R  v�Ï 9+.�:LKMJ�,3579+:6.   .3(�/_.�*=/[57> Ð &)(+4;*0JN.3(r,3579+, ¡ .3* ¡ 57>=4TI� 57(�/�&):;.�*3R Í .  �Ô'  .c/e]ACz. ?+. /09+>0P+9O:6.�(O,�.2.�*=/-@A46*04;P+:6.c*=9+>:6& £�Ð 9+>=. v R  x Ï 9+4�>=.�C+>=J�*0.3(�/1.W9O(+.8,3579+CE.N@7.�>l/14;,G&):;.N?+.:�KZ&B/   57*0C ¡1Ñ >0. ?+.TÖO&B/19+>=(+.)R��#46.3( Ï 9O.$*09+>i:�KZ&B/   57*0C ¡1Ñ >0.?O.3ÖO&H/19O>0(+.U:6&'*0C ¡ J3>04;,�4;/0J$?+.U:6&'C+:^&)( Ñ /1.#.�*=/c,3:^&)4;>0.   .3(�/@A4;*046PO:6.p57( 57PO*0.�>l@7.d?+.3*!,�5)9+, ¡ .�*\&G@).�, ?+.3*!>0.�/1579O>0(+.I  .�(�/0*�R Í KMJ3/1.3(+?+9u@7.3>=/046,G&H:#?+.!,3.�*%>=.3/15)9+>0(+.   .3(�/1*%.�*l//0579 " 579O>0*_?+9  �Ô'  .N5)>0?+>=.)R
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∫ kPE

kGE
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T Kolmogorov =
3

2u
k−1

GE  v RT| �T�
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T (n = 5) ≈ 401 �=5)9+>0*  v RT|KJ)&T�
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�'( Cz.39O/b@7574;>b?�&)(+*b,3. �A9O4NC+>0J3,�J�?O.�(�/ ��9+.�:;.�*!*=Cz.3,3/1>=.�*ro 5 57>=/0. Cz.3(�/1.�*p.�( −5 *057(�/\C+:;9+*C+>=J3@A46*=46P+:;.�* ��9+.N:;.�*$*=Cz.3,3/0>0.�*U.3( −5/3 R ��.�*UCE.3/14T/1.3*#CE.�>=/09+>0P+&H/14;57(+*$(+5)(!>0J3*057:;9+.�*UCE.�9O@).�(�/*�3/0>0.@A9+*[,�5�� ��.V?+.�*[57(+?+.3*_?+. �7>1&G@A4;/0J�%+?+.3*[/057>0(+&)?+.�*_579p&)9�/1>0.3*_C+�+J�(O5��M�3(+.�*[*0CE57(�/�&H(+J�*3R
(*)�+ (*) , � 4XJ&35;=3 � 8QG Dg8:@OE��PE:4<8� 8:4XJ&@ 354XJ&8:4<@&8:@

��.nC+>05)P+:�����.8?+.�*'J�@7J3(+.��g.�(�/1*Q4;(�/0.�(+*=.�*'/0.�:6*(�A9O.n:6.3*V/157>=(�&)?+.3*'CE.�9O/NC+&)>1&��;/1>=.8?+J3,�57(O(+.�,�/1J?+.!:6&qC+>=J�*0.3(�/1.\J3/09+?+.!,�&)>n:6.3*n46(O*=/�&HP+46:;4;/1J3*QP�&)>05A,�:;46(+.3*W*=57(�/%,�:6&)*0*=4-��9+.��g.�(�/%J�/19+?O46J�.3*%Cz5)9+>W:6&?O]A(�&��g4-��9+.\o �)>1&)(+?O.�*�J�,��+.3:6:;.�*�R �F.3*�J3@7J3(+.��g.�(�/0*�,�]�,3:657(O4-��9+.�*�4;(�/0.�(+*=.�* ��9+4U57(�/�.�9m:;46.�9f.�(
� 9+>05)Cz.'?O.':LK2�'9+.�*l/U>0J3,�.�� �g.�(�/$*=57(�/_,�5��gC�&)>0&)P+:6.3*#&H9 # /057>0(+&)?+.�*#*0CE.�,3/1&),�9O:^&)4;>0.�*#?<K &���J3>04��A9O.?+9 e[57>0?DR�h-&)>=/1&)(�/n?+.�,�.3/=/1.!,357(+*l/�&H/1&H/14;57(f4;:2.3*=/W46(�/1J3>0.�*=*1&)(�/%?O.j,�5���C+>=.�(+?O>0.j:6&r?O]A(�&*��4��A9O.?+.Q/1.3:6*[J3@7J3(+.��g.�(�/0*�R � (q:;46.�(\.3(�/0>0.8:^&%P�&)>=5�,3:646(O46,�4T/1Ja?+.W:�KSJ3,�579+:;.��g.�(�/[o �)>1&)(+?O.8J3,��+.�:;:6.Q.3/a:6.3*/15)>0(�&)?O.�*i?+.UCE.3/04;/1.3*iJ�,��+.3:6:;.�*c&'J3/0J ��4;*�.3(gJ�@A46?+.3(+,�._C�&)> � R^e8R  [&)*)�n9+*0*=.�(g.3/c&H:LR��x!3 3 3&%+~�| 37} � ��R
��.3:657( ,VR &WR�YV57*��#.3:6:z46: 5�&)9O/2/1>05)46*#,35��gCz57*0&)(�/1.3*#CE579+>$&G@)5746> :^&8CO>0J�*=.�(+,3.NCz5)*0*04;P+:6.[?+.V/057>0(+&)?+.W{
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�=L.R.J H�L*ZUI�J�Y3FMH�R�P�J=[�N7Y�Y�I�Z�EGNOL*ZUFMK�[ P�J �MSGFMY ����[^Z-�:H�JG[�ZUK�P�H�[ L*R^Z�JGIUI�J=[ D�� F7H�R,P�J=[ S=L.H�P�J=[ Y�I�H�[ 5 FMKih
P�N��aJGK]L*N7I�J=[ Z�I2[.J=R*N7Z L Z�K]L.SGR.J=[.[.N7K]L>PCc NOI�I�J=R�7JGR.[�H�K���F�PI�GIUJ P�J 5 JGR��aJ=L.H�R.J JGK ��Y"FMZ�K]L*[ D � N Y�N h
R*N*��S$L*R.ZU[*NOL.Z�FMK P�J=[,Y+��SGK�F��S�GK�JG[ P�J=[,[^FMH�[ h �bNOZ�I�IUJG[ P�J=[,ZUK�[^L*N!��Z�IUZUL.SG["��N7R^FiE=I�ZUK�JG[ [.F7K:L(�MSGK�SGR*NOI�J$h
�aJGK]L J$#3JGE$L*H�S=[%�QY�N7R^L.Z�R&P�JG[ S��:H�N L*Z�F7K�[*�:H�N7[^Z h �7SGFM[ L*R.F7Y+��Z-�:H�J=[ EGJ �:H�Z@E=FMK�[ L*ZUL.H�J H�K [^SGR.ZUJGH #
P�S�5 N7H�L Y"FMH�R/I NdY�N7R.N��aS=L*R^Z�[.NOL*ZUFMK P�JG[�Y+��SGK�F��M�=K�JG[�L*JGIU[ �:H�J IfcgS��aZ�[^[.Z�F7K [^Y3F7K:L*N7K�S=J&P�JG[�FMK�P�J=[
P�J �MR*N��ZUL.S D �2N Y�R.S�iZU[.ZUFMKeP�J=[ �aFMH�MJ���J=K]L*[&PCcgSGE���JGI�IUJb[&�iK�FMY�L*Z��:H�JG[&J$L PCcgSGE���J=I�IUJG[ ZUK 5 SGR^Z�J=H�R.J=[
K�S=EGJG[^[.Z L*J�H�K�J'�3F7K�K�J>R.S=[.FMIUH�L*ZUFMK P�JG[ Y+��S=K�F��S�GK�J=[�P�J�[^FMH�[?h ��N7Z�IUI�JG[ D ,XZ L*FMK�[/H�K�J>P�JGR^K�Z��=R.J'5 FMZ�[
$ D P�J ' F�FMR.J>Y"FMH�R Z���N!�MJ=RXE=J=L.L.J K�SGEGJ=[.[^ZUL*SE	� ; ' < �(����� 1 (.(!, @�<�')�CB�,/=+*-, @21.� (��0/A=
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$ D P�J ' F�FMR��(B!]DCFEGC��$H)�	J=[ L	I�SGF7R.Z�J=[ P�J>I N L*H�R	��H�IUJGK�E=J>P�N7K�[ I N , �4& Y���]J�K c6N7H�L*N7K]L�Y�I�H�[ �:H�JML D ' D d�N!N�ZUI�I J=L=O D � D �PI�ZUL*N �7J=R QE 0 0.Hc%R�!3 3 0!��FMK]L+NaFMK]L*R^S ��H�J Y"FMH�R I�N

Y�R^S$�Z�[^Z�FMKdEGIUZ�N�NOL*Z��:H�J@H�K�J [^FMH�[ R.SG[^FMI�HiL*Z�F7K P�H�[^E@I�SSN�N K:HTNaSGR^Z-�:H�J JG[ L Y�I�H�[Y"SGK�NOI�Z�[.N7K]L �:HCc6H�K�J
Z�K�EGJGR L*Z L*H�P�Ja[.H�R I�J=[ E=FMK�P�Z L*ZUFMK�[�Z�K�Z L*Z NOI�JG[ D:K J=[&Y�N7R.N!NaS=L*R^Z�[.NOL*ZUFMK�[�Y�R^JGK�N7K]L J=KWEGF!N�Y�L.J�IUJG[�Z�Kih
[^L*N!��ZUI�ZUL.SG[U��N7R^FiE=I�ZUK�JG[ FMKbS$L*S J�#�J=E=L.H�SGJ=[ Y�N7R & D & D �PI�ZUL.J,J=L"O D � D & D $�R.J=JGK?-�(B!]J�&%�EV�(C 0.H \ ��B!]!WI%
EV�(C �.H �?NbN7ZU[ EGJ=I�I�J=[ hjEGZ FMK S=L.S J�#�J=E=L*H�SGJG[=� Y�N7R^L.Z�RdP�JG[aS��:H�N L*Z�F7K�[ ��H�N7[.Z h �MS=FM[^L.R.FMYTI�Z-�:H�JG[ D � J=[
S$7SGK�J$N�J=K]L*[>J # L*R��SNaJG[�ZUK:L.SGR^JG[.[.N7K]L*[�[^FMK]L>Y�R.FD��N!��I�J$N�J=K]L EGF!N�Y�I_�=L.JSNaJGK]L�X�I L*R^SG[ Y�NOR,I�J=[ S��:H�N h
L*ZUFMK�[ �:H�N7[.Z h �MS=FM[^L.R.FMY�I�Z-�:H�J=[ S$L N7K]L@P�FMK�K�S�I�JGH�R Y"J=L.ZUL*J=[ L*N7Z�IUI�J J$LXIUJGH�R 5 FMR^L.J/L.R.ZUP�Z�NaJGK�[^Z�FMK�K�N7I�Z L*S D
�	JG[ S=E@I�JGIUI�JG[�7JGR L*Z�EGN7I�[ O(10 m) h O(100 m) [.F7K:L/K�F7K R.SG[^FMI�H�JG[ Y�N7R IUJG[@E=FiP�JG[/NOLYNaFM[^YTI�SGR^Z-�:H�J=[
P�J�[.Z�N H�I NOL.Z�FMKZNaSG[^FOh S=E@I�JGIUI�JG[ EGFDN%NaJ ' ' 0 [�!3!3DC�%RE^]D�\H � D8K N7K�[&IUJGH�R�R*NOY�Y3F7R^L=E^]J�\HXF! Z�IJG[ L
�:H�JG[ L*ZUFMK�P�c6H�K�J/[^Z�N&H�I NOL.Z�FMK&K:HTNaSGR^Z-�:H�J�C K Z�KTI�FDN�F!�!�GK�JXP�J�I�N7H�L.J/Y�R.SGE=Z�[^Z�FMKdP�H7�^J=L [^L.R.JGN!N & D
' N!I�N7I�F(�J=L<[ D e/Z�E=FMI N7J=K �7FaN7R^R.Z]MJGK]L��&I�N&EGFMK�E=I�H�[^Z�FMK �:HCcgH�K Y�N7R.N!NM�$L*R^J�N7H�L.R.J'�:H�J>I�J K�FDN���R^J
P�J"^ Z�E@I�N7R.P�[^FMK&P�J �MR*N7P�Z�JGK]L�P�FMZULf�^FMH�J=R�H�K RQ_MI�J P�N7K�[�I�N�Y�NOR*N!NaS=L.R.Z�[.NOL*ZUFMK D �	J@Y�R^FD��I_�SNaJ P�JXI�JGH�R
[.Z�N&H�I�NOL*ZUFMK J=[^L �:HCcgJGIUI�J J=[^L>ZUKTI�FDNaF �!�=K�J�% P�FMK�E IfcgZ�P�J=K:L.Z�X�EGNOL*ZUFMK P�JG[�P�Z]#�S=R.J=K:L.JG[�E=FMK]L*R.Z���H�L.Z�FMK�[
JG[ L P�Z	�aEGZ�IUJ'�aS$L N!��I�Z�R D�K N7K�[/I NdY�R^SG[.J=K]L*J&S$L*H�P�J�I NdR.J=I NOL.Z�FMK J=[^L Y�I�H�[ [.Z�N�Y�I�J>EkN7R IUJG[7�MR*N7P�Z�JGK]L.[
P�J%iZ L*J=[.[.J=N�F(�MJ=K�K�J J$L&P�J+��F7L.L*N!��ZUI�ZUL.S [.FMK]L EGFMK�[ L N7K]L.[ D`K NOK�[ I�N Y�R^SG[.J=K]L*J LYI��G[.JbZ�IJG[ L EGI�N7Z�R
�:H�J IUJ�K�F!N���R.J�P�Ja^ Z�E@I�N7R.P�[^FMK P�J �MR*NOP�Z�J=K:L KCcgJG[ L Y�N7[ I�J/[.JGH�I�Y�N7R.N!NS�=L*R^J�P�J Y�N7R.N!N�S$L*R^Z�[*N L*Z�F7K D
b I:� NdN7HFNaFMZ�K�[ %�JGK Y�IUH�[Y%�IUJ�K�FDN���R.J>P�J'��N7R^FiE=I�Z�K�Z�EGZ L*S ε = Sf

N2

D
�)c6S$L*H�P�J P�JbI N L*H�RQ��H�IUJGK�E=Jc��N7R^FiE=I�Z�K�J�Y"FMH�R^R*N7Z L&N�MF7Z�R�H�K�J ZUK���H�J=K�EGJ [^H�R&I�NdNaFiP�S=I�ZU[*NOL.Z�FMK

P�J>I N L.H�R	��H�I�J=K�EGJ>FMY�L.Z-�:H�J D �2N&L.H�R	��H�I�JGK�EGJ>FMY�L.Z-�:H�J>NOL	N�FM[^YTI�S=R.Z-�:H�J�J=[^L/P�S�X�K�Z�J>E=FDN+NaJ I�N?ON h
R.Z�NOL*ZUFMK L.JSNaY3FMR^JGIUI�J�J=L>[.Y�NOL*Z�N7I�J&P�J IfcgZ�K�P�ZUEGJ P�J R.S�5 R*N7E$L*Z�F7K"��H�Z)JG[^L �:H�NOK:L.Z�X�SaN�MJ=EdI�JG[,SGE@I�J=I�I�J=[
P�JaL*H�RQ��H�I�J=K�EGJ�[.H�Y"SGR^Z�J=H�R.J=[?� E=JGI�IUJ�P�J a�F7I�NaF �MFMR^F\ Deb IJG[ L?��ZUJGKeE=FMK�K:H �:H�JbI�NM��N7[.J [ L*R.NOL*FOh
[.Y�II�GR^J P�N7K�[ [.NbEGF7K�X/�MH�R.NOL*ZUFMKQ[ L N!��IUJSNaJGK]L [ L*R.NOL*Z]X�SGJ&J=[^L�IUJ [^Z����7J PCcgH�K � 5 J=H�Z�IUI�J$L N!�MJ � P�J 5 FMR^L.J
L*H�R	��H�IUJGK�E=J F7Y�L*Z���H�J��^H�[��:HCcf� P�J=[�S=E@I�JGIUI�JG[aP�J O(1 m − 10 m) J$L�P�c6S$L*JGK�P�H�JgI�FMR.Z�.GFMK]L NOI�J
R.J=I NOL.Z�7JSNaJGK]L I�N7R��MJ >$ DhK D e�N7[^L.R.FDN J=LFi DhK Dkj NOL*FMK=%l�!3!3��!%�EfB J(H \ d D �	H�E=JQJ=L N7I D %l�L3 3J�&%�E^]���H \ i D
K N7I�N7H�P�ZUJGR J$L�N7I D %h�!3 3DC�%�Ef��]\H � D �2N Y�R^SG[^JGK]L*JaS=L.H�P�JdY3J=H�L�%�Y3J=H�L$�=L.R.J�%:�$L*R^JaHiL*Z�IUZ�[^SGJ Y"FMH�R�Y"JGR�5 JGEBh
L*ZUFMK�K�J=R,IUJG[�NaF�PI�GIUJG[,P�J L*H�RQ��H�IUJGK�E=J&FMY�L.Z-�:H�J&N LYNaFM[.YTI�SGR.Z��:H�J EGN7R K�FMH�[�N�MFMK�[>NOEGEY�=[���L.FMH�L*J=[
I�J=[ SGE@I�J=I�IUJG[ P�N7K�[ L*F7H�L*J=[/IUJG[ P�ZUR.J=E=L*ZUFMK�[ D

$&%nm�:�;/<�')�>=�(*)?=+(!,A@�<�'��CB�,/=*=�(.-/,0'�D�,AE-=�(*)?='F!1G@21�HAI�(%= ��]!C
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�	JG[@[ L*R.H�E=L*H�R.JG[XP�JG[@S=EGFMH�I�JSNaJGK]L.[ N7K�ZU[.F7L.R.FMY"JG[ EGI�N7[.[^Z-�:H�JG[  EGZU[*N7ZUI�IUSG[)Y�H�R^[Y%iJGK R^F7L NOL.Z�FMKaY�H�R^J
J=L [^L.R*NOL.Z�X�SaY�H�R^J���F7K:L S=L.SbR^J=L*R^FMH�7SGJG[ E=J��:H�Z EGFMK�X�R	NaJbIUJ+�"FMK 5 F7K�E=L.Z�FMK�K�JSNaJGK]L P�HWEGF�P�JaP�J
EkNOI�EGH�I����� D

�)c6S$L*H�P�J P�JG[���H�E$L*H�N L*Z�F7K�[ PCc6H�K SGE=FMH�IUJSNaJGK]L�N�F(�MJ=K E=Z�[*NOZ�I�IUS JGK Y�R^SG[.J=K�EGJ P�J [ L*R.NOL*Z]X�EkNOL.Z�FMK
FMH`R^F7L NOL.Z�FMK N�FMK]L.R.J �:H�JTIUJG[ [ L*R.H�E=L*H�R.JG[ E=FDI�SGR^JGK]L*J=[ I�FMK+�7ZUL*H�P�Z�K�NOI�JG[a[.F7K:L N
#�J=E=L.SGJG[ Y�NOR I�J=[
FMK�P�JG[ PCcgZ�K�J=R^L*ZUJ$h �MR*N��ZUL.S D

�	JG[ S$L*H�P�JG[ S=K�JGR8�MS=L.Z-�:H�J=[ P�J=[ SGE=FMH�IUJSNaJGK]L*[A��N7R.F�EGIUZ�K�J=[�FMK]L0NaFMK]L*R^S�P�JGH # L3��Y3J=[ PCcgS$7FMI�H�h
L*ZUFMK D�K cgH�K�J�Y�N7R L H�K�J,S$MF7I�H�L.Z�FMK �&S=K�JGR8�MZ�J�EGR^FMZ�[^[*N7K]L*J D K c6N7H�L.R.J Y�NOR^L H�K�J�S$MF7I�H�L.Z�FMK=�&SGK�J=R��MZUJ
P�S=EGR.F7Z�[.[.N7K]L*J�J=L FM[^EGZUI�I NOK:L.J JGK t−0.6 D

�)c6S$L*H�P�JaP�J=[ S=E@I�JGIUI�JG[>P�JSa/FMI�NaF �MFMR^F(b%3P�J L�N���I�F7R�J=L�Z�K]L*S��MR*NOI�JG[>N NaFMK]L*R^S �:H�JdIUJG[>FMK�P�J=[
N
#3JGE$L*JGK]L�Y�I�H�[2I�J=[ �7R*N7K�P�JG[2SGE@I�J=I�I�J=[��:H�J I�JG[2Y"J=L*Z L*J=[ D.� FMH�R IUJG[2R.SkNOI�Z�[.NOL*ZUFMK�[	[ L N!��IUJG[2I N EGR^FMZ�[^[*N7K�E=J
P�J=[bSGE@I�JGI�IUJG[�JG[^LbJGK t0,3 Y3F7H�R�I4c6S=E@I�JGIUI�J P�J a�FMI�N�F �7FMR.F(�%�JGK t0,25 Y3F7H�RdIfcgSGE@I�J=I�I�J P�JML�N���I�F7R
J=L�JGK t0.20 Y"FMH�RaIfcgSGE@I�J=I�I�J ZUK:L.S��MR.N7I�J D �	J=[aS=E@I�JGIUI�J=[bP�ZUR.JGE$L*ZUFMK�K�J=I�I�J=[ Z�K�P�Z-�:H�JGK]L�I NTY�R^SG[.J=K�EGJ P�J
YTI�S=K�FDNS�GK�J=[&FM[^EGZ�IUI N7K]L>P�NOK�[ I�N P�ZUR.J=E=L*ZUFMK 7JGR L*Z�EGN7I�JaY"FMH�R>L*FMH�L.JG[ I�JG[�R.SGN7I�ZU[*NOL.Z�FMK�[�P�JbI N [.S=R.ZUJ
�MS=FMYTIJ��[.Z-�:H�J D j L/I N R^SkN7IUZ�[*N L*Z�F7K [^L N
��I�J���� � 
�&�	��� ����� ���:
��3�	� J=[^L/I�J>IUZ�JGH P�J�YTI�S=K�FDNS�GK�J=[
FMK�P�H�I NOL.FMZ�R^JG[@Z�N�Y"FMR L N7K]L*[XP�N7K�[ I N P�ZUR.J=E=L*ZUFMK NaSGR.ZUP�Z�F7K�N7I�J D

�)c6S$L*H�P�JXP�JG[�K�FDN���R^JG[�P�J�^ J$��K�FMIUP�[ ��NO[.SGJX[.H�R IfcgSGE@I�J=I�I�J P�J L�N���I�FMR NaFMK]L*R.J �:H�J@I4c6S$L NOL Z�K�Z L*Z�N7I
P�J�I N L.H�R	��H�I�J=K�EGJbN H�K�JbZ�K���H�JGK�E=J=NS�SNaJ�Y"FMH�R�I�J=[ EkNOI�EGH�I�[ � [^L*N!��IUJG[ � D &,HeL.JSNaY�[ t = 30 IUJG[
R.SGN7I�ZU[*NOL.Z�FMK�[ � [^L N
��I�J=[ � FMK]L�H�K_Y�N7R.N!NM�$L*R^J P�J E=Z�[*NOZ�I�IUJSNaJGK]L7�:H�Z�EGR^FMZUL JGK t0,5 D �	J=[�R.SkNOI�Z�[.NOL*ZUFMK�[� [ L N!��I�JG[ � 5 FMK]L&NOY�Y�N7R.N���L.R.JdP�J�L.R��=[ 5 N7Z���I�JdK�FDN0��R.J=[ P�J=^/FM[^[	�J� J=L P�Jci�R.F7H�P�J�L*N7K�P�ZU[ �:H�J�I�J=[
R.SGN7I�ZU[*NOL.Z�FMK�[ � ZUK�[^L*N!��I�J=[ � FMK]L/P�JG[/K�FDN���R.JG[ P�J ^ FM[.[Q�J� J=L/P�J i�R.FMH�P�J'ON7I�N7K]L O(1) E=J �:H�Z	R^JGK�P
I�J=[ N7Y�Y�R^F # Z�NbN L*Z�F7K�[ N7[&��NaY�L.F7L*Z���H�JG[ P�J�L3��Y3J �MS=FM[^L.R.FMYTI�Z-�:H�J>Z�KJON7I�ZUP�JG[ D

e�FMH�[N(7FMK�[P�FMK�K�S I�J=[�L*JGK�P�N7K�E=JG[PCcgS$MF7I�H�L.Z�FMK P�J=[�L*J=K�[.J=H�R.[P�J [ L*R.H�E=L*H�R.JG[J=K 5 F7K�E=L.Z�FMK P�J=[
Y�N7R.N!NS�=L*R^JG[ [ε, Ri, Reλ(0)] �)c6S$L*H�P�J�P�HbL*J=K�[.J=H�R P�J�^ J$��K�FMIUP�[ �MS=K�SGR.N7I�ZU[.S/Z�K�P�Z-�:H�J(�:H�J�EOc6J=[^L I�N
EGF!N�Y"FM[*NOK:L.J .=FMK�N7IUJ ��H�Z3J=[^L@I�N�Y�I�H�[SGK�JGR��7S=L*Z��:H�J,[.N7H 5 Y"FMH�RI�J=[ R^SkN7IUZ�[*N L*Z�F7K�[U� ε = 0.2 J=L Ri =
0.99 F! &E7cgJG[ L)I N/EGFDNaY"FM[*N7K]L.JkNaSGR.ZUP�Z�F7K�N7I�J D �)c6S$L*H�P�JXP�H&L*J=K�[.J=H�R�PCc6N7K�ZU[.F7L.R.FMY�ZUJk��N�FMK]L.R.S �:H�JXI N
EGF7R.R.S=I NOL.Z�FMK .=FMK�N7IUJ$h N�S=R.Z�P�Z�FMK�NOI�J K�FMR	N�N7IUZ�[.S=J [.J/P�S$7JGIUFMY�Y"J�Y"FM[.Z L*Z]MJSNaJGK]LY"FMH�RI�J=[R.SkNOI�Z�[.NOL*ZUFMK�[� ZUK�[^L*N!��IUJG[ � D � J=[@EGF7R.R.S=I NOL.Z�FMK�[R7JGR^L.Z�EGN7I�J=[ h .=FMK�N7IUJG[ J=L�7JGR^L.Z�EGN7I�J=[ h3NaSGR^Z�P�ZUFMK�N7IUJG[)K�F7R	N�N7I�ZU[.SGJ=[ [^FMK]L
��H�E$L*H�NOK:L.JG[ D�� K�J,S=L*H�P�J P�J=[XL*J=K�[.J=H�R.[ P�J,[^L*R^H�E=L.H�R.J=[ K�FMK E=FMKJMJ=K:L.Z�FMK�K�JGIUI�JG[XP�J,L3��Y3J7a ^�^ FMK]L
Y"JGR	NaZ�[�PCcgH�K�J&Y�NOR^L�P�J0N�J$L.L*R^J J=K S��Z�P�J=K�EGJ P�J=[ [^L.R.H�E$L*H�R^JG[ .GF7K�N7I�J=[a� P�F!N�ZUK�N7K�E=J*�^J=L*N7I2Y3FMH�R
I NQR^SkN7IUZ�[.NOL*ZUFMK>� Ri = 2 J=LaP�J L3��Y"JFI�SGIUZ�EGF��jP�N7IUJbY"FMH�R&IUJG[ R^SkN7IUZ�[*N L*Z�F7K�[�� Ri < 1

D`K c N7HiL*R.J
Y�N7R L Y3FMH�R P�J=[XK�F!N���R.J=[ P�J�^ Z�E@I�NOR.P�[^FMK Ri < 1 IUJ L.JGK�[^JGH�R P�J/[^L*R^FMYTI�F7I���[.ZU[ [&��NaS=L.R.Z���H�J��>H�K�J
Z�NaY"FMR^L*N7K�EGJ K�FMK K�S��7I�Z-�7JkN!��IUJ D �	J&L*JGK�[.JGH�R�P�JG[�N7H�L.FOh E=FMR.R^SGI N L*Z�F7K�[,P�J�7FMR^L.Z�E=ZUL*SdNcNaFMK]L*R^S �:H�J
I�J=[ EGN7I�E=H�I�[ � Ri < 1 [=c NOEGEGF!N�Y�NL�MK�JGK]L PCcgH�K�J 5 F7R^L*JaN7HiL*FOhjEGFMR^R.SGI�NOL*ZUFMKTP�J%MFMR L*Z�E=ZUL.S .GFMK�NOI�JaJ=L
NaSGR.ZUP�Z�F7K�N7I�J D

�	JG[)Z�KJON7R^Z N7K]L*[2P�J �	HTNaI�J���FMK]L`N�F7K:L.R.S ��H�J EGFMK]L*R.N7Z�R^JSNaJGK]L`� E=J �:H�J@I4c6FMK Y3FMH�7NOZUL�NOL.L.JGK�P�R^J
EGJ�K�J/[.FMK]L@Y�N7[ IUJG[ R.SGN7I�ZU[*NOL.Z�FMK�[ 5 F7R^L*J$N�J=K]L [ L*R.NOL*Z]X�SGJ=[ �:H�Z"N7Y�Y�R^FiE@I�JGK]L@P�J�Y�I�H�[ Y�R^SG[ H�K�J�EGFMK�Xih
�MH�R.NOL*ZUFMK���ZUEGFDNaY"FM[*N7K]L.J [� , � D �	JG[)R.SGN7I�ZU[*NOL.Z�FMK�[��:H�Z�� H�KdZ�K�[^L NOK:LP�FMK�K�S [.F7K:LIUJG[)Y�IUH�[)Y�R^FiE@I�J=[
P�Hg� , [^FMK]L�� 9��	��
 � �	���������"� �:
����	� J$L"! � # � ��� �	� � ���>� � ��
����	�WD
� FMH�R,I N [^SGR.ZUJ ��� ���:
��3�	� � I�J=[�N�N # Z�N HTN�[ P�JA�ZUL.JG[.[^J�%"PCcgJGK�[ L*R.F7YTI�Z�J�J=L�P�J�P�JGK�[.ZUL.S PCcGI�SBh

I�ZUEGZ L*S�[.F7K:L,FD��L.JGK:H�[ Y"FMH�R I NaR.SGN7I�ZU[*NOL.Z�FMK$! �%# � ���&�	��� ����� ���:
��3�	� P�S�X�K�ZUJ Y�NOR ε = 0.2Ri =
0.99 J=L Reλ(0) = 66

D � JX[ �7J � K�JG[^[XP�J MFMR L*Z�E=ZUL.SkMJ=R^L*ZUEkN7IUJXY"FM[.Z L*Z 5�Z�K�P�Z-�:H�J@H�K�J Y�R.S=Y3FMK�P�SGR.N7K�EGJ
P�J=[)E$��EGIUFMK�JG[)[^H�R�IUJG[)N7K]L.Z�E$��E=I�FMK�J=[�Y"FMH�R L.FMH�[)IUJG[�EGN7I�E=H�I�[ P�J I N�[.SGR^Z�J ��� ���:
��3�	� � D �	Jk� NOL.K�JG[^[
P�J MFMR L*ZUEGZUL.S?MJGR L*ZUEkN7IUJaZUK�P�Z���H�J �:HCcgZ�I`� N I N Y�R.S=[.J=K�EGJ P�c6S�MSGK�JSNaJGK]L*[&J # L*R��$N�J=[ L.R��G[�I�F�EkNOI�Z�[^SG[
N7H L*J$N�Y�[ t ≈ 10 Y"FMH�R P�J=[/R^SkN7IUZ�[.NOL*ZUFMK�[XZUK�[^L*N!��IUJG[ D

�	JG[2[.Y"JGE=L.R.J=[�PCcgSGK�J=R��MZUJ[.YTI�S=R.Z���H�J 5 FMK]L N7Y�Y�N7R*N��UL*R^J���H�J Y"FMH�R I�J=[	EkN7[2Z�K�[^L N
��I�J=[	I N EGR^FMZ�[^[*N7K�E=J

$&%nm�:�;/<�')�>=�(*)?=+(!,A@�<�'��CB�,/=*=�(.-/,0'�D�,AE-=�(*)?='F!1G@21�HAI�(%= ��]
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$&%���� %�� 1 (*)�E ,T��� 1 (

P�J I4c6S=K�JGR8�MZ�JaJG[ L Z�K�ZUL*ZUSGJaY�N7R P�JG[*.=FMK�J=[���Z�J=K I�F�EkN7IUZ�[^SGJG[ D � N R.SGN7I�ZU[*NOL.Z�FMK ! �%# �"��� �	���������"�C�
�:
����	� ZUK�P�Z-�:H�J,I N Y"FM[.[^Z���ZUI�Z L*S/PCc6H�K�J�Z�K]L*J=R*N7E$L*ZUFMK L*R^Z N7P�Z��:H�J,Y�R^Z��Z�IUS��MZUSGJ D � N&R^SkN7IUZ�[*N L*Z�F7Kb[^L*N!��IUJ
�]N7R^P�J�H�K�J�SGK�J=R��MZUJ N7H K�FDN���R.J�PCc6F7K�P�JG[ k ≈ 2.5 �:H�N7[^Z�NaJGK]L�EGFMK�[ L N7K]L.JG[ D �	JG[/R.SkNOI�Z�[.NOL*ZUFMK�[ ZUKih
[^L*N!��IUJG[ 5 F7K:LXN7Y�Y�N7R*N��UL*R^J/H�K �MR*NOK�PbY�NOK�JGI P�J�Y3J=K:L.JG[@[^Y3J=E=L.R*N7IUJG[kN�N7ZU[ P�N7K�[ I�JGH�R.[XY�I�N7[.J�I N>Y�I�H�[
SGK�JGR��7S=L*Z��:H�J�I�N Y3J=K]L*JaJG[^L�J=K −5

3

D K J NM�$N�J I�N R^SkN7IUZ�[.NOL*ZUFMKQ[^L*N!��IUJ*5 N7ZUL�N7Y�Y�N7R*N���L*R^J&Y�IUH�[.ZUJGH�R^[
L3��Y3J=[>P�JdY3J=K:L.JdP�N7K�[�I�N YTI�N7[^JaZUK�ZUL.Z N7IUJ P�J*5 FMR^L.J P�SGE=R.FMZU[.[*NOK�EGJ N�N7Z�[�7JGR^[ t ≈ 14 ZUI�N7Y�Y�N7R*N��UL
EGI�N7Z�R^JSNaJGK]L�P�J=H # Y"JGK]L*J=[Y%2IfcgH�K�JdJG[ L J=K −4 J=L�Ifc6N7H�L.R.J JGK −5

3
[.H�R>I�J=[>K�FDN���R^JG[>PCcgFMK�P�J=[ ZUK 5 S$h

R.ZUJGH�R^[ D &�H L*J$N�Y�[ t = 1.58 I�JG[7�MR.N7K�P�J=[�S=E@I�JGIUI�JG[ FMK]L�Y�I�H�[/P�c6S=K�JGR8�MZ�J>L*FMR^F �jP�N7I�J �:H�J Y3F7I�F �fP�N7I�J
L NOK�P�Z�[ �:HCc6N7H # Y"J=L.ZUL*J=[>SGE@I�J=I�I�J=[ IUJG[>[^L.R.H�E$L*H�R^JG[ FMK]L Y�I�H�[>PCcgSGK�J=R��MZUJdY3FMIUF �jP�N7I�J D & IfcgSGE@I�J=I�IUJ P�J
I N P�Z�[^[.ZUY�NOL*ZUFMKniZU[��:H�J=H�[.JTIUJG[b[ L*R^H�E=L.H�R.J=[ FMK]L H�K�J ��H�N7[.Z h S��:H�ZUY�N7R L*ZUL.Z�FMK PCcgSGK�JGR��7Z�J L.FMR.F �fP�N7IUJ�%
Y"FMI�F �fP�N7IUJ,J=L/Y"F7L*J=K]L*Z�J=I�IUJ N7H L*J$N�Y�[ t = 1.58

D
� FMH�R L*F7H�L*J=[QI�J=[ E=FDN�Y"FM[.N7K]L*JG[g� Y�N7R L Y"FMH�R I N ��F7L*N!��Z�IUZUL.STP�JG[QR^SkN7IUZ�[.NOL*ZUFMK�[ � 9��	��
���

�	���������"� �:
����	� J=L ! � # � ��� �	� � ���>� � ��
����	� I�J=[ [ L*R^H�E=L.H�R.J=[ IUJG[ Y�IUH�[ SGK�J=R��MS$L*Z���H�JG[ FMK]L
H�K�J(�MR*N7K�P�J,P�Z�N�J=K�[.ZUFMKaP�N7K�[@I�N P�ZUR.J=E=L*ZUFMK�.=FMK�N7IUJ D � N P�ZUR.JGE$L*ZUFMK=NaSGR^Z�P�ZUFMK�N7IUJ N P�J=[@[^L.R.H�E$L*H�R^JG[
P�J �7R*N7K�P�JG[)SGE@I�JGI�IUJG[ N�N7ZU[8NaFMZ�K�[��MR.N7K�P�J=[ �:H�J EGJ=I�I�J=[�P�J@I�N,P�ZUR.JGE$L*ZUFMK .=FMK�N7IUJ DDK N7K�[�I�N,P�Z�R^JGE$L*Z�F7K
MJ=R^L.Z�EkNOI�J,F7K Y3J=H�L N7H�[^[.Z:��Z�JGKbR.JGK�EGFMK]L*R^JGR P�J=[ Y3J$L*Z L*JG[X[^L*R^H�E=L.H�R.J=[ �:H�J�P�JG[ �7R*N7K�P�JG[@[ L*R.H�E=L*H�R.JG[ D
�	JG[@Y�Z�EG[ PCcgSGK�J=R��MZUJ,P�J=[@R.SGN7I�ZU[*NOL.Z�FMK�[ZUK�[^L*N!��I�J=[XKCc6N7Y�Y�N7R*N7ZU[.[^JGK]L Y�N7[XN7H # Y�I�H�[ �MR.N7K�P�J=[XSGE@I�JGI�IUJG[ D
�iH�R P�JG[ L*J$N�Y�["NaF(�MJ=K�[ t ≈ 12 %�N7Y�R��G[ �:H�J>I N&E=R.FMZU[.[.N7K�EGJ�P�J�I4c6S=K�JGR8�MZ�J N7ZULXP�SS��HiL*S�%�IUJG[ R^SkN7IUZ�[*N h
L*ZUFMK�[ ZUK�[^L*N!��I�J=[ FMK]L/H�KdN�N # Z�N HTN PCcgSGK�JGR��7Z�JG[ IUFiEGN7I�ZU[.SGJ=[�MJ=R.[/I�J�K�FDN0��R.J>PCcgFMK�P�J k = (1, 1, 1)
E7cgJG[ L^h3� h P�ZUR.J N7H # MJ=R.[ I�JG[��7R*N7K�P�JG[ SGE@I�J=I�I�J=[P�H+NaFMH�7JSNaJGK]LYTIJ��[.Z���H�J D � J=[R.SkNOI�Z�[.NOL*ZUFMK�[ ��S=K�JGR?h
�MZUJa[ L N!��I�JdP�SGE=R.FMZU[.[.N7K]L*JbP�Z�[.[^Z�Y"JGK]L�5 FMR^L.JSNaJGK]L�I�JG[�Y"J=L*Z L*J=[ S=E@I�JGIUI�JG[ N�N7Z�[�I�N R^SkN7IUZ�[*N L*Z�F7K"�]N7R.P�J
H�K�J,SGK�J=R��MZUJ [.H�R IUJ�NaFiP�J (0, 1, 1) �:H�NO[.Z�NaJGK]L E=FMK�[ L N7K]L*J�F7Hc��H�E=L.H�N7K]L*J D � J=K�P�N7K]L I�N YTI�N7[^J P�J
P�S=EGR.F7Z�[.[.N7K�E=J IUJG[ [.Y"JGE$L*R.J=[,PCcgSGK�JGR��7Z�J>EGZUK�S=L.Z-�:H�J�L*H�RQ��H�IUJGK]L*J�P�N7K�[ I�NdP�Z�R.J=E=L.Z�FMK .GF7K�N7I�J>J$L�NaSGR^Z h
P�ZUFMK�N7IUJ 5 FMK]L N7Y�Y�N7R*N���L*R^J�L.FMH�[ I�J=[@P�J=H # P�J=[ Y3J=K:L.JG[ JGK k−2.2 � t = 1.58 L*N7K�P�ZU[ �:H�J�I�J,[.Y"JGE=L.R.J
PCcgSGK�J=R��MZUJ>Y3F7L.JGK]L*ZUJGIUI�J,L.H�R	��H�I�JGK]L.J 5 NOZUL N7Y�Y�N7R*N���L*R^J H�K�J>Y"JGK]L*J�JGK k−0.85 N7H L*J$N�Y�[ t = 1.58

D
�	JG[>SGE=FMH�I�J$N�J=K]L*['� SGK�J=R��MZUJ&P�S=EGR.F7Z�[.[.N7K]L*J 5 FMK]L�N7Y�Y�N7R*N��UL*R^J&P�JG[�[ L*R^H�E=L.H�R.J=[ IUFMK+�MZ L*H�P�ZUK�N7IUJG[

Y"FMH�ON7K]L>[Gc6N7Y�Y�NOR.JGK]L.JGR�N7H # [ L*R^H�E=L.H�R.JdP�J � ��N7K�P�J=[ .GFMK�NOI�JG[ � P�JaK�FDN���R^JGH # SGEGF7H�I�J$N�J=K:L.[ �MSGFOh
YTIJ��[.Z���H�JG[ J$L N7[^L.R.FMYTIJ��[.Z��:H�JG[ D8� FMH�R>I�J=[>R.SkNOI�Z�[.NOL*ZUFMK�[�� S=K�JGR8�MZ�JdE=R.FMZU[.[*NOK�EGJdZ�I�JG[^L�FD��[.JGR&MS�H�K
�MR.N7K�P_K�FDN���R.JdP�J [^L.R.H�E$L*H�R^JG[�P�Z�#3SGR^JGK]L*J=[ D K J=[ [ L*R.H�E=L*H�R.JG[�P�J L3��Y3J L.FMH�R	��Z�I�IUFMK J=K � SGY�ZUK+�MIUJ?�
E@I�J�MJGH # � E=FDI�N!��ZUL*J=K]LdN�MJGE P�JG[ [^L.R.H�E$L*H�R^JG[%� 5 FMR L*J E=FDI�SGR^JGK�E=J I�FMK �MZUL.H�P�Z�K�N7I�J D � J=[��Z�[.H�N7I�ZU[*N h
L*ZUFMK�[�P�JG[ [.EGN7I N7ZUR.J=[�[^H�R IUJG[�Y�I NOK�[ P�HeEGH��3J�FMK]L 5 N7Z L N7Y�Y�N7R.N���L.R.JdP�J=[ R.J$L*FMH�R.K�J$N�J=K:L.[ P�NOK�[ I�N
P�ZUR.JGE$L*ZUFMKZN�S=R.Z�P�Z�FMK�NOI�J&NOZ�K�[^Z���H�c6H�K�J�L*J=K�P�N7K�EGJ+� H�KeN7I�Z��MK�J$N�J=K:L P�JG[�[^L.R.H�E$L*H�R^JG[ P�N7K�[�I N P�Z h
R.J=E=L.Z�FMK9�iH�P�h�� H�JG[ L�MJGR^[9e/FMR.P�h�� H�JG[ L� Y"FMH�R H�K SGE=FMH�IUJSNaJGK]L �MSGF7YTIJ�i[^Z-�:H�J�P�N7K�[ I4cfI�SSNaZ�[.Y�II�GR^J
e�F7R.Pf� D � J=[ FMK�P�J=[/P�J��7R*N��ZUL*S'���GR.J=K]L,I�N L N7ZUI�I�J�P�JG[ S=E@I�JGIUI�JG[ P�NOK�[ I N P�Z�R^JGE$L*Z�F7KcMJGR L*ZUEkN7IUJ D
� FMH�R,I�J=[�R^SkN7IUZ�[.NOL*ZUFMK�[���S=K�JGR8�MZ�J�EGR^FMZ�[^[*N7K]L.J FMKMMFMZ L,NOY�Y�N7R.N���L.R.J>P�JG[�[^L.R.H�E$L*H�R^JG[ E=I N7[^[.Z-�:H�J=[

P�JQL3��Y"J?a>J=I��Z�K�h5d�J=I�N%I�FMI L . P�N7K�[ IUJQY�I�N7K MJ=R^L*ZUEkN7I h IUFMK+�MZ L*H�P�ZUK�N7I D K N7K�[ IUJQY�I�N7K NaSGR.ZUP�Z�F7K�N7I
Z�IN S=L.S+NaZ�[�J=KeS�iZUP�JGK�EGJ ��H�JbP�J=[ R^J=L*F7H�R.K�J$N�J=K]L*[ L.FMH�RQ��Z�IUI�FMK�K�N7Z�R^JG[ N�ON7ZUJGK]L�I�Z�J=H D �)cgFMR.ZUJGK]L N h
L*ZUFMKTP�J=[ R^J=L*F7H�R.K�J$N�J=K]L*[>[.J 5 N7ZUL [.H�Z]7NOK:L>H�K�JdZ�K�E=I�Z�K�N7Z�[^FMK NaFMK]L N7K]L*J IUFMR.[8�:H�JdIfcgFMKT[.JaP�SGY�I N7E=J
MJ=R.[ IUJ e/FMR.P D �	J�Y�I N7KdI�FMR^Z-.GF7K:L*N7I JG[ L I�J�I�ZUJGH P�J L.FMH�RQ��Z�IUI�FMK�[ �^J$L N7H # E=FDN�Y�N7R*N!��I�J ��E=JGH # �:H�J
IfcgFMK Y"JGHiL FD��[^JGRQ7JGR/N7H # I N L*ZUL.H�P�J=[kNaF\�7JGK�K�JG[Y%�EGJG[@L.FMH�RQ��Z�IUI�FMK�[Y"FMH�R^R*N7ZUJGK]L [Gc6N7Y�Y�N7R.J=K:L.JGR�� H�K�J
5 FMRQN�J PCcgZ�K�[^L N
��Z�IUZUL*Sk��N7R.F�EGIUZ�K�J D �)c6F7R.Z�J=K]L NOL.Z�FMK P�J/EGJ=[ L.FMH�RQ��Z�IUI�FMK�[�JG[^L�e�F7R.Pih j [ L JGK ��H�Pih�� H�J=[^L D
�)c6F7R��]N7K�Z�[*N L*Z�F7K P�J>I N&L*H�RQ��H�IUJGK�E=J P�NOK�[�IUJ�Y�I NOKM7JGR^L.Z�EGN7I	JG[ L,E=FDN�Y�N7R*N!��I�J��dEGJ=I�I�J>P�J=[�Y�I N7KI�$L*J=[
�MSGN7K]L*JG[ EGFDN%NaJ ��NOL*H�R.K�J D � N�L K ^ Y�R.S=P�ZUL L*R��G[ ��Z�J=K �:H�N7IUZUL*NOL*Z]MJSNaJGK]L I�N P��iK�N!N�Z��:H�J P�J I4c6S=EGFMHih
I�J$N�J=K]L ��NOR.F�EGI�ZUK�J`I�FDNaF �!�=K�J D.K cgH�K&Y"FMZUK:L2P�JR�H�J �:H�N7K]L.ZUL N L*Z�5�JGIUI�JJG[ L�Y�IUH�[ Y�R.SGE=Z�[^J Y"FMH�R2I�J=[ EGN7[
[^L*N!��IUJG[��:H�J/I�JG[)EGN7[)Z�K�[^L N
��I�J=[ DJ� FMH�RI�J=[)EkN7[[^L*N!��IUJG[)IfcgSGK�JGR��7Z�JXL.H�R	��H�I�JGK]L.J L.F7L NOI�J@J=[^L �:H�N7[.Z�N�J=K]L
Z�P�JGK]L*Z���H�J0�aI N [.Z�N&H�I N L*Z�F7K K�FMKihjI�Z�K�SkN7ZUR.JX�^H�[8��H�ch� St = 15 J$L,J=I�I�J>R^JG[^L.J L.R��G[�Y�R.F�E@I�J N7HgNaFMZUK�[
�^H�[8��H�ch� St = 45

D�� R^FD��N!��I�JSNaJGK]L Y�N7R.E=J��:H�J�I�N L*H�RQ��H�IUJGK�E=J�PCc6F7K�P�JG[ P�F!N�ZUK�J,IUFMR.[8��H�J�I�J EGN7I�E=H�I
JG[ L>SGK�J=R��MS$L*Z���H�JSNaJGK]L>[^L*N!��I�J De� F7H�R I�J=[�[.Z�N&H�I N L*Z�F7K�[�ZUK�[^L*N!��IUJG[,I�NcL K ^ R^JG[^L.J Y�R.S=EGZU[.J Y"FMH�R I�N
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$&%���� %�� 1 (*)�E ,T��� 1 (

Y�R^SGP�ZUE=L*ZUFMK P�J I4c6S=K�JGR8�MZ�J�L*H�R	��H�IUJGK]L*J�L*F7L*N7I�JX�^H�[��:HCcf� St = 5
D � FMH�R/P�JG[�L*JSNaY�[/Y�I�H�[ �MR.N7K�P�[/I�J=[

L*J=K�P�N7K�EGJG[d[^FMK]LdR.JG[^Y3J=E=L.SGJG[%N�N7Z�[&I4c6S=K�JGR8�MZ�J�P�H EkN7IUEGH�I K�FMKihjI�ZUK�SkN7ZUR.J�NTH�K�J EGR^FMZ�[^[*N7K�EGJ NaFMZ�K�[
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L’étude comparative effectuée dans le chapitre 1 a montré que les trois modèles
classiques (Charney 1947, Eady 1949, Phillips 1954) étaient cohérents pour les in-
stabilités d’ondes longues mais qu’il y a une grande différence sur les instabilités
d’ondes courtes. Dans les modèles d’instabilité barocline classique la longueur d’onde
du mode le plus instable est liée à l’échelle verticale de blocage. Cette échelle verticale
de blocage est soit imposée par les conditions aux limites soit par l’effet-β. Malheureu-
sement dans nos simulation tri-périodiques il n’y a pas de création de surface assez
“dure” pour générer des instabilités d’ondes longues lorsque Ri > 1. Pour mieux com-
prendre ce phénomène il sera nécessaire d’effectuer des simulations bi-périodiques
et mono-périodiques, où la simulation mono-périodique serait exactement la configu-
ration du problème d’Eady 1949.
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La présence d’un nouveau type d’instabilité à été mise en évidence lorsque le
Ri < 1 démontré analytiquement par A. Salhi et C. Cambon[119] Il est montré dans
la présente thèse que le mode k1 = 0 semble être le plus croissant et qu’il est suffi-
samment puissant pour déstabiliser l’écoulement. Cette instabilité est différente des
instabilités des écoulements cisaillés-stratifiés verticalement qui interviennent pour un
Ri ≤ 0, 25. Elle pourrait être qualifiée d’instabilité barocline subsynoptique car elle
intervient à des échelles plus petites que l’instabilité barocline classique.
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Des structures zonales sont souvent observées dans les écoulements des pla-
nètes géantes ainsi que dans l’océan. Les simulations numériques stables ont montré
qu’une turbulence initialement isotrope s’organise d’abord en tourbillons d’aspect dé-
terminé approximativement par le paramètre α = f

N
, puis sur des temps plus long

les tourbillons s’allongent dans la direction zonale pour former des jets ou “tubes” zo-
nales. La hauteur, la largeur et le nombre des “tubes” zonaux sont déterminés par les
tourbillons verticaux formés après l’initialisation.
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Dans le plan vertical-longitudinal il est observé des structures de type Kelvin-
Helmholtz. Ceci n’a rien d’étonnant car de telles structures sont observée dans les
écoulements cisaillés. Par contre ce qui est remarquable est que cela apparait pour
des écoulements ayant un nombre de Richardson supérieur au nombre de Richardson
critique des écoulement cisaillés-stratifiés sans rotation. C’est dont une particularité
de l’écoulement barocline. Notons que le fait de trouver des instabilités de Kelvin-
Helmholtz est cohérent avec la classification de P.H. Stone[128] qui considère les insta-
bilités de Kelvin-Helmholtz comme une classe d’instabilité barocline.
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Dans le plan vertical-transverse nous avons observé des retournements tourbillon-
naires. Ces retournements tourbillonnaires sont orientés de Sud-Bas en Nord-Haut.
Cette orientation est la même que la propagation de l’énergie des ondes d’inertie-
gravité baroclines vues au chapitre 3. Dans les calculs linéaires on observe la même
orientation mais le déferlement n’a pas lieu. Lorsque Ri > 1 l’orientation particulière
n’est pas observée. Pour établir la dépendance à (ε, Ri) de l’orientation des lignes
dans le plan vertical-transverse il sera nécessaire d’effectuer d’autres simulations
de turbulence homogène et de forçage d’onde. Pour comprendre le rôle des ondes
d’inertie-gravité dans le mélange il serait aussi intéressant d’effectuer des suivis de
particules lagrangiennes passives ou inertielles.
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A quelle échelle est créée la turbulence ? Est-ce qu’elle est forcée aux grandes
échelles par une instabilité de type barocline ou est-elle créée aux petites échelles
pour se transmettre aux grandes échelles par un mécanisme de cascade inverse ? La
turbulence est souvent initialement formée aux petites échelles par des phénomènes
de cisaillement puis elle dégénère en turbulence fossile aux grandes échelles[52] .
Dans les simulations baroclines instables le pic d’énergie initiateur de la croissance
de l’énergie totale turbulente apparait à un nombre d’ondes intermédiaires puis par la
suite s’effectue un transfert aux plus grandes échelles mais surtout aux plus petites
échelles. Le transfert aux petites échelles est si important que le spectre des réalisa-
tions instables s’aligne en k−5/3 (figure 3.35(a) et 3.35(b)). Il semblerait qu’il s’agisse
majoritairement d’une cascade directe mais étant donné que l’énergie sur les bas
nombres d’ondes augmente aussi il est possible qu’il y ait une cascade inverse. Si il y
avait un retour énergétique sur l’écoulement moyen la cascade inverse pourrait forte-
ment le modifier. Pour mieux comprendre les transferts énergétiques il est nécessaire
de calculer précisément la fonction de transfert spectral T (k).
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L’étude numérique basée sur la théorie de distorsion rapide dans le repère de
Craya-Herring a montré la pertinence des temps baroclines τB1,τB2 et τB3. Des phéno-
mènes inattendus, lorsque Ri < 1, comme “l’explosion” puis la “saturation” de l’énergie
qui arrive lorsque le premier temps barocline τB1 = 4π2S

Nf
est dépassé. Pour évaluer la

pertinence du troisième temps barocline ainsi que son influence sur la dynamique non-
linéaire la seule approche est une modélisation spectrale en 2 points de type EDQNM
généralisée à l’écoulement barocline. La modélisation EDQNM aura aussi l’avantage
de pouvoir étudier la dépendance au nombre de Reynolds.
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Dans cette thèse il est observé que les cyclones sont plus puissants que les an-
ticyclones. Cela d’une part grâce au skewness de vorticité verticale et d’autre part
grâce a des visualisations tridimensionnelles des surfaces iso-enstrophie coloriées
par la vorticité verticale ainsi que des visualisations de vorticité verticale dans des
plans horizontaux. Le fait que les cyclones sont plus intenses que les anticyclones est
plus probablement une conséquence du gradient de vitesse verticale et du gradient
de densité horizontale. Le fait de trouver des cyclones intenses dans notre simulation
de turbulence barocline est cohérent avec ce qu’a observé M.S. Miesch[87][88] Mais
pour être affirmatif, en faveur de la prédominance des cyclones intenses dans l’écou-
lement barocline il faudrait effectuer d’autres simulations avec de plus forts nombres
de Reynolds.
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Tous les phénomènes présentés ci-dessus sont des éléments à prendre en compte
pour la paramétrisation des petites échelles géophysiques qui est nécessaire au bon
fonctionnement des modèles globaux. Dans cette thèse la dépendence des tenseurs
de structures aux paramètres ε et Ri a été qualitativement caractérisée. que ce soit
pour la dynamique linéaire ou la dynamique non-linéaire. Il a été montré dans le cha-
pitre ��� que pour des applications météorologiques, océanographiques ou climatolo-
giques le plus envisageable serait d’effectuer une modélisation basées sur les ten-
seurs de structures non-conventionnels pour rendre compte de la forte anisotropie
spectrale : des modélisations basée sur les tenseurs de type KRR[72] ou CJL[17], en
relation avec des spécialistes de la prévision climatique, pour déterminer précisément
les besoins et la flexibilité des modèles numériques, donneraient probablement des
résultats très intéressants.
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JG[ L/EGJGIUH�Z	Y�N7R IUJ.�:H�J=I	K�FMH�[/N7IUI�FMK�[XEGFDN%N�J=K�EGJ=R EkN7R EOc6J=[^L�I�J L*J=[^L/I�J�Y�I�H�[ [^Z�NaY�I�J D
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{
f

(1)
i (k,P, t,u) = Fij(k,P, t) uj + Hi1

ui(0) = δi1{
f

(2)
i (k,P, t,u) = Fij(k,P, t) uj + Hi2

ui(0) = δi2{
f

(3)
i (k,P, t,u) = Fij(k,P, t) uj + Hi1

ui(0) = δi3

gij = ui / ui(0) = δij

¯̄H(k,P, t) =



p (1 − t) − 1 P3 (1 − t) P5 (1 − t)
P1 (1 − t) q (1 − t) − 1 P6 (1 − t)
P2 (1 − t) P4 (1 − t) q (1 − t) − 1




k = (p, q, r),P = (P1, P2, P3, P4, P5)

f (j) : R3.R5.R.R3. → R3

H : R3.R5.R → R9
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¯̄g(k,P, t) =



p t + 1 P1 t P2 t
P3 t q t + 1 P4 t
P5 t P6 t r t + 1




k = (p, q, r),P = (P1, P2, P3, P4, P5)

¯̄g : R3.R5.R → R9

L J=[^L V������ @MBK N7K�[ E=JTL*JG[ L I N [.FMI L*ZUFMK Y�N7R L*ZUEGH�IUZ�OGR^JQP�J � D ��N7I�I�Z J=L � D � N!N��"FMK JGK k1 = 0 JG[^L H�L.Z�IUZ�[.S
IfcgS.�:H�N L*Z�F7K ��H�Z2J=[^L/R.S=[.FMIUH�J>K:HTN�S=R.ZM��H�JSNaJGK]L JG[ L V





fi(k,P, t,u) = Fij(k,P, t) uj + hi(k,P, t)

¯̄F (k,P, t) =




0 sin(θ) sin(φ)+ε Ri a1(t)√
a2

0

− ε Ri a1(t)√
a2

sin(θ) cos(φ) a1(t)√
a2

2 −Ri sin(θ)√
a2

−ε cos(φ) sin(θ)+ε sin(φ) a1(t)√
a2

0




a1 = cos(θ) − t sin(θ) cos(π
2
)

a2 = 1 − 2 sin(θ) cos(θ) cos(π
2
) t + sin(θ)2 cos(π

2
)2 t2

k = (θ),P = (ε, Ri)

f : R.R2.R.R3 → R3

h : R2.R2.R → R3

� K�Jh� F7K�E=L.Z�FMK [.F7I�H�L.Z�FMK J=[^L�V




¯̄g := (θ, Ri, ε, t) 7→ ¯̄g[φ= π
2
](θ, Ri, ε, t)

g : R.R2.R → R9

L J=[^L V���� S  LRQTS�	 O_8�)c6S3�:H�NOL*ZUFMKA�:H�Z JG[^L/R^SG[.F7I�H�J�K:HTNaSGR^Z>�:H�JSNaJGK]L/JG[ L�V




fi(u) = ui

f : R3 → R3

� K�Jh� F7K�E=L.Z�FMK [.F7I�H�L.Z�FMK J=[^L�V




gij(t) = δij et

¯̄g : R → R9

L J=[^L V�
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fi(k,P, t,u) = Fij(k,P, t) uj + hi(k,P, t)

¯̄F (k,P, t) =




0 sin(θ) sin(φ)+ε Ri a1(t)√
a2

0

− ε Ri a1(t)√
a2

sin(θ) cos(φ) a1(t)√
a2

2 −Ri sin(θ)√
a2

−ε cos(φ) sin(θ)+ε sin(φ) a1(t)√
a2

0




a1 = cos(θ) − t sin(θ) cos(φ)

a2 = 1 − 2 sin(θ) cos(θ) cos(φ) t + sin(θ)2 cos(φ)2 t2

k = (θ, φ),P = (ε, Ri)

f : R2.R2.R.R3. → R3

h : R2.R2.R → R3

� K�Jh� F7K�E=L.Z�FMK [.F7I�H�L.Z�FMK J=[^L�V




¯̄g(t) =




cos(ωt) sin(ωt) sin(ωt)
sin(ωt) cos(ωt) sin(ωt)
sin(ωt) sin(ωt) cos(ωt)




¯̄g : R → R9
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fi(k,P, t,u) = Fij(k,P) uj

Fij(k,P) = (P1 + P2 + P3 + P4 + P5 + P6 + p + q + r) δij

f : R2.R2.R3 → R3

� K�Jh� F7K�E=L.Z�FMK [.F7I�H�L.Z�FMK J=[^L�V




gij(k,P, t) = e(p+q+r+P1+P2+P3+P4+P5)tδij

k = (p, q, r),P = (P1, P2, P3, P4, P5)

¯̄g : R3.R5.R → R9
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fi(k,P, t,u) = Fij(k,P) uj

Fij(k,P) = (P1 P2 P3 P4 P5 P6 p q r) δij

f : R3.R5.R3 → R3
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gij(k,P, t) = epqrP1P2P3P4P5tδij

k = (p, q, r),P = (P1, P2, P3, P4, P5)

¯̄g : R3.R5.R → R9
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û1 = t
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û3 = t
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ĝ4 = 0
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ĉ5 = e−t





f̂1 = 0

f̂2 = 0

f̂3 = 0
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ĝ3 = 0
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ê2 = c2
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� �`P+M:PBO��tP+Q�PuQ�J"��S�L�J�� g L��b>Vnb#J	O�P 9
����~0QR $S>�wvA�>�I�����c����S>�
v6T2�$�U�>���L�F�R92��&��>�I���I�c������"�V>�
� � � �



� �����$����������� � � ���y�����W� �>��94�����wv��� $S>�wv����>v6T2�$�
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ĝ1 = 0
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ê1 = − 1
Re.Pr2

.k2.ĉ2
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ê1 = − 1
Re.Pr2

.k2.ĉ2
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ĝ1 = 0
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ê1 = − 1
Re.Pr1

.k2.ĉ1
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ĝ4 = 0
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ê1 = − 1
Re.Pr5

.k2.ĉ5
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ê1 = − 1
Re.Pr3

.k2.ĉ3
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d̂2 = − 1
Re

.k2.û2
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= −N2.δi1.u2

� g PjL-�NV	S�M:J	� g PL-M 9




ûi = (k,u(t = 0 ), c1 (t = 0 ), N)
7→ ûi(k,u(t = 0 ), c1 (t = 0 ), N)

ĉi = (k,u(t = 0 ), c1 (t = 0 ), N)
7→ ĉi(k,u(t = 0 ), c1 (t = 0 ), N)

i = 1, 3

{
fi = 0
i = 1, 3g1 = 0

-;�>S�OR�P+M:PBL-MKVCapJ g J9M:J	b>V	J�L:b#M�J	� g Q�S �b�(b��tX�LKPL?M P-��PB�BM�S�WPjQ(b g LRVkacWBL�X(b>�BP (p,q, r)
-;�>S�ORO�WL-�NS�Q�O-Pi�BPBM-M:PuW��=S(b#M�J	� g J�V$PL?M J"��X"V	W��tP g M�WsQ(b g LRV	b2X�b>O-M�J	PsV�J g Wb>J	O-PsQ�S ��8Q�P 9

�
� P+M:PBO��tP+Q�P+U�J�L��B�NL�J9M:W 9 




d̂1 =

d̂2 = û2

d̂3 =
�
� P+M:PBO��tP+Q�PuQ�J"��S�L�J�� g L��b>Vnb#J	O�P 9 




ê1 = −ĉ1

ê2 = −ĉ2

ê3 = −ĉ3

ê4 = −ĉ4

ê5 = −ĉ5
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� �����$����������� � ���y�����W� �>� � ����wv���	��>�wv����>v��2��

�
� ap�NX�X��NL�WuQ�S	�NO:b#Q�J	P g MRQ"PuU8J9M:PL-L�P#�t�=�>P g�g P�9

A =




0 0 0

0 0 0

0 0 0




�
� ap�NX�X��NL�WuQ�PBL
�>O:b>Q�J�P g M:LRL-��b>V	b>J	O-PLi�t�=�>P g L�9

J =




0 −N2 0

0 0 0

0 0 0

0 0 0

0 0 0




� b X(b>O-M�J	P g � g q V�J g Wb>J	O-P PL?MKQ�PuVnb�� �NO��tPsL-S�J�U#b g M:P 9
�
� apW��=S(b#M�J	� g L�S"OKV�PL U8J�M�PL�L-PL 9 




h1 = 0

h2 = 0

h3 = 0
�
� apW��=S(b#M�J	� g L�S"OKV�PLRL��b>Vnb#J	O�PBL 9 




q1 = 0

q2 = 0

q3 = 0

q4 = 0

q5 = 0� PL M:PBO��tPLRQ�P � �NO���b �NP��=S�J&L-� g M b��-�NS"M:WBLRX��NS"ORb�U>�NJ	O S g PuL��NV�S"M:J�� g P � b>�
M:P)9
� -��NS�ORVnboU8J�M�PL-L�P)9 




f̂1 = 0

f̂2 = 0

f̂3 = 0
� -��NS�ORV	PBL L���b#Vnb>J�O�PL 9
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ĝ1 = 0

ĝ2 = 0

ĝ3 = 0

ĝ4 = 0

ĝ5 = 0� b>J g M:P g b g M �8S"P g �NS�L b�UN� g LdJ g M:O-��Q"S�J�M_V	PL � � g �BM�J	� g Ldb g b>V �=M:J��=S�PBL J	VRU#b��BM�O�P X�O-WL�P g M:W S g
O�WBL�SG�tWuQ�S O�WL-S�V�M:b#MRQ�PBLKM�PL-M�L�

 F �_>?L��VL <5LREq<5E B?N SWBD@ME �6FR: LR9 <5L LR9��VN <5L

, b g LRV�P M�b��"V	P�b#S x � PL-MKO-WL�Sm��W+V�PsO�WBL�S�V9M�b#MRQ�PBL M:PL?M:LKb�UNPB�jV�PL � � g �BM:J�� g L b g b>V"�=M�J��=S�PLB��� gX�PS"MRUN�>J	O �=S�P+M:�NS"LKV�PL M:PBL-M�LK� g MKW
M:WuX(b>L-L�Wib�U>P�jL�S��B���BL V	P� � ��b>O-L � � � � �
��	�� EK+L6�#3�8� |�h�y�,�������8���	������ ���h�'�)���M� #>-1�1+Y#.����	�� � ��! �$#&%)�1�$�)� �*��+��)- #.�

x�mhk._LbMt
	 k.Xn`[b8�,r3_Ye
(p, q, r) 1.240357612286154E − 019 8.326672684688674E − 019

XnZ.eYeL{YXWfh_���S�MS������S�S��
�C�,r�	 k.Xa` b8�,r3_Ye

(p, q, r) 3.800588715305074E − 019 2.220446049250313E − 018
XnZ.eYeL{YXWfh_���S�MS������S�S��

�C�,r�	 k.Xn`[b����8o,X
(x2, y2, z2) 7.554110863947325E − 020 1.110223024625157E − 018

XnZ.eYeY{LXWfh_���S�MS������S�S��
� j�X�	 k.Xn`[b����8o�X

(x2, y2, z2) 3.378301080271176E − 019 3.330669073875470E − 018
XnZ.eYeY{LXWfh_���S�MS������S�S��

�Km �>Z.X[m i
(p, q, r) 1.884406522250897E − 018 1.213400597583982E − 017

XnZ.eYeL{YXWfh_���S�MS������S�S��
�,eLbMf�bMtnX
�7bYd8_YX

(x2, y2, z2) 1.657028651243036E − 017 3.474998067076740E − 016
XnZ.eYeY{LXWfh_���S�MS������S�S��

	 X[jM`ntaj�r>_ � j�\*r
(x2, y2, z2) 7.358067976072671E − 017 2.498001805406602E − 016

XnZ.eYeY{LXWfh_���S�MS������S�S��
	 X[jM`ntnj�r3_�	 k.eYj�\*r

(x2, y2, z2) 6.452682153460661E − 017 5.273559366969495E − 016
XnZ.eYeY{LXWfh_���S�MS������S�S��

�HbYo�fhj�t��Kta_L_Yk�� �WmhX[_��,r3_Ye
(p, q, r) 1.957297615151554E − 016 1.393425451226695E − 015

XnZ.eYeL{YXWfh_���S�MS������S�S��
�HbYo�fhj�t��Kta_L_Yk�� �WmhX[_!���8o

(x2, y2, z2) 3.289220465473188E − 017 3.491651412446117E − 016
XnZ.eYeY{LXWfh_���S�MS������S�S��

�HbLo,fhj�t"�Kta_Y_Yk$#%�WmhXn_��pr>_Ye
(p, q, r) 3.048645828304836E − 017 2.997967758270171E − 016

XnZ.eYeL{YXWfh_���S�MS������S�S��
�HbLo,fhj�t"�Kta_Y_Yk$#%�WmhXn_&�C�po

(x2, y2, z2) 1.249645114244661E − 017 3.191891195797325E − 016
XnZ.eYeY{LXWfh_���S�MS������S�S��

�HbYo�fhj�t��Kta_L_Yk(')�WmhX[_��,r3_Ye
(p, q, r) 1.387923319765927E − 016 1.393353065339003E − 015

XnZ.eYeL{YXWfh_���S�MS������S�S��
�HbYo�fhj�t��Kta_L_Yk(')�WmhX[_!���8o

(x2, y2, z2) 1.247472245990062E − 017 3.175237850427948E − 016
XnZ.eYeY{LXWfh_���S�MS������S�S��

U�jM`l�8`[tnb�` � j�\*r
(x2, y2, z2) 6.244987179494867E − 017 3.463895836830488E − 016

XnZ.eYeY{LXWfh_���S�MS������S�S��
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� �����$����������� � ���y�����W� �>� � ����wv���	��>�wv����>v��2��

UWjM` �p`nt[b�`�	 k.eYj�\*r
(x2, y2, z2) 6.453773177630930E − 017 5.229150445984487E − 016

XnZ.eYeY{LXWfh_���S�MS������S�S��
�,��_�bMt � j�\*r

(x2, y2, z2) 1.102902518635879E − 016 1.357160909738498E − 015
XnZ.eYeY{LXWfh_���S�MS������S�S��

�,�._LbMt
	 k.eYj�\*r
(x2, y2, z2) 3.176162743094522E − 016 8.645306692756094E − 015

XnZ.eYeY{LXWfh_���S�MS������S�S��
�,�._LbMtnUWjM` �p`nt[b�`�	 k.eYj�\*r

(x2, y2, z2) 6.333957167141255E − 016 1.021494697611112E − 014
XnZ.eYeY{LXWfh_���S�MS������S�S��

	 Xnj8UFbMr.mh]��KmhXn`nj�ta`nmhj�k
(p, q, r) 3.334164365921374E − 020 1.079438565345095E − 018

XnZ.eYeL{YXWfh_���S�MS������S�S��
�,�._LbMt[UWbMr.mh])�FmhXn`nj�ta`nmhj�k

(p, q, r) 7.830996029301021E − 018 1.453223899714310E − 016
XnZ.eYeL{YXWfh_���S�MS������S�S��

UWjM`[UWbMr.mh])�KmhXa`[j�t `[mhj�k
(p, q, r) 3.749334909197362E − 020 1.235434935934258E − 018

XnZ.eYeL{YXWfh_���S�MS������S�S��
�p`nt[b�`[UWbMr.mh])�KmhXa`[j�t `[mhj�k

(p, q, r) 1.290791766212174E − 020 6.939435983819301E − 019
XnZ.eYeL{YXWfh_���S�MS������S�S��

N5O2P�Q5R!��T �RWL-SG�tW Q�PLsM�PL-M�Ljb�U>P�2V	PBL � � g �
M:J	� g L+b g b#V"�=M:J��8S"PL
X��NS"O V	P ��8Q�P Q�P L-J!�lS�V	b#M:J�� g g SG�tWO-J��=S�P M:O-J9q X�WBO�J	�8Q�J��8S"P|V} { � � b X�O�P���J��O-P ��NV�� g�g P O-PX�O-WL�P g M:P V�P g ��� Q�S M�PL?M��� blQ"PS � J�����P ��NV�� g�g P PL-MRVka LREGSMNU: L ��� >D9M>?<6>?NUBD>CEqN <6>?8 9 b>J g L-J
�8S"P VCapPL-X(b>�PtQ�P�����tX(b>O�b>J	L-� g Q"PLoO-WL-S�V�M:b#M:LB� � b M:O��>J	L�J����tP
��NV�� g�g P PL-MTVCapPO-O�PS"O } � 
 L�S�O4M:�NS�LYV	PK�SG��P C P
M V	PRM:P���X"L�� b �=S(b#M:O-J�����Pj��NV�� g�g PjJ g Q�J��=S�PjVCapPO-O�PS"O QTN � >CQ @MQ L�S�O V	P
�SG��P C PL?M V�PsM:P��tX�LB� � b Q�PBO g J��O-Pj�B�NV	� g�g PuJ g Q"J��=S�P+VnblQ � M:P
Q$acWB�b��P�i�NS L�S��B�WLKQ�S M:PBL-M

� M�J�M�O�PuQ$apP � P��tX�V	P g �NS"Lsb>V�V	� g L W
M:S�Q"J	POKX�V�S�LRP g Q�W
M�b>J�V`V	PuQ�PBO g J�PORM:PL?M 
 < �6N < } NPSW>L� � >DE��<58 �5<6>?8 9 �
� SKL ���4@ N�� LR: BDN EG8'BD@V<6>?8'9 
 < �6N < } N SW>L� � >DEq<58 �5<6>?8 9

� b?� �NS"O�P  yiO�PBX�O�WBL�P g M�PsVCacb��tX�V	J9M:S�Q"P L�X�P�BM�O:b>V�P L?M:�8� ;>WsP g X��NL�J9M:J	� g��  2 x 2 �	� �#acPBL-M?q]�rq Q�J	O-P V	b
X(b>O?M:J�P+O�WPBV	V�P+Q�PuVCacb���X"V	J�M�S�Q�P L�X�P�BM�O:b>V�P+Q�S ���8Q�P g SG�tWO�� � x 2 x 2 �
� PBM b>S X(b>LRQ�P+M:P���X"L 1999 �� PTO-WL�S"V�M�brM7PBL-M P g M:J��BO�P���P g M7L:b#M�J	L � b>J	L�b g M7�b>O;J�V=PL-M7Q�PTVkac�>O�Q�O-PYQ�P��WBO�� g SG�tWO-J��=S�P>� � b>J g M:P g b g M
X��NS�O b�UN�NJ�O S g b>X�PO �BS2Q�PRVnb U#b>V	J�Q�J�M�WTQ�S2�B��Q�P V��NO�LhQ"StQ"WBUNPBV	�NX"X�P���P g M4Q�St��8Q�P Q�PR�b>V	�BS�V g �>S�L
b>V�V	� g LTX�O�WBL�P g M�POKVCa ��J	L?M:�NJ�O�PsQ�PBLRPO�O-PS�O-L�
� >DEq<58'> �6L �VLRE L ���6LR@ �_E

� PL+X�V	b g �b��PBL  �� 2 � � PBM ��x X�O�WBL�P g M�P g MjVCa ��J	L?M:�NJ�O�PjQ�PL+PBO�O-PS�O-L+P g � � g �
M:J	� g Q�PL+Q"WBUNPBV	�NX"X�Pwq�tP g M:LsJ g � �NO��_b#M�J��=S�PBL� � PLsM:PBL-M�LsX�O�WBL�P g M�WLj�JGq Q�PBL�L�S"LsL�� g Mjb>S�M:����b#M:J��=S�P��tP g M Vnb g �BPO �b�(b �=S�P
L��>J	O2PBM_V	P O�WBL�S�V9M�b#M�PL?M_L-S�O-U>PJ	V�V	W#� � PBL_��>S�O���PL�Q�P V	b X"Vnb g �b�"P X�O-WL�P g M:P g MdV�PLtO�WBL�S�V9M�b#M�L�Q�PBL
M:PBL-M�L P g M�O�PoV�P � x 3 � � 3 � � �  �-S"L �=S$a � � x 3 � 3 3 � � � � � Q(b#M�PiQ$acb>O-O$�BM Q�PBL Q�W
UNPBV	�NX�X�P��tP g M�L Q�S �B��Q"P
Q�P���b>V��S�V |V} {� ���TP �=S$apJ	V � b>S"MiO�P
M:P g J	OjQ�P_�BPLi��NS�O���PBLoPBL-M �=S�P�VnbdU#b>V	J�Q(b#M:J�� g Q��NJ9MjL�P � b#J	O�P
b>X�O �Lj�b�(b �=S�P �t�8Q�J"�(�b#M:J�� g � ���tP �tJ g J!�tPl��b>OjQ�PBLoPO-O�PBS�O�LiJ!�tX��NO?M�b g M�PL+X�PS"U>P g MlM:�>Sr�-�NS�O-L
L�S"O-UNP g J	OB� � g X�PBS"M UN�NJ�O L�S�O4VnbuX�Vnb g �b��P ��x �8S�a b>S"�S g P PO-O�PS"OYQ$apJ!�tX�V�W��tP g M�b#M�J	� g g acPBL-MTb>X�X(b>O-S
b>X�O �LRV	P x ��b g U8J	PBO � � � � �
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� b>J g M�P g b g M �8S"P g �NS�L b�U>� g L X"O�WL-P g M:W+V�PLYQ�J"��WO-P g M:LTM�PL?M:L b�UNPB�+V	PBL � � g �
M:J�� g LYb g b>V �8M�J��=S�PBLg �NS"L b#V	V	� g L X�O-WL�P g M:POKV	PBL M:PL?M:LRQ�Pj����"WO�P g �P#�
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Error: Re u3
N- Re u3

A

� [B� [gv t_[q^�l5aWdCack�t ^��������ut oqv6b�jh[1`�o]k1t oG^C[]\GdCa
u3

 0.1

 1
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k 2

u(0)
uN
uA

� �#��`�o]\_l6f d�fyoq\&fh\6fydCf~[gjhac^�t=o]v6b�j~[1`)oqk�t=oq^�[g\Gd�a
u3

� �	��
  y � �K� , q M:PBL-M�L b�UNPB� � � g �BM�J	� g LTqYb#X�PBO �S
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Cas v1fTGz.T2

� nC�`��ac^Dd�1����=,95#��� ���������� ��!-������
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���������#" ��� 0 �����$'��$��%p'����SZ �$]  �$%#]!�#�)�j�=��� � ��'��#� �'!Y��������"��#� " '��b�+�6] � ]k�8][�&��� � "�� �E� ��+�6"�%#� � � � ��� � �'��*�SZ %

�,� �&��� � �  ���� "b����� 0 �$���#�����#� " !Y��"b%��j�&�,�  "�%����#�)�9�$���  ���� "�"��&���#�)�b���)��" � ' � ��"��\'�����c ��� � * � � "�+�  �+���/!j^�� : 4(����� 0 ��� � �����$��%��R�+� � � "�]!�R' � !j^���]  '/� 0 �$���������#� : 4 �X� �k���$����� �,� �(�+� 0 ���$� � "'���� �5�'!Y��������"��#�  ������� � � * � � 0 %�"��$q�� �,� � ���#�!����" � !7� � "��#�{' � �$!#���+���$"�� � � �)�  � � �!q����R� � "�� �E� ����[� � ]*c�"�� '����L"�����' ��� � � !j^�]!��'/� !&Z �����!%
�,� � 0 �&���#�)�-' �&�����+�  "�%#���#�)���3%�� � '�� ��� ��� ]k���)��� ��� *

� ��"�^ � � � " e � � � " fg4�� 3 h � *�L"�%1!�%#'���]k]!�#�)�`� ��� �`� 0�� ��� 0 %#"��$q % �,� �&���$���&��� 0 ��]k���,� �+�8c � �/���  ^�%�� � ]!%#� � � � � �$�t'����L����" � ! _� � "��#� ! � ^�%�"��#�)���#�9'��*���k� � "�c � �$�#�#!��-������� � ��" �� �.������ � ��" �� �\][���$�)���#�����)��� ��� ������ � ��� 0 %#"��$q ��"
�,� ���)���i�j�&��� 0 �#]!�#�)�8�+�  ^�%�� � ]!%#� � � � � �$��'��#� � ��'����b���  "�%#���#�#!��#��'������8���#�p%7! ��� �$�#]!�#�)���b�����$� �&_��" �� �#� *
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��������� ���
	����������������� ���
� ����� ������� �! ��"���"���"#���$%�&�(')�
$��+*,� K �+�-' G ��.�*/�0���"�+��1�*2�
.����+
�43
5 */�067�+� 598 ���

II = 1
�;:��&$

N3 = 643
�=<>��� 5 �&�9�"6&?�*2��.@�

$ 5 �A*2�"�
III < 0

�%�B�0�@� 5 �C�=�"6%3
?�*2��.@�D#E��.@$%6

III > 0
�+*F�+6G'��

H � � �;IKJ@? � ��1 ��L

��MN�7OP�QOR*F�C$�S��+�%.@�0�"�&*F. L � ��T��
<>�@�0#���$��U*/�0��3V�&.@���+�"��1�S�*2�W:;� 5 ��.��
2.48 X t = 12

�+*F�+6!')�YH,Z � I
J@?>T)� [�$\1 ��� �

N3 = 2563

��$&� � �+6&�"�%.��]$��)')��^ �`_ �R<>���"3
#���$��C�a*2�"�A3b�%.N���+�"��1�S�*2� X � [>c
')�d
�4e)*F���f1N�����D��.��g�"���"3
M�� 5 �%.@$%�
*2�"�A�+�"��1N�
�;:��C$

N3 =
1283

rtsvudw � � x � � ]  ��"������ � �5'��#� 0 �$� � ���$�����&��� � ����'����*����" � !7� � "��#�*' Z � ���k� � "�c � �����#!#�k��� � ��" �� �!'�% _!#" � ���������)���6�$��� � �9'��9'��$no%#"��#�)��� ! � '����b'��?!#��� ! � ���

�����h��� ���i	j������+�k��� � � lN�
m */�A��&�+�"*2� L � � ��� nU���
5 ��.�?�*F�"�@'�*F.@� 5 �%3V:��%�"�"*/$%� 5 � ')�C�
*2�"���"���"#���$��C�U')�

II
')�o#E���0�+�o�"��3

�+�4�+*F��.!�
II > 0

� X St = 3
�"*2�+6

')�
H ��� IR�;:��C$
N3 = 1283

��MN�p����qr�"�%�"S�����sr�%� L � ��T��
t �����+M�* 5F5 ��.N��*/')�&.��+*,JN6Q1@�A� 5 �&�
*/�0���0�@�0#���$��&�\')�u$%�"*F� K �"�

|λci| X
St = 8

���D1v���@� |λci|
S = 1.68�+*F�+6]')�
H �&w IKJ@? L�L ��1@[ LA�

��$&� � �+6&�"�%.��]$��)')��^ �`_ �R<>���"3
#���$��C��' G */�0�x:4� 5 �%����')�`:>*,�+�&�+�0�
5 ��.�?�*F�"�@'�*F.@� 5 �y�;:��C$

N3 = 128

rtsvudw ��: x � � ]  ��"������ � �5'��#� 0 �$� � ���$�����&��� � ����'����*����" � !7� � "��#�*' Z � ���k� � "�c � �����#!#�k��� � ��" �� �!'�% _!#" � ���������)���6�$��� � �9'��9'��$no%#"��#�)��� ! � '����b'��?!#��� ! � ���
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���������P�=*F����+���klN� �D�����%�"3
�"*2.�?@� <��+�"�@$��"���+� $%�A����$��"6&�"*/��3
�"* 8 �@��')� 5 �7�"�@�"M�� 5 �&.@$���'��A3
�*2.�6�1N�A� 5 �y#E����$���')�o�+�A���4�"*2��.
�"*2�"6]')�
H TA[;I 1 w�L

��MN�7OP�QOR*F�C$�S��+�%.@�0�"�&*F. L � ��T��
<>�@�0#���$��U*/�0��3V�&.@���+�"��1�S�*2�W:;� 5 ��.��
13.6 X t = 12

�+*F�+6!')�YH,Z � I
J@?>T)� � $\1 ��� [��;:��&$

N3 = 2563

��$&� � �+6&�"�%.��]$��)')��^ �`_ �R<>���"3
#���$��C� */�"�A3b�%.@�0�"�+��1�S@*F� :4� 5 �A.��
[ L 1v�����G��.Y$%���-')�Q�+�A���4�"*2��.
1����+� X Ω = 800

�;:��C$
N3 =

1283

rtsvudw � ��x � � ]  ��"������ � �R'���� 0 ��� � �����$���&��� � �/�8'/�#�����" � !�� � "��#��' Z � ���.� � "�c � �$�#�#!��*^ � ] � � � ���6�#�" � �j�&��� � � �$��� � �6'/�6'/�$no%#"����)��� ! � '��#�p'��?!#��� ! � ���

�������r� < �N�y�)')�%#E�%��'G�%�
	\�@<��+�A3
8 �@��� L � ��[��  ��"�A3 �0���"#���$%�P')� ∂u2

∂z6%?�� 5 � X L T�c '���.@�
�+�i:;� 5 �&���
��Ae)*F��� '���.@� 5 ��Mv��*F�"�d')�
$%� 5 $�� 5 1N����� 5 � $&� 5 $�� 5 � � X
t−t0
TBV

= 6
�"*2�"6 ')�7H T w I
J@? �

1 � [>ZD�;:��&$
N3 = 2563

��MN�7OP�QOR*F�C$�S��+�%.@�0�"�&*F. L � ��T��
<>�@�0#���$��U*/�0��3V�&.@���+�"��1�S�*2�W:;� 5 ��.��
5.2 X t = 12

�"*2�"6Y')� H Z � I
J@?>T)� � $\1 ��� [��;:��&$

N3 = 2563

��$&� � �+6&�"�%.��]$��)')��^ �`_ �R<>���"3
#���$��C� */�"�A3b�%.@�0�"�+��1�S@*F� :4� 5 �A.��
L �i1v�����G��.Y$%���-')�Q�+�A���4�"*2��.
1����+� X N = 600

�;:��C$
N3 =

1283

rtsvudw : �\x � � ]  ��"������ � � '��6'��$no%#"��#�)����� 0 �$� � �&�������&��� � ��� '/�6����] � �+�&��� � ��� � � ]k%�"�� �,� �9'���� � "�c �E_�����#!#�9^ � ] � ��� ��������"��=���$q�%#�
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����� 	����"��]')� 5 ��:>*F�"�C�"�"� �EMv�o<)$%� 5 ��*F�+� X t = 2
��� �

Pr = 0.01

��$C�o<)$%� 5 ��*F�+� L X t = 2
���

Pr = 0.1
��'@�o<�$%� 5 �A*2�+�=[ X t = 2

���
Pr = 1

�E�;�o<)$%� 5 ��*F�+� w X t = 2
���

Pr = 10
� #+�\<)$%� 5 ��*F�+�=T X t = 2

���
Pr = 100

r�svudw : 4�x �*�$!Y�&�+���$"��#�  ������� � �d' ���/� � � !j^ �&]  '���� � "�c � �$�#�#!��6�$� � ��" �� �
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������� ����� ���t� � ���`
 ��� � ��� ��� � �������
� � � � ��'��m�#�z" � ���&��� � � ��� ��� � � �$'��m����"��&���iq %m�#��� ��� "'!#%  �� �#!�� � �#�$���#]!�#�)�!�#�z�#�  �0!#�  ^ � _����� � � *�� �G�#� "�%#� � �$�����$� '��#� � �/'��#� 'GZ �$���#"������ �X" � �j�&��� � �  �� "�� " 0 �$����c/����� � " ���\q ��� "�� :)e �X� � � ��� '����

� ��'/�#�9���)����"���� �P����"��&���iqA!Y�=��� � �  �� "�� " 0 ������c��$�*� � "9���[q ��� "�� :�e �Xc � � * � ���9���#�����9'�� 0 ��� � �����$���&��� � �'����.��� � �����6'/�  ^ �&���#�\� � �)�\��" � �.���&���$� � ���$�����)��� " ��� � l3] � �$���9'�� 1◦
' Za%1!Y�&"��*���)��"��k����� 0 ���$� � "����^/% � "���� � �#�b���b� � ]k%�"���� � �#� �P"�%�� � ]!%.' �&�����$�9����c��$�Y� � 4  � * � * � � ���$����� ��4���� � " f : �&h "  z 4 �d��" ���/0 %�#�)��"��-4���� e '�� � "�%9' Za%1!#��"��  ���� "d�$�#� � �/'��#�p' Za������"�������7� 2◦

' Z %7!Y��"��  ���� " ����� � ��'����8'/� � "�� 0 �$��%��4���� � " f : �&h "  z � � � 0 �7! � �"! � '��tc�� _  %�"�� � '���� � � * � � ������� 0 ���$��'����+�  ��"����������$��%Y�&��"�� " ���#� '��$no%#"��#�)�����
�� %#"��&��� � ���� 0 �1!������b��"������ ��� "�]!%#���'���� ��� "�����"b�7�����\]k%7!Y���/����]!�6'��*��"������  �� ���$��� � �3'��"! ��� !j^��
'���� ' � ���/%#�#�d�$��� � � '���� ! � ]!] � ���%!Y�&��� � �/�  ��"����$� � ���p' � ! � '�� ����� * � ��� "�%�� � �i�j�&���d�����/����� � ������!Y�&� ! � ����'����SZ ��� � ���p'��  " �� � � �&��� � �-�#��� "�%#� � ]k%b' ����� �$�d�j��c��$�Y� � 4  * $ ���$�)���#�����)��� � ���$�#�t'�� � �! � '����*'��2!#��� ! � ��� � �)�*%7��% 0 ���$��'�%!��%  ��"�%#]!�#�)� " ' �����\�+�  " � !j^ �����/�[���7!���� � �y� ��� �����$� � �/� � �&��"��
� ���9' ��� c���� 0 ���$��' �=��� � �{'��#� ! � '����������m���������

�����r�+�A���4�+*F��.G1��@�"������.@')�]'! *F.��&�0�+*F� �EMN�����+�+�A�"*FJN$%�A�"*2��.g1@���"�"�)��.@')�D')�=?��+�;:>*F�"6
r�svudw :)e x�� �#� � ��'�����# ��� "%$#� � �  �� �#!�� � �#� ' �&���p��Za�#�  �0!#�  ^ �E����� � �

&(' )+*�,.-0/21 3546/2798:4�;<7=*�> ?A@	*�B C04�DE467=FG*H> 8.1IF DKJIF<,:/L;M4�;MF 8:,
@	*N8.1PORQTS 1�;VUXW+S

	 ����� !#�7���������1!7��� � � � �?! � ]  ��"��  ���� " ��� !#���Wc ��" � !������/� ��Za% 00� � � ��� � ��' � ���#����� � "2'�� � � �E� � ��'/�Y %���%#"������$��%6ZD!��I� � �\[X�&�$�d4^] ! � ]  �� �����)���#�`_ ����� � �`' � ! � '��p'��b'/����� � "���� � ��"��  �$'��I�ba �[�7��' � ! � '/�'��(����] � ���&��� � � � � ]!%#"���� � �U'/��"��7!��������cZS� 0 �7!5�$�R����"�]!�U� � � _ ���$��%Y�&��"��3]!��� led�%#" � _ *"f �+!#���
c ��" � !����$���gZX�$����%#����"��^_ !j^ � �������pl  ���� "  ��"���]ih7��"��#�p��'��$]k������� � ���������$�H#

ε = 8
Ri = 6.25

j �-"��#]k��"k� � �#"�����-"�� Y ��"�' �&�,� �+�  �����#!j^�� : �5� � �d�$�#� !#��� ! � ��� � � "L�SZ % 0�� � � ��� � �*'����4! � ]  �� �����)�����' � ���#����� � "*'/� � � �E� � ��'/�.� � "�][�&������%  ��".�SZ %����#" Y ���!�����i���������"! � "�"��#�  �� ��'y��"%h��*c������ *  �����e� � �
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� ����"������ ��"�� 0 �$��%
� �#���&��� � � ω = ±2Ω cos θ ω = ±N sin θ

ω0 2Ω = 2 N = 2
ω0

ω
4 4

ν 10−14 10−14

κ 10−14 10−14

A 0.1 0.1
Vmax = Aω 0.05 0.05

ReBatteur = VmaxA
ν

5.1011 5.1011

� � Y �����^�% � "���� � � 75.52◦ 14.47� � Y ����]!�#� � "�% 75.94◦ 14.27◦

�
	�� w 4 � x� � ]  �&"����$� � � '����p"�%#� � �$���&���p� � ]!%#"���� � �#�8� 0 �7!\���*��^�% � "��$��'��#� � ��'/�#�

 ���� " !#�p�������t��� ����"�]!�p� � � _ �����/%Y���$"�� ' � ! � '��������!� � �i�`]k�$�`l6d�%#" � " !��d���#��� ��������"kh#����]  �� "��j���)�!Y�&"�� � ! � �3���#"�]k�6'���[ � "%$#� Y �6� Z �k%���%.� � ��� ��% " !�Za�#��� _ l _ '���"���� � �.�����b%=� � �&��� � ���8� � �)�b��'����)����� � ���� ��� ����] � ���&��� � ���9c ��" � !����$���#��� � � ���#" � ���*�7nG�7!�� � %#�#�  ��"\��� � � �$��� ZX]!���6l  ��"��.���-���#"�]k�!� � � _���$��%Y�&��"��bc������ � � "r_ *
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��'@�
ξ = Ep
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Résumé
Dynamique multi-échelles en fluide stratifié tournant, instabilité de cisaillement
et cyclone intense

Cette étude traite des fluctuations dans un écoulement de base cisaillé, stratifié et
tournant selon une condition d’admissibilité sur le mouvement moyen. Cette condition
d’admissibilité est connue sous le nom de relation du vent thermique en météorolo-
gie et de relation thermo-haline en océanographie. Par rapport aux études classiques
d’instabilités baroclines, qui sont souvent quasi-bidimensionnelles, la nouveauté est
que l’écoulement est tridimensionnel et la dynamique est régie par les équations de
Boussinesq tri-périodiques. Dans un tel écoulement la turbulence, les ondes et les
instabilités sont entremêlées. Le problème linéaire sera étudié grâce à la Théorie de
Distorsion Rapide (TDR) et l’aspect non-linéaire grâce à des Simulations Numériques
Directes (SND) pseudo-spectrales.
La TDR a mis en évidence de fortes croissances transitoires qui s’atténuent lorsque le
temps barocline τB1 = 4π2S

Nf
est dépassé. Les structures tourbillonnaires sont étudiées

grâce au skewness de vorticité et à des visualisations tridimensionnelles, le skewness
de vorticité verticale indique une prédominance des cyclones par rapport aux anticy-
clones. On observe des déferlements méridionaux dont la direction est proche des
pentes iso-densité ε = Sf

N2 . Le spectre de la turbulence homogène barocline décrois-
sante fait apparaitre une brisure avec une pente locale proche de k−5/3 sur les grands
nombres d’ondes.
Mots clef : Turbulence, cisaillé, stratifié, rotation, homogène, ondes, internes,
gravité, inertie, instabilité, barocline, tourbillons, Théorie de Distorsion Rapide,
TDR, Simulation Numérique Directe, SND

Abstract
Multi-scales dynamics in rotating stratified fluid, shear instability and extreme
cyclone

This study is about turbulent fluctuations in sheared, stratified and rotating base
flows with respect to the admissibility condition on the mean flow. This admissibility
condition is known as thermal wind relation for meteorologists and thermohaline circu-
lation for oceanographers. In comparison with the previous study on baroclinic insta-
bility, mainly quasi-two-dimensional, the novelty is that the flow is three-dimensional
and the dynamics is given by the three-periodic Boussinesq equations. In such a flow,
turbulences, waves and instability are interweaved. The linear problem will be tra-
cked by the Rapid Distortion Theory (RDT) and the non-linear aspect by the pseudo-
spectral Direct Numerical Simulation (DNS). The RDT predicts a transient growth that
decreases when the baroclinic time τB1 = 4π2S

Nf
is reached. The vortex structures are

investigated by the vorticity skewness and with the three-dimensional visualisations.
The vertical vorticity skewness indicates that cyclonic vortices are predominant over
anticyclonic structures. Meridional breaking waves along isopycnal slope ε = Sf

N2 are
found. The spectrum of decaying homogeneous baroclinic turbulence shows a break
as well as a local slope near to k−5/3 at large waves number.
Keywords : Turbulence, shear, stratification, rotation, homogenous, waves, in-
ternal, gravity, inertial, instability, baroclinic, vortex, Rapid Distortion Theory,
RDT, Direct Numerical Simulation, DNS
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